M5 Fourier Series and PDEs
Course synopsis

Overview

While developing the theory of heat conduction in the early 19th century, Jean-Baptiste Joseph Fourier kick-
started a mathematical revolution by claiming that “every” real-valued function defined on a finite interval
could be expanded as an infinite series of elementary trigonometric functions — cosines and sines. The need
for rigorous mathematical analysis to assess this astonishing claim led to a surprisingly large proportion of
the material covered in prelims, part A and beyond (e.g. the definition of a function, the -6 definition of
limit, the theory of convergence of sequences and series of functions, Lebesgue integration and Cantor’s set
theory). The implications of Fourier’s claim for practical applications were no less powerful or far-ranging:
the decomposition led to deep and fundamental insights into numerous physical phenomena (e.g. mass and
heat transport, vibrations of elastic media, acoustics and quantum mechanics) and continue to be exploited
today in numerous fields (e.g. signal processing, approximation theory and control theory).

In this course we introduce fundamental results for the pointwise convergence of Fourier’s infinite trigono-
metric series — Fourier series. We then follow in Fourier’s footsteps by using them to construct solutions to
fundamental problems involving the heat equation, the wave equation and Laplace’s equation — the three
most ubiquitous partial differential equations in mathematics, science and engineering.
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[1] D. W. Jordan and P. Smith, Mathematical Techniques (Oxford University Press, 4th Edition, 2003)
[2] E. Kreyszig, Advanced Engineering Mathematics (Wiley, 10th Edition, 1999)

[3] G. F. Carrier and C. E. Pearson, Partial Differential Equations — Theory and Technique (Academic
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Synopsis (14 lectures)

Fourier series: Periodic, odd and even functions. Calculation of sine and cosine series. Simple applications
concentrating on imparting familiarity with the calculation of Fourier coefficients and the use of Fourier
series. The issue of convergence is discussed informally with examples. The link between convergence and
smoothness is mentioned, together with its consequences for approximation purposes.

Partial differential equations: Introduction in descriptive mode on partial differential equations and how
they arise. Derivation of (i) the wave equation of a string, (i) the heat equation in one dimension (box
argument only). Examples of solutions and their interpretation. D’Alembert’s solution of the wave equation
and applications. Characteristic diagrams (excluding reflection and transmission). Uniqueness of solutions
of wave and heat equations.

PDEs with Boundary conditions. Solution by separation of variables. Use of Fourier series to solve the wave

equation, Laplace’s equation and the heat equation (all with two independent variables). Laplace’s equation
in Cartesian and in plane polar coordinates. Applications.
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Fourier Series & PDEs: Lectures 1-2

Motivation

Example: existence of a convergent Fourier series

e Recall
o0 Zn
Ep— -
€= Z n!
n=0
for z € C.
o If we let z = ¢ = cos@ + isin@, where 6 € R, then
Im () = Im (ecoseei Sine) = ¢°%5in(sin 0)
Im (") = Im (ei"‘9> =sinnd.

050 gin(sin §) = Z sinnf for 6 € R.

e Hence, e
n!

n=1
—

Fourier (sine) series

Example: heat conduction

e Suppose T'(z,t) is such that
1. Ti =Ty forO<xz<m, t>0,
2. T(0,t) =0, T(m,t) =0 for t > 0,
3. T(x,0) = €“®%gin (sinz) for 0 < z < 7.

N
Observe T(z,t) = 3 by sin(nx)e ™t satisfies (1) and (2) for all by, ba, ..., b, € R, N € N\ {0}.
n=1

Question: how should we pick N and the constants b,,?

Answer: N = oo and by = 7 to satisfy (3), i.e. a solution of the IBVP (1)-(3) is

o
1
T(x,t) = Z " sin (nw)e_"2t.

n=1

But what about the other initial conditions?

Periodic, even and odd functions

Definitions

e Definition: f:R — R is a periodic function if Ip > 0 s.t. f(z + p) = f(z)Vx € R. In this case p is
a period for f and f is called p—periodic. A period is not unique, but if there exists a smallest such
p it is called the prime period.

e Some examples:

— f = const. is p—periodic Vp > 0, so has no prime period.



— sinz has prime period 27.

— z and 22 are not periodic.

e Note if f is periodic with prime period p then the graph of f repeats every p, e.g.

N

i } / F—ox
¢(~ZP x-p o qtfp

f: (e, + p] — R can be extended uniquely to be p—periodic.

e Definition: The periodic extension F' : R — R of f : (o, &+ p] — R is defined by F(z) = f(x —mp),
where for each 2 € R, m is the unique integer such that z — mp € (o, o + p).

e f g p—periodic implies:

. f,g are np—periodic Vn € N\ {0},
af + Bg are p—periodic Vo, 8 € R,
. fg is p—periodic,

. f(Ax) is p/A—periodic YA > 0,

P a+p
.Off(x)dx: [ f(z)dz Va € R.

A~ W N

t

e Definition: [ : R — R is odd if f(z) = —f(—z) Va2 € R. Similarly, f : R — R is even if
f(z) = f(—z) Vz € R.

— E.g. 2™ is odd for n odd, and is even for n even (hence the naming convention).

— Note symmetries of graphs of odd/even functions:

fa fa
/ N/
? ?x
f wl:/{ f even
- —

Properties of odd/even functions

If f, f1 are odd and g, g1 are even, then
1. f(0) =0,

(e}

2. [ f(z)dz =0Va€eR,



3. fg(m)dszOfg(x)dx VzeR,

—

4. fg odd, ff1 even, and gg; even.

Fourier series for functions of period 27

e Let f: R — R be a periodic function of period 2w. We want an expansion for f of the form

?U + Z:l ap, cos (nx) + by, sin (nx)) (%)

e Q1: If (%) is true, can we find the constants a,, b, in terms of f?
o Q2: With these a,, and by, when is (%) true?

Question 1

e Suppose (x) is true and we can integrate it term by term, then

/f ao_{7r dx—l—i(an_/: cos (nx) dz —i—bn_Z sin (nx) dx).

0

e Hence we have

e Le. % is the mean of f over a period.

e Lemma: Let m,n € N\ {0}. Then we have the orthogonality relations:

/ cos (mz) cos (nx) dx = oy

—T
™

/ cos (ma) sin (nz) dz = 0

—Tr

™

/ sin (mz) sin (nx) de = 7y ,

—T

where 9,,, is Kronecker’s delta, i.e.

5= 1 form=n,
10 form #mn.

For proof see online lecture notes by Prof. Ruth Baker, in addition to the first problem sheet.

e Now, fix m € N\ {0}, multiply () by cos (mxz) and assume that the integral of the infinite sum is the



infinite sum of the integral. So

]f(x) cos (mx) dx = ;ao/ﬂcos (mx) dx

—T

+ Z an / cos (mx) cos (nz) dz + by, / cos (max) sin (nx) do
n=1 - -
1

= 5% . O+Z(an7r5mn + by, -0)

n=1

= T, -

e So

A, = i/f(ac) cos (mx) dzx

for m € N'\ {0}.

e Similarly, we can fix m € N\ {0}, multiply (x) by sin (mz) and assume that the integral of the infinite
sum is the infinite sum of the integral to get

by, = % /f(ac) sin (mz) dx

for m € N'\ {0}.

e Definition: Suppose f is such that the Fourier coefficients a, and b, as defined above exist for
n € N\ {0}. Then we write

F(z) ~ %ao + 3" (an cos (n) + by sin (nz)) |

n=1

where ~ means the RHS is the Fourier series for f, regardless of whether or not it converges to f.
e Note the factor of % in the first term is for algebraic convenience.

Example 2.1. Find the Fourier series (FS) for the 2m-periodic function f defined by f(z) = |z| for —7 <
x <.

- t f
4 {1 o (8 Zr X

f(z) even, so f(z)cos(nz) is even and f(x)sin (nz) is odd. Thus
2 s
ap = /f(:z:)cos(n:v)dx, b, =0.
T
0

e Calculate



For n > 0 we use integration by parts:

b
uv':u'v—i—uv' - uvb: u’v—i—uv’d:v.
a
a

Pick u = z,v = %sin(nfv),a:o,bzﬂto give

™

[f sin (nx)} " /1 L sin (nx) + x cos (nz) dz .

n 0 n
0
e So i ﬂ
1 (-1
/xcos(nx)d:c:—/sm(nx)dx: {COS(Q )} :( )2
n n 0 n
0 0
giving
o2 -(=n" _J o0 for n =2m, m € N\ {0},
n="7 n2 o T2 forn=2m+1, meN.
e Hence,
T éi 2m+1) )
2 7w 2m+1)2
Remarks

1. Partial sums are defined by

B cos ((2m + 1)x)
Snle) = Z (2m +1)2

for N € N. Plots in the handout for Lecture 2 suggest that F'S converges on R, i.e.

lim Sy(z) = f(z) forx € R.

N—o0

2. If this is true, we can pick = to evaluate the sum of a series, e.g. x = 0 gives

2
0=

w\>\

0

Sine and cosine series

e Let f be 2m-periodic and such that the Fourier coefficients exist.

o If f(z) is odd then

f(z)cos (nz) is odd and f(x)sin (nz) is even

2 K
= an =0, bn:/f(x)sin(m:)dx
i

x) ~ E by sin (nx), called a Fourier sine series.

