Linear Algebra II Problem Sheet 3, HT 2020

. Let A be each of the following matrices in turn:

21 2 11 0 211
0 01|, -1 3 0], 1 21
010 -1 4 -1 1 1 2

Find all the eigenvectors of A, determine whether A is diagonalisable (over R) and,
if so, find an invertible real matrix P such that P~'AP is diagonal.

. Define S : M,(R) — M,(R) by S(A) = AT. Prove that S has only two distinct
eigenvalues and that its eigenvectors span M, (R).

. For any polynomial p(z) = ag + a1z + - - - + axz”® and any square matrix A, p(A) is
defined as p(A) = agl + a1 A+ --- + aA*. Show that if v is any eigenvector of A
and x 4(z) is the characteristic polynomial of A, then y4(A)v = 0, Deduce that if A
is diagonalisable then y4(A) is the zero matrix.
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. Let M = ( 6 _9 > .
1) Find a diagonal matrix D and an invertible matrix P such that = .
i) Find a di 1 ix D and an i ibl ix P such that M = PDP~!

(ii) Find at least one cube root of M, by observing that if D = E3 then M =
(PEP~1)3.

(ili) Express the infinite series eM = 3> /LA™ (where M? = I) as a 2 x 2 matrix
with entries involving the constant e. (You may assume any general properties
of infinite series of matrices that you need.)

. Let V be a real n dimensional vector space, and T : V — V be a linear mapping.
Show that if A is the only eigenvalue of T" and T is diagonalisable then T' = AI.

Now let V' be the vector space of real polynomials in = of degree at most d where
d > 0. Which of the following linear mappings of V' into itself are diagonalisable?

1) T
(ii) T3
(iii) T :
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