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Due by Thursday, week 2 (January 24th), 5pm. Problem 6 is optional.

1. On the Poincaré algebra.

Consider the so(p, q) “Lorentz” algebra, leaving invariant the flat metric ηµν of Rp,q.
It is given by:

[Mµν ,Mρσ] = i (ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ) . (0.1)

(1.a) Check explicitly that Mµν = i
4 [γµ, γν ] satisfy the so(p, q) algebra, provided

the gamma matrices satisfy the Clifford algebra:

{γµ, γν} = 2ηµν . (0.2)

(1.b) Write down the matrices (Mµν)ρ
σ for the fundamental representation of so(p, q)

(that is, acting on covectors Xµ).

(1.c) The Poincaré algebra (in any signature) contains the Lorentz generators Mµν

and the translation generators Pµ, with the commutation relations:

[Pµ, Pν ] = 0 , [Mµν , Pρ] = −i(ηµρPν − ηνρPµ) . (0.3)

Given that:
Pµ = −i∂µ , (0.4)

on scalar fields φ(x) (i.e. functions of xµ), what is the expression for Mµν

acting on φ(x)? Check that the Poincaré algebra is satisfied. (For instance,
[Pµ, Pν ]φ(x) = −(∂µ∂ν − ∂ν∂µ)φ(x) = 0.)

2. Useful identities.

(2.a) Prove the following identities for the σ matrices defined in the lectures:

σµαα̇σ̄
β̇β
µ = −2δβαδ

β̇
α̇ ,

Tr(σµσ̄ν) = −2ηµν ,

(σµσ̄ν + σν σ̄µ)α
β = −2ηµνδβα .

(0.5)
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Using these, invert the map:

X̃αα̇ = Xµσ
µ
αα̇ (0.6)

from vector to bi-spinor.

(2.b) Check also:

Tr(σµνσρσ) = −1

2
(ηµρηνσ − ηµσηνρ)− i

2
εµνρσ , (0.7)

with ε0123 = 1.

3. On SO(1, 3).

(3.a) Show that the so(1, 3) algebra (0.1) can be decomposed as:

so(1, 3) ∼= su(2)× su(2)∗ . (0.8)

Hint: first, write down the algebra in terms of the SO(3) rotation and boost
generators:

J i =
1

2
εijkMjk , Ki = M0i . (0.9)

Then, show that:

J±i =
1

2
(Ji ± iKi) (0.10)

generate the two su(2) factors.

(3.b) We briefly mentioned in the lectures that there is a group homomorphism:

Sl(2,C)→ SO(1, 3) (0.11)

Given a four-vector Xµ, we have a map to a 2× 2 complex matrix, using the
σ-matrices:

X̃ = Xµσ
µ . (0.12)

On Xµ, we have the action of an SO(1, 3) matrix Λ:

Xµ → Λµ
νXν , (0.13)

while on the matrix, the corresponding action is:

X̃ → NX̃N † . (0.14)

Explain why N should be an SL(2,C) matrix. Work out the explicit map
from N to Λ, and check that it is an homomorphism. Is it one-to-one?

(3.c) Write down explicitly the SO(1, 3) matrices acting on left- and right-handed
Weyl spinors.
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4. On 4d Weyl spinors and Fierzing.

(4.a) Prove that, for Grassmann-number-valued Weyl spinors:

ψχ = χψ ,

ψσµχ̄ = −χ̄σ̄µψ ,
(0.15)

using our Wess-and-Bagger conventions. Check that ψχ is a scalar under
SL(2,C). (Given the action, ψα → Nα

βψβ on ψα, one should first determine
the action of SL(2,C) on ψα ≡ εαβψβ.)

(4.b) For ψ, θ, χ, · · · some Grassmann-valued spinors, check the Fierz identities:

(θψ)(χ̄η̄) =
1

2
(θσµη̄)(χ̄σ̄µψ) ,

(θσµθ̄)(θσν θ̄) = −1

2
ηµν(θθ)(θ̄θ̄) .

(0.16)

5. The 4d N = 1 super-Poincaré algebra.

The 4d N = 1 supersymmetry algebra reads:

{Qα, Q̄β̇} = 2σµ
αβ̇
Pµ ,

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0 ,

[Pµ, Qα] = [Pµ, Q̄α̇] = 0 ,

[Mµν , Qα] = i(σµνQ)α ,

[Mµν , Q̄α̇] = −i(Q̄σ̄µν)α̇ ,

(0.17)

together with the Poincaré algebra itself (equations (0.1) and (0.3)).

(5.a) Define the supercommutator:

[Oa,Ob} ≡ OaOb − (−1)εaεbObOa , (0.18)

where εa ∈ {0, 1} is the Z2 grading of Oa. Using the Jacobi identities of a
super-algebra:

(−1)εcεa [[Oa,Ob},Oc}+ (−1)εaεb [[Ob,Oc},Oa}+ (−1)εbεc [[Oc,Oa},Ob} = 0 ,

show that the 4d N = 1 supersymmetry algebra closes.

Hint: For this computation, a useful identity is:

σµσ̄νσρ + σρσ̄νσµ = 2(ηµρσν − ηνρσµ − ηµνσρ) . (0.19)

(5.b) Write down the supersymmetry algebra in terms of the Majorana spinor:

(Qa) =

(
Qα
Q̄α̇

)
. (0.20)
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6. The 2d Poincaré supersymmetry algebra.

(This last problem is optional, but it should be fun to think about.)

In two dimensions, we can have left- and right-moving real supercharges, QI+
and QJ−, with I = 1, · · · , n+, and J = 1, · · · , n−, which generate the so-called
N = (n+, n−) supersymmetry algebra.

(6.1) Write 2d vectors in terms of bi-spinors in Lorentzian signature, similarly to
what we did in 4d.

(6.2) Write down the algebra of 2d N = (1, 1) supersymmetry (and justify the
answer). What about the other cases, for instance N = (2, 0)?