4 & > T
WE_:O 2m+1 :Z 2m+1 R




e Note that this is also true if f is odd only for z # km, k € Z. Similarly, if f(x) is even then

fa)~ 3

+ ~ E an cos (nx), called a Fourier cosine series,

n=1

where -
= i/f(x) cos (nz) dx
0

Question 2
e When does the FS for f converge?
Example 2.2. Find the FS for the 27-periodic function f defined by

1 forO0<z<m,
f(x)—{ —1 for —m<2x<0.

T

e fisodd forx # km k€ Z,so

3w

an =0, b,= /f(x)sin(n:v)dx.

0

o f(x)=1for0 <z <m,so 7r
b, — |:_2COS (nx)] _ 2[1 — (—1)"]

™ n 0 ™

e Hence

éi sin ((2m + 1))
™= 2m + 1 ’

Remarks

1. Partial sums are defined by

Sn(z) = 4 i sin ((2m + 1)z) for N e N.

T 2m +1

Plots in the handout for Lecture 2 suggest that

: | flz) forax#km keZ,
]\}E}I]-OOSN('I)_{ 0 forx =km, keZ.

(1)

2. Note slower convergence than in example 2.1 and persistent overshoot near discontinuities of f - this

is called Gibb’s phenomenon (more to follow on this).

7



Convergence of Fourier series

Definition:
fleq) = }Lim f(c+ h) if it exists (RH limit at c)
h20
fleo) = Ilzlm f(c+ h) if it exists (LH limit at c)
7o
Remarks

1. f(x) need not be defined for f(c;) or f(c—) to exist.
2. Existence part is important, e.g. f(z) =sin for z # 0 implies that f(0+) do not exist.
3. fley) = f(c=) = f(z) < f is continuous at c.

4. In example 2.2, f is continuous for x # km, k € Z with e.g. f(04) =1, f(0-) = —1, f(my) =

_1a f(ﬂ—) =1L
Definition:
e [ is piecewise continuous on (a,b) C R if there exists a finite number of points x1,...,x, with

a=x1 <x2<...<xy =bsuch that

i) f is defined and continuous on (zy,zk41) Ve =1,...,m — 1.
ii) f(xgy) exists for k=1,...,m— 1.
iii) f(zg—) exists for k =2,...,m.
e Note that f need not be defined at its exceptional points x1, ..., Zy,!

e For example, the functions in examples 2.1 and 2.2 are piecewise continuous on any interval (a,b) C R.
Theorem 2.1 (Fourier Convergence Theorem (FCT)). Let f be 2m-periodic, with f and f’ piecewise

continuous on (—m, 7). Then, the Fourier coefficients a,, and b, exist, and

1 0 >
5 (fry) + flzo)) = =5t E: an, cos (nx) + by sin (nx))
for z € R.

Note that FCT implies that (f) and (f) are true.



Fourier Series & PDEs: Lectures 3-4

Remarks
1. f, f' piecewise continuous (p.c. ) on (—7,7) = Fzr1,...,2pm ERwWith — 7T =01 <29 < ... < Ty =7
such that
i) f and f’ are continuous on (xy, zyq) for k=1,...,m — 1.

i) f(zgs) and f/'(zgy) exist for k=1,...,m — 1.
iii) f(zk—) and f'(zy_) exist for k =2,...,m.

Thus, in any period f, f’ are continuous except possibly at a finite number of points. At each such
point f’ need not be defined, and one or both of f and f’ may have a jump discontinuity. E.g.

S' A\
() \)
. .

[ g P Vi a2 2 Il

] v L § [ § L § L ‘ )X
-T:xy > Xy al 4 Xs % Rekgy

E.g.
1,.-1/2
fay o [ fr0<a<a, 2t ﬁgi O_<7Tx<<$”<’ .

10 for —m<2<0 - ’

undefined for z =0,7.

Thus f p.c. on (=7, m), but f’ is not.

2. Proof not examinable, but one method is as follows:
Firstly, show that

% + 001 (an, cos (nz) + by sin (nx)) — % (f(xg) + f(z))
— ZF(m,t) sin [(N—i- ;) t} dt, (2.1)
where
P = ! (f(x DS S b f(w—>> <Qsint(t/2)> .

Secondly, show F'(z,t) is a p.c. function of ¢ on (0, 7), so that the Riemann-Lebesgue Lemma (Analysis
III) implies
[ 1
/F(:E,t)sin [<N+2> t} dt -0 as N — 0.
0

3. f continuous at z = 5 (f(z4) + f(z-)) = f(z).

4. If f defined only on e.g. (—m, 7], FCT holds for its 2m-periodic extension.



5. Can integrate termwise under weaker conditions, e.g. if f is only 27-periodic and p.c. on (—m,7),
then FCT implies

T

x 1 00 x
/f(:r) de = 00T + Z an/cos (nz)dz + bn/sin (nz)dx
0 n=1 0

0

for x € R. Note that LHS is 2m-periodic iff ag = 0.

6. But we need stronger conditions to differentiate termwise, e.g. if f is 2w-periodic and continuous on
R with f" and f” p.c. on (—m, ), then FTC implies

% (f'(z4) + f'(z)) = Z (an(i: (cos (nx)) + bn% (sin (nm)))

n=1

for x € R.

Rate of convergence

e The smoother f, i.e. the more continuous derivatives it has, the faster the convergence of the FS for

fl

e If the first jump discontinuity is in the pt* derivative of f, with the convension that p = 0 if there is
a jump discontinuity in f, then typically the non-zero a, and b, decay like 1/nP™! as n — oo. For
example, p = 1 in example 2.1, while p = 0 in example 2.2.

e This is an extremely useful result in practice (e.g. how many terms to keep for an accurate approx-
imation) and for checking calculations. For example, for approximately 1% accuracy we need 100
terms for p = 0, and only 10 terms for p = 1.

Gibb’s phenomenon

e This is the persistent overshoot in example 2.2 near a jump discontinuity. It happens whenever a
jump discontinuity exists.

e As the number of terms in the partial sum tends to oo, the width of the overshoot region tends to 0
(by FCT), whilst the height of the overshoot region approaches v|f(z+) — f(z_)|, where in the case

of example 2.2 we have
K

e
fy:/smwdle.18%9%.
v X
—m

e This is awful for approximation purposes!

Functions of any period

e Suppose now that f(x) is a periodic function of period 2L > 0.

Make the transformation z = £X f(z) = g(X), then for X € R

T )

g(X—i—27r):f(L(X—i—27r)) :f(’me) :f(%f) — (X)),

™

Thus, g is 27-periodic and we can use transformation to derive theory for f from that for g above.

e Here we summarise the key results.

10



Fourier Series

o0

g(X) ~ % + Z (an cos (nx) + by, sin (nx))

n=1
)

+Z (an cos (55) + busin (717 )

Fourier coefficients

™ L
an —i/g(X)COS(ﬂX)dX—i/g(Tr;)c s(%)zdx
- "
= % / f(z) cos (%ﬂ) dz

~L

Similarly, 5
by = 11,//]”(37) sin (@> dz

~L

Important remark

These formulae may be derived directly from the FS for f by assuming that [ = )" [, and using the
orthogonality relations

ML nTT
Cos (T) cos (T) dz = Lépmn ,

L
/
L
{ cos (m;rx) sin (?) dz =0,
) L
/

. /MTT\ . (NTT
sin ( 7 ) sin (T) dz = Lo ,

where n,m € N\ {0}.

Theorem 2.2 (Fourier Convergence Theorem (FCT)). Let f be 2L-periodic with f and f’ p.c. on (=L, L).
Then a, and b,, exist, and

%(f(amr)—kf —?0 i:: (ancos( )—i—b sin <n2x>>

for x € R.
Example 2.3. Find the FS of the 2L-periodic function f defined by

flz) = rz forO<ax<L,
710 for —L<2<0.

11



L -
X
-zt -L o L 2L
e We have
L L
1 nﬂ'm 1 nﬂ'x
= — cos — S .
an 17 x =7 x 1n dx
0 0
e We find ag = %%2 % but for n > 0 it is a bit quicker to evaluate
L
1
an+zbn:L/ T exp <m£ra:> dx
~N
u U’
L
L
1 L INTIT 1 1 L INTT q
== z —e - — —e x
L nm *p L L nm *P L
0 v '
u v 0 u!
2 . L
L (inm) — 1 L INTT
= —exp (in7T — | — ) ex
nm P L \inm P L 0
iL(—1)"*t L
= -1 -2
e 32 (1) )
e Thus

15 (o (B152) A 5

e FCT implies that the FS converges to f(z) for x # (2k + 1)L, k € Z, and to 5 (f(L+) + f(L-)) =
$(0+ L) = £ otherwise.

e For example

4 7= (2n—1)2 — ( +1 8’
L L 2L -1 '
=L = gzz—ﬁn:]-m — the same sum!

Cosine and sine series

e Suppose now f : [0, L] — R is given. Periodic extension of period 2L is not unique, but there are two
especially useful ones for PDE applications.

e Definition: The even/odd 2L-periodic extensions, f. and f, respectively, of f : [0, L] — R are defined
by

fulz) = { ;E@x) g (f ! . 50 with fuo(z + 2L) = fu(z) for 7 € R

and
o) = { Ji(;()_x) ro=es £’07 with fy(x + 2L) = fo(x) for z € R

12



— Note that f,(z) is odd for = # kL, k € Z, and odd (on R) iff f(0) = f(L) =0.

e Definition: The Fourier cosine and sine series for f : [0, L] — R are the Fourier series for f. and f,
respectively, i.e.

