Numerical Analysis Hilary Term 2020
Lecture 1: Lagrange Interpolation

These lecture notes are adapted from the numerical analysis textbook by Siili and Mayers.
This first lecture comes from Chapter 6 of the book.

Notation: II,, = {real polynomials of degree < n}

Setup: Given data f; at distinct x;, 1 = 0,1,...,n, with ¢ < z; < --- < x,, can we
find a polynomial p, such that p,(z;) = f;? Such a polynomial is said to interpolate the
data, and (as we shall see) can approximate f at other values of z if f is smooth enough.
This is the most basic question in approximation theory.

E.g.:

constant n = 0 linear n =1 quadratic n = 2

Theorem. Jp, € II,, such that p,(z;) = f; fori =0,1,... n.

Proof. Consider, for k =0,1,...,n, the “cardinal polynomial”

 @—ae) (@ )@ — o) (& — 1)
L@ = Gy e — o) @n — 1) (o — ) © 9

Then Ly, ;(x;) = ik, that is,

Lyp(x;)=0 for i=0,....,k—1,k+1,....,n and L,x(zy) = 1.

So now define

k=0
i n
Pu(xi) = Y filng(zi) = f; for i=0,1,...,n. 0
k=0

The polynomial (2) is the Lagrange interpolating polynomial.

Theorem. The interpolating polynomial of degree < n is unique.

Proof. Consider two interpolating polynomials p,,, ¢, € II,,. Their difference d,, = p,,—q. €
IT,, satisfies d,,(zx) =0 for k =0,1,...,n. i.e., d, is a polynomial of degree at most n but
has at least n + 1 distinct roots. Algebra = d,, =0 = p,, = q,. O

Matlab:
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>> help lagrange
LAGRANGE Plots the Lagrange polynomial interpolant for the
given DATA at the given KNOTS

>> lagrange([1,1.2,1.3,1.4],[4,3.5,3,0]);

I I I I I I I I I
1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4

>> lagrange([0,2.3,3.5,3.6,4.7,5.9],[0,0,0,1,1,1]);

60
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I I I I I I I
0 1 2 3 4 5 6

Data from an underlying smooth function: Suppose that f(x) has at least n + 1
smooth derivatives in the interval (xg,x,). Let fr, = f(zx) for k = 0,1,...,n, and let p,
be the Lagrange interpolating polynomial for the data (zy, f), k =0,1,... n.

Error: How large can the error f(z) — p,(z) be on the interval [xq,x,]?
Theorem. For every = € [xg,x,] there exists £ = &(x) € (xo, z,) such that

f(E)

o) & f(x) = pula) = (0 = a0)la — 1)+ (@ =) oy

(3)
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where f("*1 is the (n + 1)-st derivative of f.

Proof. Trivial for z =z, k =0,1,...,n as e(x) = 0 by construction. So suppose x # xy.
Let ()
def exr
t) = e(t) — t
o) 2 eft) ~ £ 55x(0),
where ot
()= (t—xo)(t —x1) - (t — )
i=0
€ Hn+1-
Now note that ¢ vanishes at n + 2 points x and xy, £k = 0,1,...,n. = ¢’ vanishes at
n + 1 points &, ..., &, between these points = ¢” vanishes at n points between these

new points, and so on until ¢+ vanishes at an (unknown) point £ in (g, ,). But

(1) (4) — p(n+1)(4) e(v) (1) (4) — FO+D) (4 e(v) 1
$VE) = V) SR = ) S0 )
since p("*)(t) = 0 and because 7(t) is a monic polynomial of degree n+ 1. The result then
follows immediately from this identity since ¢p("*(¢) = 0.
O

Example: f(z) =log(1+z) on [0,1]. Here, |f™*V(&)] = n!/(14+&)" < nlon (0,1). So
le(z)| < |m(z)[n!/(n+ 1)! < 1/(n+ 1) since |z — x| < 1 for each z, 24, k =0,1,...,n, in
[0,1] = |7(z)| < 1. This is probably pessimistic for many z, e.g. forz = 1, 7(1) < 2-("+1)
as |3 — x| < 5.

This shows the important fact that the error can be large at the end points when samples
{z1} are equispaced points, an effect known as the “Runge phenomena” (Carl Runge,
1901). There is a famous example due to Runge, where the error from the interpolating
polynomial approximation to f(z) = (1 4+ 2?)~! for n + 1 equally-spaced points on [—5, 5]
diverges near +£5 as n tends to infinity: try this example with lagrange from the website
in Matlab!

Building Lagrange interpolating polynomials from lower degree ones.
Notation: Let @);; be the Lagrange interpolating polynomial at zy, k =1,...,J.

Theorem.
(= 2:)Qiy1(z) — (. — 25)Qij1(x)

xj—xi

Qi,j (37) = (4)

Proof. Let s(z) denote the right-hand side of (4). Because of uniqueness, we simply wish

to show that s(zy) = fi. For k=1+1,...,5 — 1, Qi+1,(xr) = fr = Qi j—1(zx), and hence
(zr — @) Qivrj(xr) — (2 — ) Qij—1 (1)

iCj—.fl'

s(xy) = = fi.

'There is a beautiful solution to this issue, Chebyshev interpolation: choose {zx} cleverly, essentially to minimise
MaXye(zg,zn] |(T — o)(x — 1) - -+ (x — x,)| in (3). This results in taking more points near the endpoints. See
Trefethen’s book Approximation Theory and Approximation Practices, STAM.
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We also have that Q;11;(z;) = f; and Q;;—1(z;) = f;, and hence

s(xi) = Qij—1(x:) = fi and s(x;) = Qiy5(z;) = f;. 0

Comment: This can be used as the basis for constructing interpolating polynomials. In
books: may find topics such as the Newton form and divided differences.
Generalisation: Given data f; and ¢; at distinct z;, « = 0,1,...,n, with g < 1 <
-+« < xp, can we find a polynomial p such that p(z;) = f; and p/(z;) = ¢;? (i.e., interpolate
derivatives in addition to values)

Theorem. There is a unique polynomial po,,1 € s,y such that pe,ii(x;) = f; and
Phnsr (@) = gi for i =0,1,...,n.

