Numerical Analysis Hilary Term 2020
Lectures 14-15: Piecewise Polynomial Interpolation: Splines

Sometimes a ‘global’ approximation like Lagrange interpolation is not appropriate, e.g.,

for 'rough’ data.

On the left the Lagrange interpolant pg ‘wiggles’ through the points, while on the right a
piecewise linear interpolant (‘join the dots’), or linear spline interpolant, s appears to
represent the data better.

Remark: for any given data s clearly exists and is unique.

Suppose that a = 2y < x; < -+ < 2, = b. Then, s is linear on each interval [z; 1, z;] for
i =1,...,n and continuous on [a,b]. The z;, i = 0,1,...,n, are called the knots of the
linear spline.

Notation: f & C¥[a,b]if f, f,..., f* exist and are continuous on [a, b].

Theorem. Suppose that f € C?[a,b]. Then,

1
15 = sllee < P21

= RS meo 1
where h = lrg%);(xz xi—1) and || "0 ;2[%7)5] | (x)].

Proof. For x € [z;_1,x;], the error from linear interpolation is

£(&) = s(a) = 3" () w1 1)( — )

where n = n(z) € (z;_1,2;). However, |(z — x;_1)(x — ;)| = (x — z;_1)(z; — x) =
—2? + x(x;_1 + ;) — T;_17;, which has its maximum value when 2z = x; + x;_;, i.e., when
r—xi1 =x; —x = i(x; — x;_1). Thus, for any z € [x;_1,2;],1=1,2,...,n, we have
]' " 1 2 1/ D
£0) = ()] < 310" _mss [ = i-2)(o = )] = 5217w

Note that s may have discontinuous derivatives, but is a locally defined approximation,
since changing the value of one data point affects the approximation in only two intervals.
To get greater smoothness but retain some ‘locality’, we can define cubic splines s €
C?a,b]. For a given ‘partition’, a = zy < 1y < -+ < x, = b, these are (generally
different!) cubic polynomials in each interval (z;_1,x;), ¢ = 1,...,n, which are ‘joined’ at
each knot to have continuity and continuity of s’ and s”. Interpolating cubic splines
also satisfy s(x;) = f; for given data f;, i =0,1,...,n.

Remark: if there are n intervals, there are 4n free coefficients (four for each cubic ‘piece’),
but 2n interpolation conditions (one each at the ends of each interval), n — 1 derivative
continuity conditions (at x1,...,2,-1) and n — 1 second derivative continuity conditions
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(at the same points), giving a total of 4n — 2 conditions (which are linear in the free
coefficients). Thus the spline is not unique. So we need to add two extra conditions to
generate a spline that might be unique. There are three common ways of doings this:

(a) specify §'(xg) = f'(xo) and §'(x,,) = f'(xy); or
(b) specify §”(zg) = 0 = §"(z,,) — this gives a natural cubic spline; or

(c) enforce continuity of s at z; and x,_; (which implies that the first two pieces are
the same cubic spline, i.e., on [zg, 23], and similarly for the last two pieces, i.e., on
[€n_2,2,], from which it follows that z; and z,_; are not knots! — this is usually
described as the ‘not a knot’ end-conditions).

We may describe a cubic spline within the i-th interval as

a;x3 + b + ciw + d; for x € (w;_y, x;)
si(z) = .
0 otherwise

and overall, to ensure interpolation (of f), as

n

Zsz(:c) for x € [xg,xn] \ {z0,21,. .., 20}

sw=9 5

f(z;) for x=x;, 1=0,1,...,n.
The 4n linear conditions for an interpolating cubic spline s are:

si(z; ) = f(w:)
s1(wo) = f(o) 8i+1(95;r) = f(x:) Sn(Tn) = f(zn)
si(xo) = ['(xo) (8)  si(w;) — sy (@) =0 s),(zn)
or s{(z0) =0 (b) s(x;) — sy (a7) =0 or si(x,) =0 (b)

)

1=1,...,n—1.
We may write this as Ay = g, with
y = (a1,by,c1,d1,ag, ..., dy 1,0, by, Cp,dp)*
and the various entries of g are f(z;), i =0,1,...,n, and f'(zo), f'(x,) and zeros for (a)

and zeros for (b).

So if A is nonsingular, this implies that y = A~1g, that is there is a unique set of coefficients
{ay,by,c1,dy, a9, ... ,dp_1,Gn, by, cnydy}. We now prove that if Ay = 0 then y = 0, and
thus that A is nonsingular for cases (a) and (b) — it is also possible, but more complicated,
to show this for case (c).