L
o
a nwx 2 NI
fe(@) ~ 50 + Zan cos (T) , where a, = L/f(x) cos <T> dz,
n=1 o
oo 9 L
Jo(x) ~ % + 2 ap Sin (?) , where a,, = L/f(x) sin (—nzx) dz,
B 0

— Note that if f is continuous on [0, L] and f" p.c. on (0, L), then FCT gives
a > nw
?0 +;ancos (T) = fe(z) for x € R,

ibnsin <$> :{ folx) foraxz#kL, keZ,
n=1

0 otherwise.
Example 2.4. Find the cosine and sine series of f : [0, L] — R defined by f(z) =z for 0 <z < L.

fe(z) =

, Le. fe(x)=|z|for —-L<ax < L.

x for0<z <L,
—x for—L <z<0,

e We have .
_ 2 (nwm) d
anp = i3 T COS T,

0

so that -
L 4L (2n+ 1)z
10~ 5 =3 o () = )

Cosine series

by the FCT.

e Similarly,
T for0<z <L,

fo(w):{ C(—a) for —L <z <0 , le. fo(x)=axfor —-L <z <L.

13



7 4
el

e We have .
2
b, = I /:Esin (LZ@“) dz,
0
so that -
2L(—-1)"H  nma fo(x) foraz#kL, kL€ Z,
fol) ~ Z) nm sm( L ) 10 otherwise.
n—
Sine series
Remarks

L fet fo=2fgz 23 = FS(fe) + FS(fo) = FS(2fEz. 23
2. Rates of convergence? p =1 for f., and p =0 for f,, as predicted.

3. Question: Which truncated series gives the best approximation to f on [0, L]?
Answer: Cosine series since

i) it converges everywhere on [0, L];
ii) it converges more rapidly;

iii) it does not exhibit Gibb’s phenomena.

14



Fourier Series & PDEs: Lectures 5-6

The PDEs we shall study

PDE ‘ Name ‘ Unknown ‘ Parameters
T = kT, Heat equation T(z,t) k>0
Yt = Yz Wave equation y(x,t) c>0

Ty +Tyy = 0 | Laplace’s equation | T'(x,y) None

e We shall derive them using physical principles and develop methods to solve several physically impor-
tant problems formed by imposing appropriate BCs and/or ICs - different for each of them!

Some preliminaries

e Leibniz’s Integral Rule (LIR)

If F, F, are continuous on R O S and a, a, b, b are continuous for ¢ € [to, t1], then

b(t) b(t)
% / Pla,t) dt = / Fi(w,t) da + F(b(t), 1)b(t) — Fla(t), )a(t)
a(t) a(t)
b b
Note: a,b constant => & [ F(z,t)dz = [ Fy(z,t)dz.

a

a+h
e Lemma: f(z) continnous = 3 [ f(z)dz — f(a) as h — 0.

a

The heat equation

Derivation in 1D

e Consider a straight rigid isotropic conducting rod (e.g. metal) with insulated lateral surfaces lying
along the x-axis.

15



o We'll need the following quantities:

Symbol | Quantity SI units
x Axial distance m
t Time S

T(z,t) | Temperature K

q(x,t) | Heat flux in +ve z-direction | Jm=2s~! (1J=1Nm)
A Cross-sectional area m?
p Rod density kgm ™3
c Rod specific heat Jkg 1K1
k Rod thermal conductivity JKtmts!
K Rod thermal diffusivity m?s~!

e Conservation of energy in fixed section a < x < a+ h:
a+h
% A / pCTdx | = Aq(a,t) — Ag(a+ h,t) .

a

—_——— ——
(1) (2) ®3)

(1) is the time rate of change of internal energy in a <z < a + h.
(2) is the rate at which heat enters through x = a.
(3) is the rate at which heat leaves through = = a + h.

e Note this is also true for h < 0 with appropriate reinterpretation.

e Assuming T} is continuous, LIR with a,a + h constant gives

a+h b
9 t) — ) t
pe / T g+ W0t RO —alat) o
h h
a
e Assuming g, is continuous and taking the limit as h — 0, the above lemma gives
pCTt + Q$ - 0 .
Fourier’s Law
e This is the constitutive law
q=—kT,.

e Models flow of heat from high to low temperatures.

e (1) and () = pcT; — (kT:), =0, or

where k = £
pc
e Note we assumed T3 and ¢, = —kT,.; to be continuous.

16



Units and nondimensionalisation

Notation

[p] is the dimension of p in fundamental dimensions (M, L, T, © etc) or e.g. SI units (kg, m, s, K).

Both sides of an equation modelling a physical process must have same dimensions, e.g. [(1)] = [(2)] =
[(3)] =Js~ L.
Exploit to check solutions are dimensionally correct and to determine dimensions of parameters, e.g.
[ _ Jm~s7! 1. -1 -1 T3] [2?] 2 —1
k] = = =JK"m s, [K] = =-—==m"s .
= m T R W T

Nondimensionalisation

Method of scaling variables with typical values to derive dimensionless equations. These usually
contain dimensionless parameters that characterise the relative importance of the physical mechanisms
in the model.

Example (IBVP). e Suppose T'(z,t) such that

(1) Ty = kTyy for 0 <z < L, t > 0;
(2) T(O,t) =Ty, T(L,t) =T for t > 0;
(3) T(x,0) =Tp% (1 — %) for 0 <z < L.

Five dimensional parameters: x, L, Ty, T1,T5.

Nondimensionalise by scaling & = L&, t = L?/k, and T(x,t) = ToT(&,1), where L?/k is the timescale
for diffusive transport of heat.

Chain rule —
ot toidt L? i’
or _ . oTdi _ToT
or 2o dx L 0%

etc.

Hence (1)-(3) = dimensionless problem for T(:ﬁ, t) given by
(1/) £:T££f0r0<:%<1,f>0;

(2) T(0,1) = g, T(1,1) = ay for £ > 0;

(3) T(2,0) =21 — &) for 0 < & < 1.

Two dimensionless parameters oy = %, ap = %

If T =T(&,%; ap, 1) is a solution of (1')-(3"), then a solution of (1)-(3) is given by

T_T<:c wt Ty T1>7

TZ_ Z7ﬁ7?27?2

i.e. T/Ty must be a function of z/L and xt/L?!

17



Heat conduction in a finite rod

e Consider IBVP for T'(z,t) given by

(1) Ty = KTy for 0 <z < L, t > 0;
(2) T(0,t) =0, T(L,t) =0 for t > 0;
(3) T(z,0) = f(z) for 0 < = < L.

where the initial temperature profile f(z) is given.

e Solve using Fourier’s method:

(I) Use method of separation of variables to find the countably infinite set of nontrivial separable
solutions satisfying the PDE (1) and BCs (2), each containing an arbitrary constant.

(IT) Use the principle of superposition - that the sum of any number of solutions of a linear problem
is also a solution (assuming convergence) - to form the general series solution that is the infinite
sum of the separable solutions of the PDE and BCs.

(III) Use the theory of Fourier series to determine the constants in the general series solution for
which it satisfies the IC (3).

Remarks

1. (1) and (2) are linear since, if 77 and T satisfy them, then so does oT7 + 575 Vo, f € R.

2. To verify resulting series is actually a solution of the PDE, need it to converge sufficiently rapidly that
T; and T, can be computed by termwise differentiation - we largely gloss over such issues.

Step I

.T:F@mm)T?Fa:mpnz:>%:ﬁ%4FG¢m.

LHS independent of ¢ and RHS independent of + = LHS = RHS independent of x and ¢. Thus
LHS = RHS = — )\, say, A € R.

e Hence

—F"(z) =AF(z) for 0 <z < L (1)

(2) = F(0)G(t) =0and F(L)G(t) =0 for t > 0.
T nontrivial = G nontrivial =

|F(0) =0, F(L) =0 (1)

Now need to find all A € R such that ODE BVP (})-(1) for F'(x) has a nontrivial solution. Consider
cases

(i) A= —w?, (w> 0 wlog)
()= F’"—-w?F=0 = F = Acoshwx + Bsinhwz, (A, B € R).
()= A=0,BsinhwlL=0 = F=0.
(i) A=0
()= F"=0 = F=A+ Bz, (A,B€eR).
()= A=0,BL=0 = F =0.
(ili) A =w?, (w > 0 wlog)
()= F'+w?’F=0 = F=Acoswz + Bsinwz, (4, B € R).

()= A = 0,BsinwL = 0. But B # 0 for F nontrivial, so sinwL = 0, so wL = nm,
n € N\ {0}.

18



e For A\ =w? = (%)2’ F = Bsin (sz) and F' oc exp (_K“ (%T) 2t)'

e Hence, nontrivial separable solutions given by
2

2kt
7o) = bsin ("7 Yexp (<),

where n is a positive integer and b,, a constant.

Step 11
e Since (1)-(2) are linear, formally the principle of superposition implies that the general series solution
is given by
T(x,t) = ;Tn(x,t) = nzz:l by, sin (%) exp <_n 225 > .
Step 11

e IC (3) can only be satisfied if

oo
f(z) =T(z,0) = ansin (%ﬂ) for0<z< L.
n=1
e The theory of FS = the Fourier coefficients are given by

L
2
by, = L/f(:z:) sin (?) dz for n € N\ {0}, (11)
0
which determine the b,, and hence a solution.

