METRIC SPACES AND COMPLEX ANALYSIS.

KEVIN MCGERTY.

1. INTRODUCTION

In Prelims you studied Analysis, the rigorous theory of calculus for (real-valued) functions of a single
real variable. This term we will largely focus on the study of functions of a complex variable, but we
will begin by seeing how much of the theory developed last year can in fact can be made to work, with
relatively little extra effort, in a significantly more general context.

Recall the trajectory of the Prelims Analysis course — initially it focused on sequences and developed
the notion of the limit of a sequence which was crucial for essentially everything which followed'. Then
it moved to the study of continuity and differentiability, and finally it developed a theory of integration.
This term’s course will follow approximately the same pattern, but the contexts we work in will vary a bit
more. To begin with we will focus on limits and continuity, and attempt to gain a better understanding
of what is needed in order for make sense of these notions.

Example 1.1. Consider for example one of the key definitions of Prelims analysis, that of the continuity
of a function. Recall that if f: R — R is a function, we say that f is continuous at a € R if, for any € > 0, we
canfind aé > 0such thatif |[x—a| < then |f(x)— f(a)| < e. Stated somewhat more informally, this means
that no matter how small an € we are given, we can ensure f(x) is within distance € of f(a) provided we
demand x is sufficiently close to — that is, within distance § of — the point a.

Now consider what it is about real numbers that we need in order for this definition to make sense:
Really we just need, for any pair of real numbers x; and x,, a measure of the distance between them.
(Note that we needed this notion of distance in the above definition of continuity for both the pairs (x, a)
and (f(x), f(a)).) Thus we should be able to talk about continuous functions f: X — X on any set X
provided it is equipped with a notion of distance. Even more generally, provided we have prescribed a
notion of distance on two sets X and Y, we should be able to say what it means for a function f: X - Y
to be continuous. In order to make this precise, we will therefore need to give a mathematically rigorous
definition of what a “notion of distance” on a set should be.

As a first step, consider as an example the case of R”. The dot product on vectors in R” gives us a
notion of distance between vectors in R”: Recall that if v = (v4,..., v,), w = (wy,..., wy) are vectors in R”
then we set

n
(vw)=) viw;,
i=1

and we define the length of a vector to be? |v|l = (v, v)}2. Recall that the Cauchy-Schwarz inequality
then says that |[(v, w)| < ||v||||w]|. It has the following important consequence for the length function:

Lemma 1.2. Ifx,yeR" then|x+ yl < llx|l+yll.

Date: November 6, 2019.
1Although continuity is introduced via es and Js, the notion can be expressed in terms of convergent sequences. Similarly
one can define the integral in terms of convergent sequences.
2Sometimes the notation [lvll2 is used for this length function — we will see later there are other natural choices for the length
of avector in R”.
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Proof. Since ||v|| = 0 for all v € R” the desired inequality is equivalent to
lxc+ 1% < lxl® + 20 xl Iyl + 112

But since ||x + y||2 =(x+yx+y) = lxl? +2¢x, »w+ ||y||2, this inequality is immediate from the Cauchy-
Schwarz inequality. U

Once we have a notion of length for vectors, we also immediately have a way of defining the distance
between them — we simply take the length of the vector v — w. Explicitly, this is:

n
1/2
lv—wl = () (wi—w)?)"".
i=1
Now that we have defined the distance between any two vectors in R”, we can immediately make
sense both of what it means for a function f: R” — R to be continuous® as above and also what it means

fora sequence to converge.

Definition 1.3. If (vk)keN is a sequence of vectors in R” (so vk = (vf, . vﬁ)) we say (vk)keN converges to
w € R" if for any € > 0 there is an N > 0 such that for all k = N we have || vk—w| <e.

If f: R" — Rand a € R” then we say that f is continuous at a if for any € > 0 there is a § > 0 such that
|f(a) — f(x)| <ewhenever | x— all <§. (As usual, we say that f is continuous on R" if it is continuous at
every acR".)

Many of the results about convergence for sequences of real or complex numbers which were estab-
lished last year readily extend to sequences in R", with almost identical proofs. As an example, just as for
sequences of real or complex numbers, we have the following:

Lemma 1.4. Suppose that (v¥) =, is a sequence inR" which converges to w € R" and also to u € R". Then
w = u, that is, limits are unique.

Proof. We prove this by contradiction: suppose w # u. Then d = ||w — u|| > 0, so since (% converges to
w we can find an N; € N such that for all k = N we have || w — vk|| < d/2. Similarly, since (w5 converges
to u we can find an N, such that for all k = N, we have || vk — u|l < d/2. But then if k = max{/N;, N} we
have

d=lw-ul=w-v5+@F—wl<llw-v*I+I1vF—ul<di2+di2=d,

where in the first inequality we use Lemma 1.2. Thus we have a contradiction as required. g

2. METRIC SPACES

We now come to the definition of a metric space. To motivate it, let’s consider what a notion of dis-
tance on a set X should mean: Given any two points in X, we should have a non-negative real number —
the distance between them. Thus a distance on a set X should therefore be a function d: X x X — Ry,
but we must also decide what properties of such a function capture our intuition of distance. A couple
of properties suggest themselves immediately — the distance between two points x, y € X should be sym-
metric, that is, the distance from x to y should? be the same as the distance from y to x, and the distance
between two points should be 0 precisely when they are equal. Note that this latter property was one of
the crucial ingredients in the proof of the uniqueness of limits as we just saw. The last requirement we
make of a distance function is known as the “triangle inequality”, a version of which we established in
Lemma 1.2 and which was also essential in the above uniqueness proof. These requirements yield in the
following definition:

3More ambitiously, using the notions of distance we have for R” and R you can readily make sense of the notion of conti-
nuity for a function g: R” — R™.
41n fact it's possible to think of contexts where this assumption doesn’t hold — consider e.g. swimming in a river — going up-
stream is harder work than going downstream, so if your notion of distance took this into account it would fail to be symmetric.
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Definition 2.1. Let X be a set and suppose that d: X x X — R. Then we say that d is a distance function
on X if it has the following properties: For all x, y,z € X:

(1) (Positivity): d(x,y) =0and d(x,y) =0ifand onlyif x = y.
(2) (Symmetry): d(x,y) = d(y, x).
(3) (Triangle inequality): If x, y, z € X then we have

d(x,z)<d(x,y)+d(y, ).