Theorem. If f(z;) = 0 at the knots x;, 7 = 0,1, ..., n, and additionally f'(x¢) =0 = f'(z,)
for case (a), then s(z) = 0 for all z € [z, x,].

Proof. Consider

[ wwra= 3 | ji1<s;’<x>>2 da

o i=1
= S @@ -y / $(2)s"(2) da
i=1 =1 Y Ti-1
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using integration by parts. However,
/ $i(2)s(x) da = () / $i(2)dr = () [si(@)]™ . =0
Ti—1 Ti—1

since s’ (x) is constant on the interval (x;_1,2;) and s;(x;—1) = 0 = s;(2;). Thus, matching
first and second derivatives at the knots, telescopic cancellation gives

/ (@) de = Y [S@)s @]
= sy(x1)s](21) — 51 (z0)s7 (z0)
T sh(a) s (2) — sh(a)sh(aa) + -+
8 (@S 1 (Far) — 8y (2)Sy (Fa2)
T8 ()8 () — () S (Tnn)
= S (0)$! (1) — 4 (20) (20).

However, in case (a), f'(x¢) = f'(z,) = $s\(x0) = 0= s/ (x,), while in case (b) s](x¢) =
0 = s!(x,). Thus, either way,
/ (s"(z))*dx = 0,
zo
which implies that sf(z) = 0 and thus s;(z) = ¢;x + d;. Since s(x;—1) = 0 = s(z;), s(z) is
identically zero on [xg, Z,]. O

Constructing cubic splines. Note that (1) provides a constructive method for finding
an interpolating spline, but generally this is not used. Motivated by the next result, it is
better to find a good basis.

Proposition. The set of natural cubic splines on a given set of knots g < 21 < --- < x,
is a vector space.

Proof. If p,q € C?[a,b] = ap + Bq € C?[a,b] and p, q € I3 = ap + Bq € I3 for every
@, 8 € R. Finally, the natural end-conditions (b) = (ap+3¢)"(x¢) = 0 = (ap+Bq)"(x,)
whenever p” and ¢” are zero at xy and z,,. O

Best spline bases: the Cardinal splines, C;, i = 0,1, ..., n, defined as the interpolatory
natural cubic splines satisfying

1 =

are a basis for which .
s(x) = fla:)Ci()
=0
is the interpolatory natural cubic spline to f.

Preferred are the B-splines (locally) defined by B;(x;) = 1 for i = 2,3,...,n — 2,
B;(z) =0 for z ¢ (x;_2, it2), B; a cubic spline with knots z;, j = 0,1, ..., n, with special
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definitions for By, By, B,_1 and B,,.
Example/construction: Cubic B-spline with knots 0,1,2,3,4. On [0, 1],

B(z) = ax®

for some a in order that B, B’ and B” are continuous at © = 0 (recall that B(x) is required
to be identically zero for z < 0). So

B(1) =a, B'(1)=3a, and B"(1) = 6a.

On [1, 2], since B is a cubic polynomial, using Taylor’s Theorem,

B(z)= B()+B'(1)(x—1)+ %(1)(56 — 1)+ B(x —1)°

= a+3a(x—1)+3a(z —1)*+ Bz —1)*

for some (3, and since we require B(2) = 1, then 5 = 1 — 7a. Now, in order to continue,
by symmetry, we must have B'(2) =0, i.e.,

3a+6a(x —1)p—p +3(1 —Ta)(z —1)2_, =3 - 12a =0

and hence a = 1. So

0 for x <0
13 for = € [0,1]
Blx) - 3z =12 +3(x -1 +3(xz—-1)+21 for z€[1,2]
33—z +33 -2 +3B3—x)+1 for z€[23]
1(4—x)3 for € [3,4]
0 for x > 4.

p 0 for =z < Ti—92
53
(z 4;—2) for © € [x;_ 9,7 1]
3 - 71— 3 - i— 2 3 - 1— 1
_ (x xg 1) (z 3; ) T = i) + - for x € [x;_q, 74
Bi(x) = ¢ 4h . 4h ) 4h 4
_3<I'i+1 ZE) g(xz—i-l - [L‘) 3($i+1 CE’) + 1 for = c [SU €T ]
nE ( e - m 1 b
ZT; — X
thg for = € [mi11, xi40]
\ 0 for © > x;9.
1 T
= 05
Sd
O I I } - t
Ti—o  Tiq Z; Tiv1  Tiy2
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The ‘end’ B-splines By, By, B,,_1 and B,, are defined analogously by introducing ‘phantom’
knots x_o, _1, Z,11 and x,,2. The (cubic) B-spline basis is only locally affected if some
x; is changed. But note this is not true of the resulting spline itself.