Remarks

(1) f, f' piecewise continuous on (0,L) = sine series converges to 2 (f(z1)+ f(z_)) for = € (0, L) and
to 0 for x = 0, L, so can deal with jump discontinuities in ICs.

(2) In questions often asked to derive (1) via orthogonality relations rather than quoting it. The relevant
ones here are

L
. /mTx\ . /NTT L
/ sin (T) sin (T> do = §5mn )
0

where m,n € N\ {0}. Assuming [ > =" [, then gives, for n € N\ {0},

E/Lf(a:) sin (n—zx) dz = 2] i by, sin (?) sin (ﬂLm) dz
0 0

Example 3.1.
(@) . (nﬂ'x) n 1 . 2mx
) =sin | — —sin | — | .
L 2 L

Then by =1, by = %, b, = 0 otherwise.
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Example 3.2.

Fz) = T for L1 <x < Loy,
o 0 otherwise.
e Then
Lo
2 . /nTx 2T* nmlq nmLoy
bp== [ T* <—>d - ~ -
2 i (P2 = 27 (o (12 o (7222))

e We've found a solution (assuming sufficiently rapid convergence), but is it the only solution?
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Fourier Series & PDEs: Lectures 7-8

Uniqueness

Theorem 3.1. The IBVP has only one solution.
Proof: Suppose T, T are solutions and let W = T — T By linearity, (1)-(3) =
(1) Wy =T, =Ty = 6Ty — KTy = k(T — T) gy = KWy for 0 < z < L, t > 0;
(2) W=T—-T=0atz=0,L for t > 0;
(3") W(x,0)=T(x,0)—T(x,0) = f(z)— f(x) =0for 0 <z < L.
Strategy: deduce that W(z,t) = 0.

L
Trick: analyse I(t) := 3 [ W (z,t)? da.
0

e Evidently I(¢t) > 0 for t > 0 and I(0) = 0 by (3).

e But
a
i /WWt dz (by LIR)
0
L
= /W&Wm dz (by (1))
0
L
= [kWW,]§ — k / W, W, dz (by IBP)
0
L
——x [W2do (by (2)
0
<0

)

e So I(t) cannot increase!

e Hence, 0 < I(t) < I(0) = 0, giving I(t) =0 for t > 0, so that W =0and T =T for 0 <z < L, t > 0
(assuming continuity of W there). O

e Note that this method of proof works for any linear BCs for which [WW,]|§ < 0, e.g. the radiative
BCs W,(0,t) = —aW (0,t), W,(L,t) = aW(L,t) for t > 0, where « is a positive parameter.

Non-zero steady state

Example 3.3. Solve the IBVP
(1) Ty = KTy, for 0 <z < L, t > 0;
(2) T(0,t) =Ty, T(L,t) =T for t > 0;
(3) T(z,0)=0for0<x < L,

where Ty, T} are prescribed constants.

e We cannot use separation of variables straight away because the BCs are not homogeneous (unless
To=T,=0).
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0 = kSy for 0 < x < L, with S(0) =Ty, S(L) =T)1.

Thus, S(z) = Tp (1 — %) + T (%), a linear temperature profile.

Now let T'(z,t) = S(z) + U(z,t), then (1)-(3) = U(x,t) satisfies the IBVP

(1) (S4+U)i=r6(S+U)py = U =kUy for 0 <z <L, t>0;
(2" S(0)+U(0,t) =Ty, S(L)+U(L,t) =Ty = U(0,t) =0, U(L,t) =0 for t > 0;
(3" S(z)+U(x,00=0 = U(x,0) = —S(x) for 0 <z < L.

We solved this problem last lecture using Fourier’s method:

2.2

U(x,t) = ib” sin (?) exp <_n z;ct) ,

n=1

where
2 i 2
. (N "
0
e Note that Tp, 77 in BCs (2) end up in IC (3') - sometimes called “method of shifting the data”.

Other BCs
Example 3.4. Solve the IBVP

(1) Ty = KTy, for 0 <z < L, t > 0;
(2) T,(0,t) =0, Tx(L,t) =0 for t > 0;
(3) T(x,0) = f(z) for0<z < L,
e Note both ends thermally insulated since ¢ = —kT, =0 at x =0, L.

e Apply Fourier’s method on problem sheet 4 to give

where

Remarks

Conjecture that T'(z,t) — S(x) as t — oo, where S(z) is the steady-state solution of (1)-(2), so that

1. The constant separable solution T' = % of (1)-(2) comes from the case in which the separation constant

is zero.

L
2. Ast — o0, T(z,t) — % = . + | f(z)dz, i.e. mean of the initial temperature.
0

3. Uniqueness by a similar argument to before.
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Inhomogeneous PDE and BCs

Example 3.5. Solve the IBVP

(1)
(2)
3)

pCTy = kT + Q(z,t) for 0 <z < L, t > 0;
To(0,1) = 6(t), To(L,1) = (1) for £ > 0
T(x,0) = f(z)for0<ax < L,

where Q(x,t), ¢(t),1(t) and f(z) are given.

Note @ is volumetric heat source (e.g. due to radiation of chemical reaction) and heat flux in positive
z-direction ¢ = —kT,.

Now both PDE and BCs are inhomogeneous!
Deal first with BCs by shifting the data.
Find S(z,t) such that S;(0,t) = ¢(t), Sz(L,t) = 1(t) for t > 0, e.g.

(x — L)? z?

S(x,t) = —¢(t)—7— +¥(t) 57 -

Let T'(x,t) = S(x,t) + U(x,t), then (1)-(3) = U(xz,t) satisfies the IBVP

(1') pCU; = kUpp + Q(z,t) for 0 < z < L, t > 0;
(2") Uz(0,t) =0, Uy(L,t) =0 for ¢t > 0;
(3") U(z,0) = f(z) for 0 <z < L,

where

Q(}U ; : ?((m) ,?) +(k58; pes } Known in terms of @, ¢,v and f.

If Q = 0, then can solve (1')-(3') via Fourier’s method as in example 3.4.

This suggests we seek a solution of the form

Uz, ) cos <n7ra:> , (1)

where the functions Uy(t), U1 (%), ... are TBD.

Since () is a Fourier cosine series, its Fourier coefficients are given by

h\w

L
/Uxt cos nme >dmf0rn€N.
0

We can then use (1')-(3') to derive ODEs for the U, as follows.

By Leibniz’s integral rule

L
dau, 2 nme
c T L/chtcos (T) dx
) L
2 nmx ,
L/kUm—FQ cos(L)dx (by (1))
0

L
f/ cos dlL’—i—Qn(),
0
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where

b(\l\v

L
/ x,t) cos nzx) dx
0

are the know coefficients of the Fourier cosine series for Q.

e How do we deal with the U, integral? IBP twice via

b
(w' — u/'v) = w" —u"v = [uw’ —u'v]’ = /uv" —u'vdz.
a

e Hence pch" k”LQQ’TQ Un, = Q(t) for t > 0.

L
e I1C? (3') = U,(0) = %gf(x) cos ("7%) da.

Remarks

(1) Reduced problem to a countably infinite set of ODEs - recover solution of example 3.4 when @Q =

0, =0, =0.
(2) Can solve explicitly for the U, using an integrating factor.

(3) Uniqueness proof the same as for example 3.4.

The wave equation

Derivation in 1D

e Consider the small transverse vibrations of a homogeneous extensible elastic string stretched initially
along the x-axis at time ¢ = 0.

e A point at zi at time ¢ = 0 is displaced to r(x,t) = zi+ y(x,t)j at time ¢ > 0, where the transverse
displacement y(z,t) is TBD.

f:/l

e Consider piece of string in a fixed region a < x < a + h.
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a+h
Linear momentum is | pr;dz, where p is constant line density of the string ([p] = kg m~1).
a

Assuming no resistance to bending (cf a ruler), the string to the right of r(x,t) exerts at this point
a force T'(z,t)7(x,t) on the string to the left, where T'(z,t) is the tension ([T] = N = kgms~2) and
T =1,/ |ry| is the unit tangent vector in the +ve z-direction.

