
Part A Quantum Theory, MT 2017
Problem Sheet 1 (of 4)

1. A laser pointer emits red light with a wavelength λ = 6.50 × 10−7 m. Taking ~ ' 1.05 ×
10−34 J s and the speed of light as c ' 3.00 × 108 m s−1, find the angular frequency and
show that the photons have energy ' 3.04 × 10−19 J. The laser pointer has a power of
1.00 × 10−3 W (1 W = 1 J s−1). Assuming it is 4% efficient, estimate the average number
of photons emitted per second.

[In case we haven’t reached the topic in the lectures in time for this sheet, take ‘normalized’
to mean

∫∞
−∞ |ψ(x)|2dx = 1 everywhere below.]

2. A particle of mass m moves in the interval [−a, a] where the potential V = V0 is constant.
Using the stationary state Schrödinger equation show that the energy levels of the system
are

En = V0 +
n2π2~2

8ma2
,

where n is a positive integer, and find the corresponding normalized wave functions.

Show that the wave functions are all either even or odd in x.

3. A particle of mass m moving on the x-axis has a (non-normalized) ground state wave

function 1/ cosh2 x with energy −2~2/m. Show that the potential is V (x) = −3~2
m sech2 x.

An excited state wave function for the particle is sinhx/ cosh2 x. What is the energy of
this state?

4. A particle of mass m moves on the x-axis in a potential V (x). Let ψ(x) be a normalized
wave function satisfying the stationary state Schrödinger equation with energy E. Show
that if V is an even function (that is, V (x) = V (−x)), then ψ̃(x) ≡ ψ(−x) is also a
normalized wave function. By considering the wave functions ψ± = ψ ± ψ̃, or otherwise,
deduce that there is either an odd or an even wave function (or both) satisfying the same
Schrödinger equation.
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5. Suppose that Ψ(x, t) satisfies the one-dimensional time-dependent Schrödinger equation
with potential V (x) (assumed real). Make the definitions ρ(x, t) = |Ψ(x, t)|2 and

j(x, t) =
i~

2m

(
Ψ
∂Ψ

∂x
−Ψ

∂Ψ

∂x

)
.

Show that, as a consequence of the Schrödinger equation

∂ρ

∂t
+
∂j

∂x
= 0 .

Show further that j vanishes identically if and only if there exists a nowhere zero function
λ(t) such that λ(t)Ψ(x, t) takes only real values.

6. A particle of mass m moves freely in the interval [0, a] on the x-axis (so that the potential
V = 0 within the interval). Initially the wave function is

1√
a

sin
(πx
a

) [
1 + 2 cos

(πx
a

)]
.

Show that at a later time t the wave function is

1√
a

e−iπ
2~t/2ma2 sin

(πx
a

) [
1 + 2e−3iπ

2~t/2ma2 cos
(πx
a

)]
.

[Formulae for the normalized wave functions Ψn(x, t) and energy levels En may be quoted
from lectures, but you may need to look ahead in the notes.]

Hence find the probability that at time t the particle lies within the interval
[
0, 12a

]
.

Comments and corrections to hodges@maths.ox.ac.uk.
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