Spline interpolation: find the cubic spline
s(x) =) ¢;By(x),
=0

which interpolates f; at z; for 2 =0, 1,...,n. Require

fi= Z ¢;Bj(z;) = c;i1Bisa (%) + ¢ Bi(x;) + ¢iv1 Biva ().

=0

For equally-spaced data
Ji=1cioi+ e+ ey,

ie.,
e Ci—2
i1 i Ci—1 fi1
TR ¢ | =1 fi
I Cit1 Jir
: Cit2 :

The first few and last few rows of this system depend on the type of spline under consid-
eration. For natural cubic splines, see Problem Sheet 4, Question 20.
For linear splines, a similar local basis of ‘hat functions’ or Linear B-splines ¢;(x)

exist:
Xr — T;—
Ti — Tit1

0 T & (Tim1, Tit1)

1 T
Z 05
-

0

Ti—2  Ti-1 T Tit1 Tit2

and provide a C° piecewise basis.
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Listing 1: demo_lec14_spline_vs_lagrange.m

N = 9; 7 number of interpolation points
linspace (-4, 4, N); I the knots

% values at knots

f =0e(x) 1 ./ (1 + x.72);

fp = @(x) -2xx ./ (1 + x.72)72;
ypoints = f(x);

% an extended vector padded with the slope at the first and last

% interpolation points, see "help spline": end-point choices available
% with the matlab command spline (called option (a) in lecture notes).
y = [fp(x(1)) ypoints fp(x(end))];

% a data structure containing the pieces of the spline
s = spline(x, y);

fine = linspace(-4, 4, 500);

h = figure(1); clf; 1lw = ’linewidth’;

plot (fine, ppval(s, fine), 1lw,2); % see "help ppval"
ff = f(fine);

% Plot function

hold on

plot(fine, f(fine), ’r--’, 1lw,2);

plot(x, ypoints, ’ko’, 1lw,2)

% Compare to Lagrange interpolating polynomial

p = lagrange_poly(x, ypoints);

plot (fine, polyval(p, fine), ’g-’, ’color’,[0 0.5 0], 1lw,2);

set (get(h, ’children’), ’fontsize’, 16)
legend(’spline’, ’func’, ’knots’, ’lagrange’)
ylim([-0.2 1.1]1); x1lim([-4.1 4.1])

xlabel (’x’)

—spline ||
= ==func

o knots ||
— lagrange

0.8r

0.6

0.4

0.2

-0.2
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Error analysis for cubic splines

Theorem. Amongst all functions ¢t € C?[zg, r,] that interpolate f at x;, i = 0,1,...,n,
the unique function that minimizes
INEER"

o

is the natural cubic spline s. Moreover, for any such ¢,

/ @) de - / "1 ()] d = / ") — (@) de.

Zo Zo o

Proof. See exercises (uses integration by parts and telescopic cancellation, and is similar
to the proof of existence above). O

We will also need:

Lemma. (Cauchy—Schwarz inequality): if f, g € C|a, b], then

{/abf(x)g(x) dycl2 < /ab[f(x)]zdx /ab[9<$)]2 de.

Proof. For any A € R,

0< [ @) gl de= [ [ de =2 [ F@g@]de+ 8 [ fgo) do

The result then follows directly since the discriminant of this quadratic must be nonposi-
tive. O

Theorem. For the natural cubic spline interpolant s of f € C?[xg, z,] at g < z1 < -++ <
x, with h = maxj<;<p(x; — z;,_1), we have that

=t [[C ] ma - <o [ [Crwrad]

zo zo

Proof. Let e := f —s. Take any = € [zg,2,], in which case © € [z;_;,x;] for some
j € {l,....,n}. Then e(zx;_1) = 0 = e(x;) as s interpolates f. So by the Mean Value

Theorem, there is a ¢ € (z;_1,2;) with €'(c¢) = 0. Hence €'(z) = / ¢"(t)dt. Then the

/Cx dt‘ /Cm[e”(t)]th' |

However, the first required inequality then follows since for z € [z,_1, z;],

Cauchy—Schwarz inequality gives that

€' (@)]” <

/ dt’ < h and

because the previous theorem gives that

/j[e”@)l?dt / x[f”(t)]zdt’ < [ i

zo

<
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The remaining result follows from Taylor’s Theorem. O

Theorem. Suppose that f € C*[a, ] and s satisfies end-conditions (a). Then,

IF = sl < 51 F
and
1=l < 00 0
where h = maxi<;<,(z; — z;_1).
Proof. Beyond the scope of this course. o

Similar bounds exist for natural cubic splines and splines satisfying end-condition (c).
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