Assuming tension so large that gravity and air resistance are negligible, the forces on the string in
a<x<a-+hare

: G "l f{“’l‘:é)

\/.'/\E\‘ Tlathé) Taeh6)

~T(s8) T(af) ** ath

NII says % (linear momentum) = net force, so

a+h
d
T / pride | =T(a+ h,t)T(a+ h,t) —T(a,t)7(a,t).

a

Assuming ry is continuous, LIR then gives

a+h
1 / pry A — T(a+ h,t)T(a+ h,t) —T(a,t)7(a,t) '
g

h

a

Assuming (7'7), is continuous, let A — 0 (from above and below)

0
— pry = —(T'1)

ox
. 0 [(Ti+Ty.j
== Py = -\ —— = .
P\ (1442

Now small displacement = small slope — |y,| < 1

2\3 1 2
e — 1

—> to a first approximation (i.e. neglecting quadratic and higher order terms)

pyttj = T:ci + (Ty:c)xJ .

z-direction = T, =0 = T = T(t), i.e. tension is spatially uniform, but could vary with ¢, e.g.
tuning a guitar string. We shall assume T" =constant, which is the case in many practical applications.

y-direction = pyy = (TYz)z = TYzz

We have derived the wave equation

2
Ytt = C Yz

where ¢ = \/§ is the wave speed (for reasons that will become apparent).
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Units and nondimensionalisation

o [?] = [5/;1}] = H’f’;f =m?s? = [ =ms L
e Check: [02] = % = kgz T = kkggn;a =m?s? Vv

e On what timescale does a displacement travel a distance L? Scale = Li, t = tot,y = Hj

H_ — HE, . X
= tjyfg =7z Yzz = Y = Yaz
0

provided tg = %

Normal modes of vibration for a finite string

e Suppose string stretched between x = 0 and z = L and the ends held fixed.

e Slinky experiment suggests there exists discrete modes of vibration:

node
T~ SN\ AT/
’ \ R
\\ \\ & \\_],/\ -“J, W J,": eéc
IRREREE Y T n=z n=3

e To analyse mathematically, we seek separable solutions to

(1) yp = Pypp for 0 <z < L, t €R;
(2) y(0,t) =0, y(L,t) =0,teR.

o y=F@)G(t)in (1) = FG"=2F'G = 58 = S0 assuming FG # 0.

e LHS independent of ¢ and RHS independent of + = LHS = RHS independent of z and ¢. Thus
LHS = RHS = -\ € R, say.

e Hence —F" = \F for 0 <z < L (I)

e (2) and G nontrivial = F(0) =0, F(L) =0 (II)

e A <0 = (I)-(II) have only the trivial solution F' = 0.

e Let A\ = w?, with w > 0 wlog.

o (I) = F = Acoswz + Bsinwz, (A, B € R).

e (I) = A=0, BsinwL =0.

e I nontrivial = B #0 = sinwL =0 = wL =nm, ne N\ {0}.
e w="" — F(z)=Bsin (“%), G(t) = Ccos ("I%) + Dsin ("5<).

e Combo = normal modes (nontrivial separable solutions of (1)-(2)) are

. nmx nmct . nmct
Yn(x,t) = sin (T) <an cos <L> + by, sin ( T >>

. /nmx\ . /nmc
Yn(x,t) = cpsin (T) sin (T(t + en)) ,

where a,, b, € R, ¢,, €, € R for each n € N\ {0}.

or
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Remarks

(1) yy, periodic in ¢t with prime period p = m?:/ 7 = % and frequency (or pitch) % = 2F.

(2) w1 is the fundamental mode; 57 the fundamental frequency; all other modes have a frequency that is

an integer multiple of 57.
(3) Consistent with slinky experiment.

(4) Normal modes are an example of a standing wave since y = f(x) X oscillatory function.

[Next time: use Fourier’s method to solve IBVP obtained by imposing two ICs.]
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Fourier Series & PDEs: Lectures 9-10

IBVP for a finite string
e Find y(z,t) such that

(1) yt = Pype for 0 <z < L, t > 0;
(2) y(0,t) =0, y(L,t) =0 for t > 0;
(3) y(x,0) = f(z), ye(z,0) = g(z) for 0 <z < L.

e Use Fourier’s method [f, g are initial transverse displacement and velocity]

Step I: Find all nontrivial separable solutions of (1)-(2)

e Last time we found that these (normal modes) are

t
Yn(x,t) = sin <?> <an cos < ZCt> + by, sin (m;c >> ,

where ap, b, € R and n € N\ {0}.

Step II: Formally apply the principle of superposition

e (1)-(2) are linear, so superimpose the normal modes (assuming convergence) to obtain the general

t) = Zyn(xvt) :
n=1

series solution

Step III: Use theory of F'S to satisfy the ICs

e (3) can only be satisfied if

Zansm< )f0r0<x<L

Zb@si ( )for0<:c<L

e Assuming [ Y =3 [, we deduce that

L
2
= ap = /f(a:) sin (ni> dz, and similarly
L
0
nme 2 . /nTT
g = po@sin () de

Example 4.1.
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Example 4.2.

Trick: sin® (%) = %Sil’l (%) — isin (?anz

~—

e 3V B 3re, W
T =1 by =0, 17 bs = 1 and rest zero.

Example 4.3. (Guitar string)

_ 2hzx/L for 0 <z <L/2, B
f(x)_{ 2h(L —z)/L for L/2<x <L, g(z) =0.

j:u

I
=0 74 =L

L/2 L
2 2hx . (nwx 2 2h(L —z) . (nwx ~ 8h . /nm
= [T () are p [ () ar = e (1)
0 L/2
b, =0
Since
sin(m>— 0 for n = 2m,m € N\ {0},
2/ | (-1)™ forn=2m+1,meN ’
we find
8h = (=)™ . [((2m+ D)z (2m + 1)wct
=23 g (ST (Em+ Dmet)
y(x,t) 2 P Bm+ 1) sin < 7 cos T

B _J v for Ly <L < Loy,
flx) =0, g(z)= { 0 otherwise.
Lo f
an:O and bn:nﬂ.CL/'Usln(n;:x)
Ly

(2. 1) WL = 1 [ (mrLg > <n7rL1 ) ] . /nmz\ . [ nmct
= y(v,1) = — —5 |cos — cos sin (—) sin
cms L= L L L L

Energy and uniqueness

e Consider IBVP (1)-(3).

L L
o KE of string is [ 3p|r:*> dz = [ Lpy? da.
0 0
e Elastic PE of string is product of tension and extension, i.e.
L L
1
T / |ry| de — L :T/ (1—|—y§)2 —1dz
0 0
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1
e But |y,| < 1, so (1 + yg) 2 1= %y + .-+, so to a first approximation (neglecting cubic and higher

order terms), the elastic PE is f iTyx dx.
0
e Hence the energy of a string is
L
1 1
= /prer 5Ty dz.
0
Lemma: : If y satisfies (1)-(2), then E(¢) is constant for ¢ > 0. Proof:

L
dF
P / pYeYit + TYpyer do (by LIR)

Tytyza: + Tyacy:vt dx (by (1))

L
/ Tyt ym :t
0
=

Tytyx]
0,

|
T~ °

since (2) = y:(0,t) = w(L,t) =0 for t > 0.
Remarks

(1) Lemma and (3) = E(t) = E(0) = [ 3p(9(z))® + 3T(f'(z))* d=

O%h

(2) Lemma = Energy in nth normal mode is given by

2T(
4L

1
P ynt x, O + =T (ynz(x7))2 dr = + b2)

B,
®) 2

o\h
D | =

o
(3) Can then use Parseval’s Identity for g and f’ to show that E(0) = > E,(0), i.e. total energy is sum
n=1
of energy in each normal mode (which are constant throughout motion and set by ICs by remark (2)).
Theorem 4.1 (Uniqueness). The IBVP has at most one solution.
Proof: Let W (x,t) = y — g, where y,§ are two solutions. Then, by linearity,
(1) Wy = Wy for 0 <z < L, t > 0;
(2" W(0,t) =0, W(L,t) =0 for t > 0;
(3") W(z,0) =0, Wy(x,0) =0 for 0 < z < L.

The above lemma applied to W gives

/L
0
— Wy =W, =0for 0 <z < L, t >0 (assuming Wy, W, continuous there)

— W = constant for O <z < L, t >0
= W =0for 0<z <L, t>0by (2) or (3'), (assuming W continuous for 0 < z < L,t > 0)

(Wp)?dz=E(t) = EQ0) =0fort>0

(W)? + ,
(1)-(2") (37

(VRS

T
2
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Normal modes for a weighted string

e Setup:

=-L

What are the normal modes?

e PDEs:
(17) yy = ypp for —L<z<0

(1) gt =yt for0 <z < L

e BC(s:

e Y (t) TBD so need a second BC at x = 0 via NII for the mass.

Forces on mass (neglecting gravity and air resistance):

_T(f*?’!;i) > T(E“Y:i)
Ty W~ (T
X=o X=o

e Small transverse displacement = |yf| <1 = (1+ (yf)Q)% = 1+h.o.t, so to a first approximation
mass remains on y-axis (because z-force components balance), while in y-direction

(4) mY =T (yaj’a::[)Jr - y;’az:[)*)

e Separate variables: y* = Fy (z)G(t)

(1) = ?fgg = CC;;((?) = —)\ € R, say, assuming F. .G # 0
25)G#0 = F (-L)=0, F (L) =0 (a™)
(3) G#0 = F_(0) = F1.(0) (b)
(4) G#0 = mFy(0)G"(t) = T(F.(04) — F_(0-))G(¢)
= - )\;nFi(O) = F/(04) — F(0_) (c)

e Can show A <0 = Fi =0. Let A = w?, w > 0 wlog.
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e Then

F"+W?F_=0for —L<x<0,
Fl +w*Fy =0for 0<z<L.

(aF) = F_ = Asinw(L + 1), FyBsinw(L —z) (A,B€R) (4.1)
O=© = oogr -t st conts ) |5 = |0 (0

M

° [g} #* [8] — det M =0 — sinwlL (2(:oswL—%sinwL> =0.

e Hence, either

(i) sihwL =0 = w= ", neN\ {0}

(ii) cotwl =52 = cotf = 2”%, where 6 = wL.

(iii) In each case, G” + w?c*G =0 = G(t) = C cos (wct + €), (ce € R), where wlog C = 1.

y— = Asinw(L + x) cos (wet + ¢€)

(iv) Tn case (i), () = A=-B = { y+ = —Asinw(L — x) cos (wct + €)

e This means that the normal modes are the same as for a string of length 2L with a node at « = 0,
i.e. mass stationary.

