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1. For each of the following problems (a)—(e), use the Fredholm alternative to state the
conditions under which it has a unique solution, the conditions under which it has no
solution, and the conditions under which it has multiple solutions. Here «, 8 and b are
continuous, real-valued functions.

(a) u(z) —u(x) =b(z) on 0 < z < 1, with u(0) = u(1) = 0.

(b) w(x) +u(z) = b(x) on 0 < z < L, with u(0) = u(L) = 0, where L > 0 is a given
constant (possibly n).

(c) u"(z) + a(z)u/ (x) + B(z)u(z) = b(z) on 0 < z < 1, with w(0) = u/(0) = 0.
(d) u/(z) + a(x)u(z) =b(z) on 0 < x < 1, with u(0) = u(1).

2. Consider the problem

of  o? :
EE:@_SIDJH_E’ = 0as |z| — oo,

with f(—o0) close to 0 and f(oc0) close to 2w. Show that there exists a travelling wave
solution

f~ole—ct)

where

d2
disc(s:sinqs, p—0asx— —00, ¢—2masx— o0, ¢0)=m,

and determine the wavespeed c to leading order in e. [In fact ¢(z) = 4tan~!e? ]

3. Consider the problem
WiteN—a2)i+x=0, x(0)==z(2n), #(0)=i(2nr).

By expanding
z(t) ~ zo(t) +exi(t) + -+, w~14ewp+---

Show that there is a solution
xo = Acost,

providing A satisfies a solvability condition, which you should determine.

SJC HT16