Note that for the normal distance function in the plane R?, the third property expresses the fact that the
length of a side of a triangle is at most the sum of the lengths of the other two sides (hence the name!).
We will write a metric space as a pair (X, d) of a set and a distance function d: X x X — R satisfying
the axioms above. If the distance function is clear from context, we may, for convenience, simply write
X rather than (X, d).

Example 2.2. The vector space R” equipped with the distance function dy (v, w) = ||lv — w| = (v —w,v —
w)1'? is a metric space: The first two properties of the metric d» are immediate from the definition, while
the triangle inequality follows from Lemma 1.2.

Example 2.3. In Prelims Linear Algebra, you met the notion of an inner product space (V, (-, —)) (over the
real or complex numbers). For any two vectors v, w € V setting d(v, w) = | v — w||, where ||v| = (v, v)'/?,
gives V a notion of distance. Since the Cauchy-Schwarz inequality holds in any inner product space,
Lemma 1.2 holds in any inner product space (the proof is word for word the same), it follows that d is
also a metric in this more general setting.

Definition 2.4. If (X, dx) is a metric space and A < X then we set
diam(A) = sup{d(a;, a2) : a1, a2 € X} € Ry U {0},

(where we take diam(A) = oo if the {d(a;, @) : a;, a» € A} is not bounded above. If diam(A) is finite then
we say that A is a bounded subset of X.

To make good our earlier assertion, we now define the notions of continuity and convergence in a
metric space.

Definition 2.5. Let (X, dx) and (Y, dy) be metric spaces. A function f: X — Y is said to be continuous at
a € X if for any € > 0 there is a § > 0 such that for any x € X with dx(a, x) < § we have dy (f(x), f(a)) <e.
We say f is continuous if it is continuous at every a € X.

If (x;)n=1 is a sequence in X, and a € X, then we say (x,),>1 converges to a if, for any € > 0 there is an
N e N such that for all n = N we have dx(x,,a) <e.

In factitis clear that the notion of uniform continuity also extends to functions between metric spaces:
A function f: X — Y is said to be uniformly continuous if, for any € > 0, there exists a 6 > 0 such that for
all x1, xp € X with dx (x1, x2) < 6 we have dy (f(x1), f(x2)) <e.

For later use, we also note that a function f: X — Y issaid to be bounded if its image f(X) is abounded
subset of Y in the sense of Definition 2.4, that is, if

dy(f(x), f(y):x,ye X} =R

isabounded subset of R. Note that, unlike continuity or uniform continuity, the condition that a function
is bounded only requires that Y has a metric (X need not).

Example 2.6. Consider the case of R” again. The distance function d, coming from the dot product
makes R” into a metric space, as we have already seen. On the other hand it is not the only reasonable
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notion of distance one can take. We can define for v, w € R"

n
di(v,w) =) |vi — w;l;
i=1

do(w,w) = (Y. (i — wp)?)'?
i=1

do(v,w)= max |v;—w;l
i€{l,2,...,n}

Each of these functions clearly satisfies the positivity and symmetry properties of a metric. We have
already checked the triangle inequality for d», while for d; and d, it follows readily from the triangle
inequality for R.

Example 2.7. Suppose that (X, d) is a metric space and let Y be a subset of X. Then the restriction of
dto Y x Y gives Y a metric so that (Y, d|y«y) is a metric space. We call Y equipped with this metric a
subspace® of X.

Example 2.8. The discrete metric on a set X is defined as follows:

1, ifx#
d(x,y) - {0, ifx:i

The axioms for a distance function are easy to check.

Example 2.9. A slightly more interesting example is the Hamming distance on words: if A is a finite set
which we think of as an “alphabet”, then a word of length 7 in just an element of A”, that is, a sequence
of n elements in the alphabet. The Hamming distance between two such words a = (ay,...,a,),b =
(bl,...,bn) is

dy(a,b)=|{ie{l,2,...,n}:a; # b;}.

An important special case of this is the space of binary sequences of length n, that is, where the al-
phabet A is just {0,1}. In this case one can view set of words of length n in this alphabet as a subset of
R”", and moreover you can check that the Hamming distance function is the same as the subspace metric
induced by the d; metric on R” given above.

Example 2.10. If (X, d) is a metric space, then we can consider the space XN of all sequences in X. That
is, the elements of X" are sequences (X);=1 in X. While there is no obvious metric on the whole space
of sequences, if we take XbN to be the space of bounded sequences, that is, sequences such that the set

{doo (X, Xm) : n, m € N} R is bounded, then the function®

oo (Xn) =1, (Yn)n=1) = sup d(xp, Yn)
neN

is ametric on XbN. It clearly satisfies positivity and symmetry, and the triangle inequality follows from the
inequality

d(xp,zn) < d(xy, yn) + d(yn; Zn) < doo((Xp), (yn)) + doo(()’n)y (zn)),
by taking the supremum of the left-hand side over n € N.