......

e In case (ii) there are infinitely many roots 6 < f < - -

e To see, plot LHS and RHS of e.g. tanf = 2pL

mo

zban@
'\ z
— —Z Z — 0
o 6 % 6, 3% 4 % /6, 4

e Hence, infinitely many normal modes w,, = %", n € N\ {0}.

y— = Asinw(L + x) cos (wet + €)

e Now (f) = A=B = { Y+ = Asinw(L — x) cos (wet + ¢€)

e This means that the normal modes are symmetric about x = 0:
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o Try with slinky!

General solution to the wave equation

e Remarkable fact: can write down all solutions of vy = c?yy.!

o Let y(z,t) =Y (&,n), { =x —ct, n =z + ct (as in Introductory Calculus).
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Fourier Series & PDEs: Lectures 11-12

= Yo = Ye&o + Yy = Ye + Y
Yoo = (Ye + Yn)e€o + (Ye + Y)yne = Yee + 2V + Yoy
yr = Ye& + Yy = —cYe + ¢y,
Y = (=Yg +c¥y)eby + (=cYe + ¥y )y = 02(Y£§ — 2y + Yip)

where we assumed Ye, = Y.
e Hence, 4y — PYpy = —402)/@7
e Wave equation, ¢ > 0 gives

= Y, =0
= Ye = F'(¢), say
— (Y = F(§)e=0
— Y - F(§) =Gn), say
= y=F(x—ct) + Gz + ct)

where F, G are arbitrary twice-continuously-differentiable functions.
Remarks

(1) c.f. # of arbitrary constants in general solution to a second order ODE.

(2) Easy to verify this is a solution (see supplementary notes): we’ve shown that all solutions must be of
this form.

(3) F(x — ct) is a travelling wave of constant shape moving to the right with speed ¢:

Fx-ct)

G(x + ct) is a travelling wave of constant shape moving to the left with speed ¢:

G (x+ct) %)

Waves on an infinite string: D’Alembert’s formula

e Consider the IVP

(1) yu = ygy for —co < 2 < 00, t > 0;
(2) y(z,0) = f(2), ye(x,0) = g(z) for —00 <z < o0,

where initial transverse displacement f and velocity g are given.
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e The general solution of (1) is y(z,t) = F(z — ct) + G(z + ct).
e ICs (2) = F(z)+ G(x) (:) f(x), —cF'(x) + c¢G'(z) = g(x) for z € R.

e The latter implies —F'(z) + G(x) (—;) %

O—xz

g(s)ds+a (a € R).
()~ (b)) = Flx) = 37(x) ~ o

() + (b) = Fla)= 1 f() +

e Hence,
z+ct

0

1 1 1 1 1 1

y(:c,t)—Qf(x—ct)—i—zc/g(s)ds—2a+2f(a:+ct)+26/g(s)ds+2a
—ct 0

T

x+ct

— y(m,t):;(f(a:—ct)+f(a:+ct))+216/g(s)ds

xr—ct

This is D’Alembert’s formula.

Remarks
(1) Don’t forget the constant a!
(2) Argument shows 3! solution of IVP (1)-(2).

(3) Can also prove uniqueness via energy conservation under the additional assumption that y;, y, — 0
o0
sufficiently rapidly as z — +oo that the energy E(t) = [ gyf + %yg dz exists.
—o

Example 4.5.

[ ecos? (%) for |z| < L, B
fle) = { 0 otherwise, g(x) =0,
where €, L € RT.
§60) )
2 f,f,f: f" cbs ot x=-L1
' l + > X
-l [
DF = y(a,t) =L f(z —ct) + 3 f(zx + ct).
Y(%t)
4 ) N ,
k —
K3 wtek,
L% 1 ¢(x~cb)
[A
: ; " —> x
-L~¢é L-ck o Ltk po

ct > L
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Y% ¢)
N

~L-ck L-c:t- o -i{-d: Leck
—>
ovula.p

\ 4
x

O<ct< L

Explicit formulae for these graphs requires some careful book keeping - much easier to use a...

Characteristic diagram

o Let P = (z9,tp) € R x RT. How does y(P) depend on f e.g.?

xo+cto
DF — y(ao,to) = 5(Fan — cto) + flwo + cto)) + 5. [ 9()ds (h
xo—Ccto
1 1 7
— 4P = S (FQ) + () + 5 [ 9(s)ds, ()
Q
where Q and R are points on the z-axis as shown.
¢ N P:()(a, él)
x-cb = Ko =ty x+ck = xotcly

> X
Q:(x%-ct,,2) R:(%cbs ©)

e Note deliberate abuse of notation in () to aid geometric interpretation of ().
e Definition: z £ ct = ¢ = ctg called characteristic lines through P.
e (i) = y(P) depends only on

(i) f through the values f takes at @ and R;
(ii) g through the values g takes on z-axis between @) and R.

e Definition: The interval [zg — ctg, xg + cto] of the z-axis between @ and R is called the domain of
dependence of P = (xzg, tp).

e If f or g modified outside the domain of dependence of P, then y(P) is unchanged.

e Exploit geometric interpretation (I) of DF (f) to construct explicit formulae for the solution: contri-
bution to y(P) from f to g change at points on z-axis where f and g change their analytic behaviour.
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e Hence, given a particular f and g, first task is to identify these points on z-axis and sketch the
characteristic lines x £ ¢ = constant through each of them - this is the characteristic diagram.

e This divides the (z,t)-plane, with ¢ > 0, into regions in which the contributions from f and g may be
different.

e Back to the earlier example...
Characteristic diagram

xtebzl L x-cbz=-L
xteb=-L i, x-cb=L
43 K
L
c
s g
£,
o pa ! > X

e DF = y(P) = 1(f(Q) + f(R)), where P,Q, R are points shown.
o PQ | x—ct==%L,and PR || z+ ct = £L, so solution as follows:

-~ PER = y=3[0+0]

—~ PeRy = y=13[0+ecos* (E(z+ct))]

— PERy = y=3[ecos’ (L(z—ct)) + ecos’ (£ (z+ ct))]
—~ PERy = y=1[0+0]

— PER; = y=3 [ecos’ (L(z—ct)) +0]

— PERg = y=3[0+0]

e Since y is continuous on characteristics bounding regions, it does not matter to which region each
belongs, e.g. could pick

—Ri:zx+ct<—L,t>0;
— Ry:—L<x+4+ct< L x—ct<I;
—Ry:—L<z+ct<L,-L<zxz—ct<L,t>0

etc.

Example 4.6. Suppose y(z,t) such that
(1) ys = ypp for —0o <z < 00, t > 0;
(2) y(@,0) = f(2), yt(x,0) = g(x) for —00 <z < 0.

ve/L  for |z| < L,

0 otherwise, ’ where L,v € RY.
)

Find y(z,t) when f(z) =0 and g(z) = {

e Recall D’Alembert’s Formula (DF) for the solution of (1)-(2):

z+ct

W t) = 5@ —et)+ fat ) + 5 [ gls)ds

x—ct
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e Thus,

where P, (Q, R are the points shown

n Characbepss b ;—\J

Lines bhpoghn P

7 X
Q:Cx-céﬂ) R:(x 46 9)
Characteristic diagram

x=c (‘ =-L

x-cé-’ L
L

R
>X
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o PQ |z —ct==xLand PR | =+ ct = £L, so solution as follows:

x+ct
1
Ry :y=— 0ds=0
2c
T—ct
—L z+-ct
1 1 VS v
Ryty=— [ 0ds+— [ —ds=-— L
20y 2c S+20/ L 4Lc(($+6t) )
T—ct —L
z+ct
1 vs v 9 9 vt
y=— | —ds=— t)? — (z — ct)?) = =
Rs:y 5 Lds 4LC((:B+C) (z — ct)?) 7
r—ct
) - L L z+ct
1 VS 1
Yy =— d — | —d — ds =
R4y20 05+20/LS+20/080
T—ct —L L
1 L 1 z+ct
VS v
Rs:y= — — = — (L? = (x — ct)?
51y =5 7 ds + 50 / 0ds 4Lc( (z — ct)?)
r—ct L
x+ct
1
Rg:y=— 0ds=0
2c
r—ct
e Note solution continuous across borders between regions.
Y(x8)
AN
t + + t > X
~L-ct cé-L L-ct Leet
o
Y(x8)
N
& =
t ¢ ¥ t t + > X
-L-¢t -ct cé-L L-ct et Lect

e Note there are corners = not a classical (twice continuously-differentiable) solution!
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Fourier Series & PDEs: Lectures 13-14

Laplace’s equation in the plane

e Heat conduction in a rigid isotropic material (e.g. metal) is governed in 3D by the heat equation
T, = kV?T,
where T (z,y, z,t) is the temperature, x the thermal diffusivity and V2T = Ty + Ty + Ts-

e Derive in Multivariable Calculus from conservation of energy and Fourier’s Law using the Divergence

Theorem:
d
T ///pC’TdV = //q (—n)dS (Energy)
\% oV
T,dV = — V-qdV
o S 7 == ][ -
|4 14
= pcl}+V-q=0. (assuming LHS cts)
Substitute q = —kVT to give
(Fourier’s Law)
k 2
pc

e In this course we consider 2D steady-state solutions:

T=T(x,y) == |Tuw + Ty = 0]

This is Laplace’s equation.

BVP in Cartesian Coordinates

e Find T'(z,y) such that

(1) Tpo +Tyy=0for 0 <z <a,0<y <
(2) T(0,y) =0, T(a,y) =0 for 0 <y < b;
(3) T(x,0) =0, T'(z,b) = f(z) for 0 < z < a;

T= §()

=0 T +T~,.(:0

—~(
H
()

e Apply Fourier’s method.
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Step 1

. F// x G//
o T'=F(x)G(y) in (1) = F((m)) =— G(%) for FG # 0.

e LHS independent of y and RHS independent of + =— LHS=RHS independent of z and y —
LHS=RHS=-\ € R, say.

Hence —F" = A\F for 0 < z < a. (2) and T nontrivial = F(0) =0, F(a) = 0.

Solved before! Only nontrivial solutions are F(z) = Bsin (*2£), B € R, for A = (%)2, n € N\ {0}.

a
e N\ =" — G" - (%)26’:0 —> G = Ccosh (™) 4+ Dsinh ("¥), C,D € R.
e Combo == nontrivial separable solutions of (1)-(2) are
T (z,y) = sin <@> (an cosh (@) + b, sinh (@)) ,

a a a

where ap,, b, € R and n € N\ {0}.

Step 11

Formally superimpose = T'(z,y) = Y Tn(z,y) is the general series solution of (1)-(2).
n=1

Step 111

e BCony=0 = 0= Zansin(%) == a, = 0Vn.

n=1

oy

e BCony =0 = flx) = ioj bnsinh(”T”b) sin (%) for 0 < x < a, so that bnsinh(”T“b) =

n=1

f(x)sin (%) dx by the theory of FS.

Qo
O—»e

e NB: Could also apply BC on y = 0 to find a, = 0 at end of Step I, i.e. before superimposing in step
I11.

e NB: ON sheet consider case in which a =b= L and f =T* € R.

BVP in plane polar coordinates

e In plane polar coordinates (r, ), Laplace’s equation for T'(r,6) becomes

aiT 19T 19T

8T2+;E+szw:0f0rr>0 (*)

e Start by finding all nontrivial separable solutions that are 2w-periodic in 6.

T = F(r)G(0) — F'G+FG+ %FG” =0
T T

r2F"(r) +rF'(r) _ 7G”(9)
2 F(r) G(9)

(FG #0)

e LHS independent of §, RHS independent of r = LHS=RHS independent r and # — LHS=RHS=M\ €
R.

e Hence, need to find all A € R such that G”(0) + AG(6) = 0 has a nontrivial solution G(6) of period
2m. Consider cases.

41



(i) A= —w? (w>0wlog) = G(f) = Acoshwf + Bsinhwb, (A, B € R).

e G 27 periodic = G(0) = G(+27) = A = Acosh 27w £ Bsinh 27w (:) A(cosh 2rw —
_l'_’_

1) =0, Bsinh27rw =0 =
w>0

(i) A=0 = G(¥) = A+ Bb, (A, B €R).
e (G 2m-periodic = B =0, but A arbitrary admissible.
r?F 4 rF' =0 = r(rF’) =0
= rF' =d (r>0,deR)
= F=c+dlogr (c e R)
e Combo = Ty = Ap+ Bplogr, (Ao, By € R). This is a cylindrically-symmetric solution
(i.e. independent of 0).
(iii) A = w? (w> 0 wlog) = G(#) = Rcos (wh + @), (R® € R).

e (G nontrivial = R # 0 = (G has prime period %”
Hence, G 2m-periodic and nontrivial = 3n € N\ {0} such that n2X = 2, i.e. w = n for
some n € N\ {0}.
In practice, better to write G(0) = Acosnf + Bsinnf, where A = Rcos®, B = —Rsin®
are arbitrary real constants.

e \=n? = r’F" +rF' —n?F =0 for r > 0 (Euler’s ODE).

Let r = et,, F(r) = W(t), then 4V = dfdr — dEf 1,

2w d dF\ dr d dF
a2 dr

2 ! 2 2
SNV S (b5 ) =02 4 F = n2F = n2W
Tar ) at T Tdr Tdr) e E =

W =eM — pu? =n? = W has general solution W = Ce™ +De™™ (C,D € R) = F
has general solution

F(r)y=Cr" 4+ Dr " (C,D € R)

NB: Alternatively, let F(r) = r#, then p(u—1)+p—p? =0 = p?> =n? = pu=4n —
general solution as above by theory of linear 2" order ODEs.

e Combo = T, = (A, 4+ Byr~")cosnf + (Cpr™ 4+ D,r~")sinnd, where A, = AC,
B, = AD, C,, = BC, D,, = BD are arbitrary real constants and n € N\ {0}.

e Superimpose = general series solution of (x) is

T(r,0) = Z T, (r,0) = Ao + Bologr + Z ((Anr" + B,r™") cosnf
n=0

n=1

+ (Cpr™ + Dypr™™) sin n9> .

BVP in plane polar coordinates continued

e Last lecture we showed that the general series solution of

lel 19T 1 0%°T

a2 T Tizae =0 (r>0)

is given by

T(r,0) = Z T, (r,0) = Ag + Bologr + Z ((Anr” + Byr™") cosnf
n=0

n=1

+ (Cpr™ + Dypr™ ") sin nG) , (%)

where A,,, B,,,C,, D,, € R.
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Example 5.1. Find T such that
(1) V2T =0ina<r <b,
(2) T=T5onr=a,T=Tfonr=>o,
where a, b, T5, T} € R.
e (1) = (%) pertains. BCs (2) can only be satisfied if
o0
Ty = Ap+ Bologa + Z ((Ana™ + Bpa™ ™) cosnf + (Cpa™ + Dpa™") sinnd) |
n=1

TF = Ao+ Bologb+ » _ ((Apb™ + Bub ") cosnf) + (Cpb™ + Dyb ") sinn)

n=1
each for —m < 0 < 7, say.

e Since the Fourier coefficients of a Fourier series are unique, we can equation them on LHS and RHS
of each equality —

1 loga| [Ao|  |T§ a a " |An| |0 a a " |Cy| |0
1 logb| |Bo| |TF] 7|6 b7™| |Bn| [0]7|0™ b ™| |Dn| |0
neN\{0}

= e [ ] ][5 D)

neN\{0}

_ Tglogb—Tt{loga T7 —1T§

T
- log (2) log (2)

Dimensionally correct?
lo log (%
T =Ty B (1) , pplosG)

e NB: Alternatively, we could have sought a circularly-symmetric solution 7' = T'(r) from the outset
because boundary data is independent of . However, method above generalises to 7;y and 77 being
functions of 6.

Example 5.2. Find T such that

(1) V2T =0inr < a,

(2) T(a,0) =T*sin30 for -7 < < T,
where a,T* € RT.

(1) = T must be twice differentiable with respect to z and y at origin
= T must certainly be continuous and therefore bounded at origin
= (%) pertains but with B,, =0 Vn € N and D,, =0 ¥n € N\ {0}.

e (2) then requires
o0
T*sin®6 = A, + Z (Anpa™ cosnf + Bpa" sinnf)
n=1
for —m <0 <.
But the FS for the LHS is given by the identity

31 T*

T*sin® 0 = 1 sinf — Zsin:ae
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so equating Fourier coefficients gives

T* T*
34 ) B3a3 =

<Bla::

and the rest vanish.
Hence, T' = % (2) sinf — TT* (2)3811139.

e Question: What is the heat flux out of the disc through r = a?

e Answer: Outward pointing unit normal n = e,., so by Fourier’s Law

T T
q-N|p—g = (—kVT) - €|p=q = —kT(a,0) = —k <34 sin 6 — 34 sin39> .

a a

e NB: V=0 <= V.q=0 = f q-nds:ffV-qudy:(), so zero net flux through » = a
r=a r<a
as there’s no volumetric heating.

Poisson’s Integral Formula

e Find 7T such that V2T = 0 in r < a with T'(a,0) = f(0) for —7 < § < 7, where a € R* and f is given.

e Asin the last example, general series solution is given by (x) with B, = 0Vn € N, D,, = 0Vn € N\ {0},
so BC satisfied if

f(0) = Ap —G—Z Apa*cosn + Bhasinnf | for —m <0 <.
a n=1

an bn

e Theory of F'S then gives

a 1 r
A= =5 [ @0

A, =2 — [ $(0)cos (o) s (n € N\ {0})
By = = [ £(@)sin(no) do, (n € N\ {0})

where we have introduced a dummy variable ¢ for convenience below.

e Given a particular f, can evaluate these expressions (see example 5.2), but remarkably we can sum
for general f (sufficiently).

e Substitute Fourier coefficients into general series solution and assume »_ [ = [ gives

T
r

T(r,0) = % /f(d)) do + Z % / (g)n [cos (nB) cos (ng) + sin (n) sin (ne)] f(¢) de
“x n=1

—Tr

:i/ (;+i (2)ncosn(9—¢)> f(#)de.

—T
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o Leta=60—¢and z = geio‘, then

1 L /r\n 1 /ey ino
§+n:1 (a> cosna—%<2+;(a) e >
NI
N 2 n:lz
1 z
:§R<2+1_Z> (lz] < 1)
1 1+=2
_2§R<1—z>
_ a® —r° (a _ geia)
- 2(a? —2arcosa +r?)’ oo
e Hence, obtain PIF:
a2 | £(9) do
T = .
(r. ) or /a2—2arcos(9—¢)+r2 (r<a)

—Tr

e NB:r =0 = T:%ff(gb)dqﬁ.