Example 2.11. If (X, dx) and (Y, dy) are metric spaces, then it is natural to try to make X x Y into a metric
space. In fact this can be done in a number of ways — we will return to this issue later. One method is to
set dxxy = max{dy, dy}, thatisif x;,x, € X and y;, y» € Y then we set

dx vy (x1, 1), (X2, y2)) = max{dx (x1, x2), dy (y1, y2)}.

SThis is completely standard terminology, though it’s a little unfortunate if X is a vector space, where we use the word
subspace to mean linear subspace also. Context (usually) makes it clear which meaning is intended, and I'll try and be as clear
about this as possible!

6The fact that the sequences are bounded ensure the right-hand side is finite.
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Itis straight-forward to check that this isindeed a metric on X x Y. Itis also easy to see thatif f: Z — XxY
is a function from a metric space Z to X x Y, so that we may write f(z) = (fx(2), fy(2)) with fx(z) € X
and fy(z) € Y, then f is continuous if and only if fx and fy are both continuous. Problem set 1 asks you
to check this is also true when you use the metric on X x Y given by

Ay oy (X1, 1), (X2, ¥2)) = \/dx(xl,xz)z +dy (y1,2)°.

Example 2.12. If (X,dx) and (Y, dy) are metric spaces, then we can also consider the set (X, Y) of
bounded functions from X to Y. This set has a natural metric given by

da(f,g) =supdy(f(x),g(x)).
xeX

Indeed one can check that d(f, g) is finite for any f, g € (X, Y), so that since dy is non-negatively val-
ued, so is d. This space has a natural subspace consisting of the continuous bounded function €}, (X,Y).

Example 2.13. Consider the set P(R") of lines in R” (that is, one-dimensional subspace of R", or lines
through the origin). A natural way to define a distance on this set is to take, for lines L;, L,, the distance

between L; and L, to be
[ Ky,w)?
d(Ly,Ly) =1/1- ——,
lvl2llwl?

where v and w are any non-zero vectors in L; and L, respectively. It is easy to see this is independent of
the choice of vectors v and w. The Cauchy-Schwarz inequality ensures that d is well-defined, and more-
over the criterion for equality in that inequality ensures positivity. The symmetry property is evident,
while the triangle inequality is left as an exercise.

It is useful to think of the case when n = 2 here, that is, the case of lines through the origin in the plane
R?. The distance between two such lines given by the above formula is then sin(f) where 6 is the angle
between the two lines.

The next exercise is the natural generalization of the result you saw last year which showed that con-
tinuity could be expressed in terms of convergent sequences. It show it one uses exactly the same argu-
ment, just phrased in the language of metric spaces.

Exercise 2.14. Let f: X — Y be a function. Show that f is continuous at a € X if and only if for every
sequence (xx) k=0 converging to a we have f(xx) — f(a) as k — oo.

Solution: Suppose that f is continuous at a. Then given € > 0 there is a § > 0 such that for all x € X with
d(x,a) <6 wehave d(f(x), f(a)) <e. Nowif (xi) k=0 is a sequence tending to a then there is an N > 0 such
that d(a, xi) < 6 for all k = N. But then for all k = N we see that d(f(a), f(x)) <e, so that f(xx) — f(a)
as k — oo as required.

For the converse, we use the contrapositive, hence we suppose that f is not continuous at a. Then
there is an € > 0 such that for all 6 > 0 there is some x € X with d(x, a) <6 and d(f (x), f(a)) = €. Chose for
each k € Z.¢ a point x; € X with d(xg,a) < 1/kbut d(f(x), f(a)) =€. Then d(xy,a) <1/k—0as k — oo
so that x; — a as k — oo, but since d(f (xx), f(a))) = € for all k clearly (f (xx)) k=0 does not tend to f(a).

We now review some of the algebra of limits-type results from last year in our more general context:

Definition 2.15. If X is a metric space we write € (X) = {f: X — R: f is continuous} for the set of contin-
uous real-valued functions on X. (Here the real line is viewed as a metric space equipped with the metric
coming from the absolute value).

Lemma 2.16. The set € (X) is a vector space. Moreover if f,g € €(X) thensois f.g.

Proof. € (X) is a subset of the vector space of all real-valued functions on X, so we just need to check it
is closed under addition and multiplication (since we can view scalars as constant functions, the latter
clearly being continuous).
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To see that € (X) is closed under multiplication, suppose that f,g € €(X) and a € X. To see that f.g
is continuous at a, note that if € > 0 is given, then since both f and g are continuous at a, we may find
a ) such that | f(x) — f(a)| < min{l,e/2(|g(a)| + 1)} for all x € X with d(x,a) <d; and a §, > 0 such that
lg(x)— gla)l <e/2(If (@) + 1) for all x € X with d(x,a) < 6. Setting 6 = min{d1, >} it follows that for all
x € X with d(x, a) < we have

[f(x)g(x) - fla)g(@)|=1f(x)gx) - f(x)g(a)+ f(x)g(a) - f(a)g(a)l
<|f)llgx) —gl@l+If(x) - fla)llg(a)
=(f@l+1DIgx) - g@l+1f(x) - f(a)llg(a)l
<el2+el2=¢€

where in the third line we use the fact that |f(x)| < |f(a)| + 1 for all x € X such that d(x,a) < §;. Since
a was arbitrary, this shows that f.g lies in € (X). Checking that € (X) is closed under addition is similar
but easier, and we leave it as an exercise for the reader to check the details. O

Exercise 2.17. One can also check thatif f: X — Ris continuous at a and f(a) # 0 then 1/ f is continuous
at a. Again this is proved just as in the single-variable case. Problem set 1 asks you to provide the details
for this.

3. NORMED VECTOR SPACES.

If we start with a vector space V, for example the set of solutions to a homogeneous linear differential
equation, then it is natural to consider metrics which interact with the linear structures — addition and
scalar multiplication— of the space.

Two natural conditions to consider are the following: for any vectors x, y, z € R” and any scalar A we
have

(1) dix+z,y+2)=d(x,y),
(2) d(Ax,Ay)=1Ald(x,y).
The first of these is known as translation invariance and the second is a kind of homogeneity.

A vector space V with a distance function compatible with the vector space structure in the above
sense is then clearly determined by the function from V to the non-negative real numbers given by v —
d(v,0). The following definition and Lemma formalize this discussion.

Definition 3.1. Let V be a (real or complex) vector space. A norm on V is a function ||.||: V — R which
satisfies the following properties:

(1) (Positivity): ||x|l = 0 for all x € V and || x|| = 0 if and only if x = 0.
(2) (Homogeneity): if x € V and A is a scalar then

IA.xI=I[Allx].
(3) (Triangle inequality): If x,y € V then || x+ y|l < x|l + | ¥l

Note that in the second property || denotes the absolute value of A if V is a real vector space, and the
modulus of A if V is a complex vector space.

Remark 3.2. 1f there is the potential for ambiguity, we will write the norm on a vector space V as .||y,
but usually this is clear from the context, and so just as for metric spaces we will write ||.|| for the norm
on all vector spaces we consider.

Lemma 3.3. IfV is a vector space with a norm |.|| then the function d: V x V. — Ry given by d(x,y) =
llx — yll is @ metric which is compatible with the vector space structure in that:

(1) Forallx,yeV wehave
dd.x,A.y) =|Ald(x, y).
2) dix+z,y+2)=d(x,y).



Conversely, if d is a metric satisfying the above conditions then ||v|| = d(v,0) isanormonV.
Proof. This follows immediately from the definitions. (]

Example 3.4. As discussed above, if V = R” then the metrics di, dy, doo all come from the norms. We

denote these by [lx]l; =X |x;| and [lx]l2 = (X1, x)'? and [ xlleo = maxi<j=pm | ;.

Since the most natural maps between vector spaces are linear maps, it is natural to ask when a lin-

ear map between normed vector spaces is continuous. The following lemma gives an answer to this
question:

Lemma 3.5. Let f: V — W be a linear map between normed vector spaces. Then f is continuous if and
only if {ll f | : lIx]l < 1} is bounded.

Proof. If f is continuous, then it is continuous at 0 € V and so there is a § > 0 such that for all v € V with
lvll < & we have | f(v)— f(O)l = Il f(») |l <e. But then if |v| < 1 we have gllf(v)ll = IIf(g.v))II <e¢€, and
hence || f(v)] < .

For the converse, if we have | f(v)|| < M for all v with ||v| < 1, then if € > 0 is given we may pick 6 >0
so that §.M < € and hence if |v — w| < 6 we have

If@) = fa)ll = 1fw-w)l=81fE v-w)l<8.M<e,
so that f is in fact uniformly continuous on V. d

Remark 3.6. The boundedness condition above can be rephrased as saying there is a constant K > 0 such
that || f(v)|| = K.|lv||, since any non-zero vector v can be rescaled to a vector of unit length, v/| v|.

An important source of (normed) vector spaces for us will be the space of functions on a set X (usually
a metric space). Indeed if X is any set, the space of all real-valued functions on X is a vector space —
addition and scalar multiplication are defined “pointwise” just as for functions on the real line. It is not
obvious how to make this into a normed vector space, but if we restrict to the subspace 2(X) of bounded
functions there is an reasonably natural choice of norm.

Definition 3.7. If X is any set we define
BX)={f: X—R: f(X) =R bounded},

to be the space of bounded functions on X, thatis f € 28(X) if and only if there is some K > 0 such that
|f(x)| < K forall x € X. For f € B(X) weset || flloo = sup e x | f(X)I.

Lemma 3.8. Let X be any set, then (B(X), |l.|lo) is a normed vector space.

Proof. To see that 8(X) is a vector space, note that if f, g € 4(X) then we may find Nj, N, € R>o such
that f(X) € [-N1, N1] and g(X) € [- N, N»]. But then clearly (f +g)(X) € [-N1 — N, N1 + No] and if LeR
then (A.f)(X) € [-|AINy, |AIN], so that A. f € BB8(X) and f + g € B(X).

Next we check that || |l is @ norm: it is clear from the definition that || f|le = 0 with equality if and
only if f is identically zero. Compatibility with scalar multiplication is also immediate, while for the
triangle inequality note that if f, g € 2(X), then for all x € X we have

((f+ @) =1f(x)+ g =[f(X)+I8X =l flloo + 1 8lloo-

Taking the supremum over x € X then yields the result. (]

We will write d, for the metric associated to the norm ||. || .

If X is itself a metric space, we also have the space € (X) of continuous real-valued functions on X.
While € (X) does not automatically have a norm, the subspace %}, (X) = € (X) Nn B(X) of bounded con-
tinuous functions clearly inherits a norm from %(X).
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Example 3.9. One can check that if X = [a, b] then if (f,),>1 is a sequence in’ € ([a, b)) = €, ((a, b])
then f;, — f in (6, (X), ds) (Where d, is the metric given by the norm |.||) if and only if f, tends to f
uniformly.

Example 3.10. For certain spaces X, we can define other natural metrics on the space of continuous
functions: Let X = [a, b] < R be a closed interval. Then we know that in fact all continuous functions on
X are bounded, so that ||.||o, defines a norm on € ([a, b]). We can also define analogues of the norms ||.||;
and ||.||; on R" using the integral in place of summation: Let

b
Il =f Folds,

b
Ifll2 = (f Fdi)?