This means temperature at the centre of the disc is the average of the temperature profile around the
boundary.

e Next time: uniqueness.
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Fourier Series & PDEs: Lectures 15-16

Uniqueness

Green’s Theorem in the plane (Divergence Theorem Form)

Let R be a closed bounded region in the (z,y)-plane, whose boundary 9R is the union Cy UCo U --- U C),
of a finite number of piecewise smooth simple closed curves.

4

Let F = (Fy(z,y), F»(x,y)) be continuous and have continuous first order derivatives on R U dR. Then

/ V-Fdxdy—/F-nds,

R OR

where n is the outward pointing unit normal to R in the (z,y)-plane and ds an element of arclength.

Example 5.3. Derivation of the 2D inhomogeneous heat equation

d
[Energy] : dt//chdxdy = /q- (—n)ds + //dedy
R OR R
—_————

—_———
Rate of change of internal heat energy Net heat flux into R through OR  Volumetricheating

e NB: [each term]=Jm~!s~! since this is per unit distance in the z-direction.

e Assuming T} continuous on R U R and using Green’s Theorem with F = q gives

//cht—{-V-q—dedy:O.
R

e Assuming integrand continuous, R arbitrary = pcli +V -q = Q.

Finally, Fourier’s Law ¢ = —kVT gives pcT; =V - (kVT) + Q.

Uniqueness for the Dirichlet problem

Theorem 5.1. Suppose T'(z,y) such that V2T = 0 in R with T = f on R (Dirichlet problem), where R
as in Green’s Theorem and path-connected and f given. Then the BVP has at most one solution.

Proof. Let W be the difference between two solutions, then linearity gives
(1) V2W =01in R,
(2) W =0on JdR.

Trick: let F = WVW = V(%Wz) in Green’s Theorem.

e Then [[V-WVWdzdy= [ WYW -nds.
R OR

46



e But

(1) = V- (WVYW) =WV2W + VW - VW = |W|?
(2) = WVW . .n=0o0ndR,

so [[ IVW|? dady = 0.
R
e Assuming VW is continuous on R U JR, this implies VW =0 on R = W = constant on R (as it’s
path connected).

e But W =0 on R, so assuming W is continuous on RUJR, the constant must vanish, so that W =0
on RUOJR.

O
Example 5.4. Find T such that V?T =0 in r < a with T' = T*% onr = a.
e If we can find any solution, then the uniqueness theorem guarantees it is the only solution.
e Could proceed via general series solution or Poisson’s Integral Formula, but quicker to spot T' = T*%.
Example 5.5. Find T such that V27T =0 in 7 > a with T' = T*% on 7 =a and T bounded as 7 — oco.
e Spot Bir~!cosf is a solution provided Bia~! = T*.
e Question: is it the only solution?

e Answer: Uniqueness theorem above not applicable because R not bounded. But, if W is the difference
between two solutions, then for fixed b > a

/ VW [? dz dy = / V- (WYW)dzdy = / WVYW -e,ds— [ WVYW -e.ds .
V2W=0 in a<r<b N—————
a<r<b a<r<b r=b WMT de r=b

=0 since W=0 on r=a

T

So we have uniqueness provided rW aaw — 0 as r — o0, which is the case if e.g. ra — 0 as r — oo.

Uniqueness for the Neumann Problem

Theorem 5.2. Suppose T'(z, y) such that V2T = F in R with aT =n-VT = g on OR (Neumann problem),
where R as in Green’s Theorem and path-connected and F| g glven. Then the BVP has no solution unless

//Fdxdy:/gds.
R

OR

When a solution exists, it is not unique: any two solutions differ by a constant.

Proof. e Suppose there is a solution T" and let F = VT in Green’s Theorem, then

//Fdxdy://v-(VT)dxdy:/VT-nds:/gds.
R R OR OR

e Now let W be the difference between two solutions, so that V2W = 0 in R and %—VX =0 on OR. Then

//]VW\ dxdy / V.- (WVW)dzdy = /WVW nds = 0

Green’s Theorern

as before.

47



e Assuming VIV is continuous on R U OR, this imples VIW = 0 on R, so that W = constant on R.

Hence, W = constant on R U OR assuming W is continuous there.

O

Example 5.6. Find T such that V27 =0 in r < a with g—z; = ¢(0) on r = a, where g is given.

e General series solution of V2T =0 in r < a is

T=Ay+ Z (Apr"™ cosnb + Bpr"sinnd) .
n=1

e Onr =a, g% =n-VI = %—f, so BC can be satisfied only if

g(0) = Z (nAnaT”1 cosnf + ana"*1 sin n9) for —m<0<nm
n=1

e Theory of F'S then requires

1

nApa" ! == /g(@) cosnf do
7r
1 s

nBpa™ !t = = /g(&) sinnf do .
™

—Tr

e Two cases: Either

(i) ¢ such that (f) not true, in which case there is no solution; or

(say)

(n € N\{0})

(n € N\{0})

(ii) g such that (1) is true, in which case the solution is not unique (since Ay is arbitrary, while rest

of Fourier coefficients are uniquely determined).

e This agrees with uniqueness theorem, which guarantees that in case (II) we’ve found all possible

solutions.

Well-posedness

e An IBVP or BVP is wellposed if 3! solution that depends continuously on the data in the ICs and/or

BCs.

Example 6.1. Wave equation

e Suppose y(x,t) such that
(1) Yt = Yau for —oo <z < 00, t > 0,
(i) y(z,0) = f(x), y(x,0) = g(x) for —co < z < o0,
where f, g are given.
e By D’Alembert’s Formula 3! solution since (1)-(2) =

T+t

y(:c,t)—;(f(a:—ct)—i-f(x—i-ct))—i-;/g(s)ds.

r—1
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e Now change data f,g to F,G, and let Y be the new solution:

T+t
Y (z,t) = %(F(a: —ct)+ F(x +ct)) + % / G(s)ds.

e Suppose 39 > 0 such that |f(x) — F(z)| <9, |g(z) — G(z)| < 6 Yz € R. (1)
Then

x+t
9, t) = ¥ (o)) = |5 (F@ — 1) = Fla— 1)) + 5 (f+1) — Fla + t>>] +5 [ 99 -6)as

T
T+t

<G f@—0 = Fa—ol+ 518 +0 - P+ + 5 [ los) - Gs)l as

1 1 1
< — — — .2t
25—1-25-1—2 t-0
=(1+4t)dfor —co<z<o0, t>0. (1)

e Fix any 7' > 0 and any € > 0. If we pick 6 = 55 in (}), then (f) implies

144

t)—Y(x,t)| <
’y(x7 ) (x7 )‘ _€1+T

<efor —o<zr<oo, 0<t<T.

e In this sense, the solution depends continuously on the data and the IVP is well-posed.

Example 6.2. Try IVP for Laplace’s equation!

e Suppose y(z,t) such that

(1) Yoz + Y =0 for —co < x < 00, t > 0,
(ii) y(z,0) = f(z), ye(z,0) = g(z) for —oo <z < o0,

where f, g are given.
e Problem (I): f{ =0, g1 =0 = y; = 0 is a solution.
e Problem (II): fo =0, g2 = d cos (%) — gy = 6% cos (%) sinh (%) is a solution for any ¢ > 0.
e Observe that |f1(z) — fo(x)| =0, |g1(x) — g2(z)| <6 Vo € R.

e But [y1(0,¢) — y2(0,t)] = 6*sinh (%) — coas § — 07 for any fixed ¢ > 0, so cannot make |y (0,t) — y2(0,¢)| <
e for all 0 < ¢ < T by taking ¢ suitably small.

e [VP for Laplace’s equation is not well-posed - called ill-posed!

Summary

1. Introduced theory of Fourier Series

e Periodic, even and odd functions and periodic extensions;

Euler’s formulae for Fourier coeffs via orthogonality relations;

Statement of a powerful pointwise convergence theorem;

Related rate of convergence to smoothness;

Discussed Gibb’s phenomenon - try to avoid!

2. Heat equation
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Derivation in 1D, 2D and 3D;

Simple solutions;

Units and nondimensionalisation;

e Fourier’s method for IBVPs;

Generalised to inhomogeneous heat equation and BCs.

e Uniqueness
3. Wave equation

e Derivation in 1D with gravity and air resistance;

e Normal modes and natural frequencies;

e Fourier’s method for IBVPs - plucked and flicked strings;

e Forced and dampled wave equation with inhomogeneous BCs;
e Normal modes for composite and weighted strings;

e D’Alembert’s solution and characteristic diagrams;

e Uniqueness.

4. Laplace’s equation

e Derivation in 2D and 3D;

e Fourier’s method for BVPs in (z,y) and (r,0);

e Poisson’s Integral Formula for Dirichlet problem on a disk;
e Uniqueness of Dirichlet problem;

e Nonexistence and nonuniqueness of Neumann problem;
5. Well-posedness

e Introduced concepts developed later on in course.

Final comments

e Problem sheet questions not too far from prelims questions, so should set you up well for the exam.

e Should try at least 3-5 past papers, but maybe avoid the T'T 2015 paper - it turned out much tougher
than anticipated.
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