Lemma 3.11. Suppose that a < b so that the interval [a, b] has positive length. Then the functions |.|
and ||.|l, are norms on € ([a, b]).

Proof. The compatibility with scalars and the triangle inequality both follow from standard properties of
the integral. The interesting point to check here is that both |.||; and ||.|l» satisfy postitivity — continuity8
is crucial for this! Indeed if f = 0 clearly || fll; = [ fll2 = 0. On the other hand if f # 0 then there is
some X € [a, b] such that f(xg) # 0, and so | f(xg)| > 0. Since f is continuous at xy, there is a § > 0 such
that [f(x) — f(x0)| < |f(x0)|/2 for all x € [a, b] with |x — xp| < 6. But the it follows that for x € [a, b] with
|x — xo| <0 we have | f(x)| = | f(x0)| — | f(x) = f(x0)| > | f(x0)|/2. Now set

() = | f(xo)l/2, ifxela,bln(xg—0,x0+6)
s = 0, otherwise

Since the interval [a, b] N (xo — 8, Xo + 6) has length at least d = min{§, (b — a)} we see that [, : s(x)dx =
d.|f(xp)l/2 > 0. Since s(x) < |f(x)| for all x € [a, b] it follows from the positivity of the integral that
0<d|f(xp)l/2 < | fll,. Similarly we see that | fll, = f\/ﬁlf(xo)I/Z, so that both ||.|l; and ||.||» satisfy the
positivity property. (I

There are very similar metrics on certain sequence spaces:
Example 3.12. Let
O ={(Xp)p=1: Y |%n| < 00}

n=1
0o ={(Xp)n=1: Y x5 < oo}
n=1
loo = {(Xn)n=1:sup|xp| < oo}.
neN
The sets ¢, ¢, ¢ are all real vector spaces, and moreover the functions [|(x,)|l1 = X ;51 1Xal, (Xn)ll2 =

(anl xi)”z, | (xn) lloo = SUP ey | X1 | define norms on ¢, £, and ¢, respectively. Note that £, is in fact an
inner product space where
((xn), (Yu)) = Z XnYn»
n=1
(the fact that the right-hand side converges if (x,) and (y,) are in ¢, follows from the Cauchy-Schwarz
inequality). The problem sets investigate the example of ¢, in some detail.

"The result from Prelims Analysis showing any continuous function on a closed bounded interval is bounded implies the
equality € ([a, b]) = € ([a, D).
830 in particular, ||.|l; and |.||l2 are not norms on the space of Riemann integrable functions on [a, b].
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4. METRICS AND CONVERGENCE

Recall that if (X, d) is a metric space, then a sequence (x,) in X converges to a point a € X if for any
€ > 0 there is an N € N such that for all n = N we have d(x,, a) < €. In the case of R™, although d;, d>, do
are all different distance functions, they in fact give the same notion of convergence. To see this we need
the following:

Lemma4.1. Let x,y € R™. Then we have

dr(x,y) < di(x,y) < Vmda(x,y);  doo(x,) < da(x,y) < VMdeo(x,y).

Proof. Tt is enough to check the corresponding inequalities for the norms | x||; (where i € {1,2,00}) that
is, we may assume y = 0. For the first inequality, note that

m m m
2 2 2 2 2
Ixlf= Qx> =Y x;+ > 2lxixjl= ) x5 = x5,
i=1 i=1 lsi<j<m i=1

so that ||x|2 < l|x|l;. On the other hand, if x = (x1,..., xX;), set a = (|x11,1x2l,...,1x»)) and 1 = (1,1,...,1).
Then by the Cauchy-Schwarz inequality we have

lxlh = (1, @) < vm.lalz = vVm.lxll2

The second pair of inequalities is simpler. Note that clearly
m

24172 24172
max |x;| = max (x)"* < (3 x)'?,
l<ism 1<ism i1

yielding one inequality. On the other hand, since for each i we have |x;| < | x|l by definition, clearly
2 _ 2 2
lxlis =) 1xi1° < mllxlZ,
i=1
giving ||x|l2/vm < || x|l as required. O

Lemma 4.2. If(x") cR™ is a sequence then (x") converges to a € R™ with respect to the metric d,, if and
only if it does with respect to the metric dy, if and only if it does so with respect to the metric d,. Thus the
three metrics all yield the same notion of convergence.

Proof. Suppose (x™) converges to a with respect to the metric dy. Then for any € > 0 there is an N € N
such that d» (x", a) < e/+/m for all n = N. It follows from the previous Lemma that for n = N we have

di(x", a) < vVm.dy(x", a) < vVm.(e/vVm) =k,

and so (x") converges to a with respect to d; also. Similarly we see that convergence with respect to
d; implies convergence with respect to d, using ||x|l> < [|x];. In the same fashion, the inequalities
doo(x,¥) < da(x,y) < vVmdx(x, y) yield the equivalence of the notions of convergence for dy and d,. O

Remark 4.3. (Non-examinable): If X is any set and d,, d» are two metrics on X, we say they are equivalent
if there are positive constants K, L such that

di(x,y) =Kdy(x,y); da(x,y)<Ld(x,y).

The proof of the previous Lemma extends to show that if two metrics are equivalent, then a sequence con-
verges with respect to one metric if and only if it does with respect to the other.
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5. OPEN AND CLOSED SETS

In this section we will define two special classes of subsets of a metric space — the open and closed
subsets. To motivate their definition, recall that we have two ways of characterizing continuity in a metric
space: the “e-8” definition, and the description in terms of convergent sequences. Examining the former
will lead us to the notion of an open set, while examining the latter will lead us to the notion of a limit
point and hence that of a closed set.

The definitions of continuity and convergence can be made somewhat more geometric if we introduce
the notion of a ball in a metric space:

Definition 5.1. Let (X, d) is a metric space. If xyp € X and € > 0 then we define the open ball of radius € to
be the set

B(xg,€) ={x€ X :d(x,xp) <e€}.
Similarly we defined the closed ball of radius € about x to be the set

B(xp,€) = {xe X :d(x,xp) <e€}.

The term “ball” comes from the case where X = R3 equipped with the usual Euclidean notion of distance.
When X =R an open/closed ball is just an open/closed interval.

Recall that if f: X — Y is a function between any two sets, then given any subset Z < Y we let’
fY2)={xe X: f(x) € Z}. The set f~1(Z) is called the pre-image of Z under the function f.

Lemma 5.2. Let (X,d) and (Y,d) be metric spaces. Then f: X — Y is continuous at a € X if and only if,
for any open ball B(f (a),€) centred at f (a) there is an open ball B(a, §) centred at a such that f (B(a,d)) <
B(f(a),€), or equivalently B(a,6) < f "1 (B(f(a),¢)).

Proof. This follows directly from the definitions. (Check this!) (]

We have seen in the last section that different metrics on a set X can give the same notions of conti-
nuity. The next definition is motivated by this — it turns out that we can attach to a metric a certain class
of subsets of X known as open sets and knowing these open sets suffices to determine which functions
on X are continuous. Informally, a subset U < X is open if, for any point y € U, every point sufficiently
close to y in X is also in U. Thus, if y € U, it has some “wiggle room” — we may move slightly away from
y while still remaining in U. The rigorous definition is as follows:

Definition 5.3. If (X, d) is a metric space then we say a subset U c X is open (or open in X) if for each
y € U there is some 6 > 0 such that B(y,0) € U. More generally, if Z < X and z € Z then we say Z is a
neighbourhood of z if there is a § > 0 such that B(z,6) < Z. Thus a subset U < X is open exactly when it
is a neighbourhood of all of its elements.

The collection 9 = {U < X : U open in X} of open sets in a metric space (X, d) is called the fopology of
X.

We first note an easy lemma, which can be viewed as a consistency check on our terminology.
Lemma5.4. Let (X,d) be a metric space. If a € X and e > 0 then B(a,€) is an open set.

Proof. We need to show that B(a,¢) is a neighbourhood of each of its points. If x € B(a,¢) then by def-
inition r = € —d(a, x) > 0. We claim that B(x,r) < B(a,¢€). Indeed by the triangle inequality we have for
z€B(x,1)

d(z,a)<d(z,x)+d(x,a) <r+d(x,a) =€,
as required. (]

9The notion is not meant to suggest that f is invertible, though when it is, the preimage of any point in Y is a single point
in X, so the notation is in this sense consistent. Note that formally, f ~1 as defined here is a function from the power set of ¥ to
the power set of X.
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Remark 5.5. While reading the above proof, please draw a picture of the case where X = R? with the
standard metric ds.

Next let us observe some basic properties of open sets.

Lemma 5.6. Let (X, d) be metric space and let 9 be the associated topology on X. Then we have

(1) The subsets X and ¢ are open.
(2) Forany indexing set I and {U;; i € I} a collection of open sets, the setJ;c; U; is an open set.
(3) If1isfiniteand{U; : i € I} are open sets then(\;c; U; is open in X.

Proof. The first claim is trivial. For the second claim, if x € U;c U; then there is some i € I with x € U;.
Since U; is open, there is an € > 0 such that
Bx,e)cU;c|JU;,
iel
so that ;¢ U; is a neighbourhood of each of its points as required. Applying this to the case I = @ shows
that @ < X is open (or simply note that the empty set satisfies the condition to be an open set vacuously).
For the final claim, if I is finite and x € N;¢; U;, then for each i there is an €; > 0 such that B(x,¢;) € U;.
But then since I is finite, ¢ = min({¢; : i € I} U {1}) > 0, and
B(x,e) <[\ B(x,e) <[\ Ui,
iel iel
so that N;c; U; is an open subset as required. Applying this to the case I = @ shows that X is open (or
simply note that if U = X and x € X then B(x,€) < X for any positive € so that X is open). (|

Remark 5.7. Apart from being trivial, the first part of the above lemma is also redundant in that it follows
from the second and third: If I is an indexing set, then a collection {U; : i € I} of subsets of X is just a
function u: I — 22(X) where 2 (X) denotes the power set of X, where by convention'® we write UucX
for u(i). Then union U;¢; U; of the collection of subsets {U; : i € I} is then {x € X : 3i € I, x € U;}, while the
intersection of the collection {U; : i € I} is just {x € X : Vi € I, x € U;}. Using this, one readily sees that if
I = @ then the intersection of the collection is X and the union is the empty set @.

Exercise 5.8. Using Lemma 4.1, show that the topologies J; on R” given by the norms d; (i = 1,2,00)
coincide.

Example 5.9. A subset U of R is open if for any x € U there is an open interval centred at x contained in
U. Thus we can readily see that the finiteness condition for intersections is necessary: if U; = (-1/i,1)
for i e N'then each U; is open but (;en U; = [0,1) and [0, 1) is not open because it is not a neighbourhood
of 0.

One important consequence of the fact that arbitrary unions of open sets are open is the following:

Definition 5.10. Let (X, d) be a metric space and let S < X. The interior of S is defined to be

int$)= |J U.
Ucs
U open

Since the union of open subsets is always open, int(S) is an open subset of X and it is the largest open
subset of X which is contained in S in the sense that any open subset of X which is contained in S is in
fact contained in int(S). If x € int(S) we say that x is an interior point of S. One can also phrase this in
terms of neighborhoods: the interior of S is the set of all points in S for which S is a neighbourhood.

Example 5.11. If S = [a, b] is a closed interval in R then its interior is just the open interval (a, b). If we
take S = Q c R then int(Q) = @.

107Thjs is similar to how a sequence in a space X is actually a function a: N — X, but we usually write a, rather than a(n).
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We now show that the topology given by a metric is sufficient to characterize continuity.

Proposition 5.12. Let X and Y be metric spaces and let f: X — Y be a function. If a€ X then f is contin-

uous at a if and only if for every neighbourhood N € Y of f(a), the preimage f ' (N) is a neighbourhood of
a € X. Moreover, f is continuous on all of X if and only if for each open subset U of Y, its preimage f~'(U)

isopeninX.

Proof. First suppose that f is continuous at a, and let N be a neighhourhood of f(a). Then we may
find an € > 0 such that B(f(a),e) < N. Since f is continuous at a, there is a 6 > 0 such that B(x,8) <
f‘l(B(f(a),e)) c f‘l(U). It follows f‘l(N) is a neighbourhood of a as required. Conversely, if € > 0 is
given, then certainly B(f(a),e€) is a neighbourhood of f(a), so that f~1(B(f(a),€)) is a neighbourhood of
a, hence there is a 6 > 0 such that B(a,d) < f‘l (B(f(a),€)), and thus f is continuous at a as required.
Now if f is continuous on all of X, since a set is open if and only if it is a neighbourhood of each of its
points, it follows from the above that f~!(U) is an open subset of X for any open subset U of Y. For the
converse, note that if a € X is any point of X and € > 0 is given then the open ball B(f(a),¢) is an open
subset of Y, hence f “1(B( f(a),€)) is open in X, and in particular is a neighbourhood of a € X. But then
there is a 6 > 0 such that B(a,d) < f‘1 (B(f(a),€)), hence f is continuous at a as required.
O

Example 5.13. Notice that this Proposition gives us a way of producing many examples of open sets: if
f:R" — R is any continuous function and a, b € R are real numbers with a < bthen {v e R" : a < f(x) <
b} = f~'((a, b)) is open in R”. Thus for example {(x, y) € R? : 1 < 2x? + 3xy < 2} is an open subset of the
plane.

Exercise 5.14. Use the characterization of continuity in terms of open sets to show that the composition

of continuous functions is continuous'’.

Remark 5.15. The previous Proposition 5.12 shows, perhaps surprisingly, that we actually need some-
what less than a metric on a set X to understand what continuity means: we only need the topology
induced by the metric on the set X. In particular any two metrics which give the same topology give the
same notion of continuity. This motivates the following, perhaps rather abstract-seeming, definition.

Definition 5.16. If X is a set, a fopology on X is a collection of subsets I~ of X, known as the open subsets
which satisfy the conclusion of Lemma 5.6. That is,

(1) If{U;j:i € I}arein I then U;c; U; isin 9. In particular @ is an open subset.

(2) If I'is finite and {U; :i € I} arein 9, then (;c; U; isin 9. In particular X is an open subset of X.
A topological spaceis a pair (X, Jx) consisting of a set X and a choice of topology 9x on X.

Motivated by Proposition 5.12, if f: X — Y is a function between two topological spaces (X, Jx) and

(Y,Jy) we say that f is continuous if for every open subset U € 9y we have f~1(U) € I, thatis, f~1(U)
is an open subset of X.

Remark 5.17. There are a variety of ways of stating the axioms for a topology. They are often phrased by
stating separately that X and @ are open. For example the Topology course choses the axioms:

(1) The sets X and @ are open.
(2) If U and V are open, then U NV is open.
(3) If Iis any indexing set and {U; : i € I} are a collection of open sets in X then U;¢; U; is open.

In this articulation of the axioms, the the condition that @ is open is redundant'?, while the condition
that N;e; U; is open for finite indexing sets I follows from axioms 1) and 2) using induction.

UThis is easy, the point is just to check you see how easy it is!
12This is not necessarily a terrible thing, for example in giving the axioms for a group, one can require the existence of a
two-sided indentity and of two-sided inverses, or just the existence of a left-indentity and left-inverses. Although the two-sided
version is contains redundant stipulations it is nevertheless the most commonly used one.
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The properties of a metric space which we can express in terms of open sets can equally be expressed
in terms of their complements, which are known as closed sets. It is useful to have both formulations (as
we will show, the formulation of continuity in terms of closed sets is closer to that given by convergence
of sequences rather than the -9 definition).

Definition 5.18. If (X, d) is a metric space, then a subset F < X is said to be a closed subset of X if its
complement F¢ = X\F is an open subset.

Remark 5.19. It is important to note that the property of being closed is not the property of not being
open! In a metric space, it is possible for a subset to be open, closed, both or neither: In R the set R is
open and closed, the set (0, 1) is open and not closed, the set [0,1] is closed and not open while the set
(0,1] is neither.

The following lemma follows easily from Lemma 5.6 by using DeMorgan’s Laws.

Lemma 5.20. Let (X, d) be a metric space and let {F; : i € I} be a collection of closed subsets.

(1) The intersection ;e F; is a closed subset. In particular X is a closed subset of X.
(2) IfIis finite thenU;c1 F; is closed. In particular the empty set ¢ is a closed subset of X..

Moreover, if f: X — Y is a function between two metric spaces X and Y then f is continuous if and only if
f~YG) is closed for every closed subset GS Y .

Proof. The properties of closed sets follow immediately from DeMorgan’s law, while the characterisza-
tion of continuity follows from the fact that if G c Y is any subset of Y we have f~(G¢) = (f"}(G))¢, that
is, X\f71(G) = f LY \G). O

Lemma 5.21. If(X,d) is a metric space then any closed ball B(a,r) forr =0 is a closed set. In particular,
singleton sets are closed.

Proof. We must show that X\B(a,r) is open. If y € X\B(a, r) then d(a,y) > r, so thate = d(a,y) — r > 0.
But then if z € B(y,€) we have

d(a,z)zd(a,y)—d(z,y)>d(a,y)—€c=T,
so that z ¢ B(a, r). It follows that B(y,€) € X\B(a, r) and so X\B(a, r) is open as required. O

The relation between closed sets and convergent sequences mentioned at the beginning of this sec-
tion arises through the notion of a limit point which we now define.

Definition 5.22. If (X, d) is a metric space and Z < X is any subset, then we say a point a € X is a limit
point if for any € > 0 we have (B(a,e)\{a}) N Z # @. If a € Z and a is not a limit point of Z we say that a is
an isolated point of Z. The set of limit points of Z is denoted Z'. Notice that if Z; € Z, are subsets of X
then it follows immediately from the definition that Z] < Z;.

Example 5.23. If Z = (0,1] U {2} < R then 0 is a limit point of Z which does not lie in Z, while 2 is an
isolated point of Z because B(2,1/2)n Z =(1.5,2.5)n Z = {2}.

If (x,,) is a sequence in (X, d) which converges to ¢ € X then {x,, : n € N} is either empty or equal to {¢}.
(See the problem set.)

The term “limit point” is motivated by the following easy result:

Lemma 5.24. IfS is a subset of a metric space (X,d) then x € S' if and only if there is a sequence in S\{x}
converging to x.

Proof. If x is a limit point then for each n € N we may pick z,, € B(x,1/n) n (S\{x}). Then clearly z,, — x

as n — oo as required. Conversely if (z,) is a sequence in S\{x} converging to x and 6 > 0 is given, there is

an N € N such that z, € B(x,0) for all n = N. It follows that B(x,5) N (S\{x}) is nonempty as required. [
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The fact that a subset of a metric space is closed can be characterized in terms of limit points (and
hence in terms of convergent seqeunces):

The fact that any intersection of closed subsets is closed has an important consequence — given any
subset S of a metric space (X, d) there is a unique smallest closed set which contains S.

Definition 5.25. Let (X, d) be a metric space and let S € X. Then the set

s= N &G
G2S
G closed
is the closure of S. It is closed because it is the intersection of closed subsets of X and is the smallest
closed set containing S in the sense that if G is any closed set containing S then G contains S. If SC Y € X

we say that Sis densein Y if Y < S. (Thus every point of Y lies in S or is a limit point of S.)
Example 5.26. The rationals Q are a dense subset of R, as is the set {2% ca€Z,neN}.

Definition 5.27. The notions of closure and interior also allow us to define the boundary dS of a subset
S of a metric space to be S\int(S).

Proposition 5.28. Let (X, d) be a metric space and let S< X. Then
Sus'=S.
In particular, a subset S is closed if and only if S' € S, i.e. if and only if S contains all of its limit points.

Proof. Let Y = SU S'. Since S € §, certainly S’ < (S)/, and as S is closed, by Lemma 22, (S)' € S. Hence
Y € §. To see the opposite inclusion, suppose that a ¢ Y. Then there is a § > 0 such that B(a,6) NS = @.
It follows that S € B(a,8)¢ and thus since B(a,5) is closed, S < B(a,8)¢, and so certainly a ¢ S. It follows
Sc Y and hence S = Y are required.

([l

Remark 5.29. If Z < X is an arbitrary subset you can check that (Z')’ € 7/, that is, the limit points of Z’
are limit points of Z. It then follows from Proposition 5.28 that Z’ is closed, since it contains its limit
points.

Exercise 5.30. Show that if S< X and a € X, then a € S if and only if there is a sequence (x;,) in S with
X, — a.

Solution: First suppose that (x,) is a sequencein Sand x, — yasn —oo. Let M ={neN:x, #y}. [ M
is infinite then the corresponding subsequence (x,) e lies in S\{y} and clearly converges to y, so that
y € S’ by Lemma 5.24. If M is finite, then x, = y for infinitely many » so certainly y € S. Conversely, if
y € § then by Proposition 5.28, either y € Sor y € S'. If y € S we may take the constant sequence x, = y
while if y,, € S'\S then we are again done by Lemma 5.24.

Example 5.31. In general, it need not be the case that B(a, ) is the closure of B(a, r). Since we have seen
that B(a, r) is closed, it is always true that B(a,r) B(a, r) but the containment can be proper. As a (per-
haps silly-seeming) example take any set X with at least two elements equipped with the discrete metric.
Then if x € X we have {x} = B(x, 1) is an open set consisting of the single point {x}. Since singletons are
always closed we see that B(x,1) = B(x,1) = {x}. On the other hand B(x,1) = X the entire set, which is
strictly larger than {x} by assumption.

Remark 5.32. Combining the above characterization of closed sets in terms of limit points and the char-
acterization of continuity in terms of closed sets we can give yet another description of continuity for a
function f: X — Y between metric spaces: If Z c Y is a subset of ¥ which contains all its limit points
then so does f ~1(Z). Yet another characterization can be given using the notion of the closure of a set,
namely that a function f: X — Y is continuous if and only if for any subset Z < X we have f(Z) < f(2).
It is easy to relate this to the definition of continuity in terms of convergent sequences.
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