Construction: Given L, () in (1), let

Hygo(x) = [Log(2)]*(1 = 2(x — zx) Ly, 1. (1))
and K, x(x) = [Lyg(2)]*(@ — xp).
Then

n

Pons1(z) = D [feHnk(x) + g Kk (z)] (5)

k=0
interpolates the data as required. The polynomial (5) is called the Hermite interpolating
polynomial. Note that H, x(z;) = 6y and H), ;. (2;) = 0, and K, x(7;) = 0, K], ; (i) = ..
Theorem. Let py, 1 be the Hermite interpolating polynomial in the case where f; = f(x;)
and ¢g; = f'(x;) and f has at least 2n+2 smooth derivatives. Then, for every = € [z, z,],

2 [ 2(E)

F(@) = panna(2) = (2 = a0)x = 1) - (0 — )P

where £ € (g, z,) and "2 is the (2n + 2)nd derivative of f.
Proof (non-examinable): see Siili and Mayers, Theorem 6.4. O

We note that as xz; — 0 in (3), we essentialy recover Taylor’s theorem with p,(x)
equal to the first n + 1 terms in Taylor’s expansion. Taylor’s theorem can be regarded as
a special case of Lagrange interpolation where we interpolate high-order derivatives at a
single point.
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Numerical Analysis Hilary Term 2020
Lecture 2: Newton—Cotes Quadrature

See Chapter 7 of Siili and Mayers.

Terminology: Quadrature = numerical integration

Setup: given f(z;) at n + 1 equally spaced points x, = zo+ k- h, k =0,1,...,n, where
h = (z, — zo)/n. Suppose that p,(z) interpolates this data.

Idea: Approximate and Integrate. Having obtained the polynomial p, from data
{(z, f(zr))}izo by Lagrange interpolation, we can compute the integral [I p,(z)dx.
Question:

/x " () de ~ / " pn(x) da? (1)

0 Zo

We investigate the error in such an approximation below, but note that

/:" pn(z) de = i F(@) - Log(z) dz

0 *0 k=0

_ if(xk)./;:" Low(z) do 2)
== kzi:wkf(xk)>

Tn

where the coeflicients

wy, = /:n L, ;(x)dz (3)

0

k=0,1,...,n, are independent of f. A formula
b n
/ f@)de ~ > wf (an)
a k=0

with 2 € [a,b] and wy independent of f for k = 0,1,...,n is called a quadrature
formula; the coefficients wy, are known as weights. The specific form (1)—(3), based on
equally spaced points, is called a Newton—Cotes formula of order n.

Examples:

Trapezium Rule: n =1 (also known as the trapezoid or trapezoidal rule):

b1
x1 h
| f@)dr ~ S[f () + )
Zo h T
Proof.
Ll’o(x) L171(ac)
1 T —x oy —x
/ pr(z)de = f(a:o)/ L dg —|—f(:1:1)/ 0 dx
o ({Eo 1'03.]71 ( wi] 1 — 2o
L — T — T
= flao) = flan)
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Simpson’s Rule: n = 2:

f

[ ) de = istao) + 4 + 1)
D2 o

ro h r1  h Ty
Note: The trapezium rule is exact if f € IIy, since if f € II; = p; = f. Similarly,
Simpson’s Rule is exact if f € Ily, since if f € [l = py, = f. The highest degree of
polynomial exactly integrated by a quadrature rule is called the (polynomial) degree of
accuracy (or degree of exactness).

Error: we can use the error in interpolation directly to obtain

[ 1@ @) dr = [ T 0 () da

0 o (n+1)!
so that N .
[ @) =@ de| < g max 17V [ o) @)
which, e.g., for the trapezium rule, n = 1, gives
3
— X T1 — X
@ =20) ) 4 fa))| < S e (5700,
]_2 fE[CL‘o,xl]

In fact, we can prove a tighter result using the Integral Mean-Value Theorem':

Theorem. /xlf(x) do — (xl;%)[f(xo) + f(zy)] = —Wf”(f) for some & €
(o, 7). ’
Proof. See problem sheet. O

For n > 1, (4) gives pessimistic bounds. But one can prove better results such as:
Theorem. Error in Simpson’s Rule: if f” is continuous on (xg, z3), then
5

[ swyae = 22 ) g+ f)] < P mas (770

Proof. Recall / po(z) dz = Lh[f(wo) + 4f(x1) + f(x2)], where h = x5 — 21 = 21 — 0.
Consider f(zo) — 2f(z1) + f(x2) = f(x1 — h) — 2f(x1) + f(x1 + h). Then, by Taylor’s

Theorem,

flz1—h) f@n) = hf'(z1) + $R2 " (21) — 12 f""(21) + R4 (&)
—2f(z1) = =2f(z1) +
+f(z1+h) flxn) +hf' (1) + 1h2 " (1) + 107 f7" (1) + £0H " (&)
!Integral Mean-Value Theorem: if f and g are continuous on [a, b] and g(z) > 0 on this interval, then there

b b
exists an 7 € (a,b) for which / f(z)g(z)da = f(n)/ g(z) dz (see problem sheet).
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for some & € (9, x1) and & € (1, x2), and hence

f@o) = 2f (1) + f(z2) = R2f"(w1) + £R" (&) + (&) (5)
= R f"(x1) + LR (&),

the last result following from the Intermediate-Value Theorem? for some &5 € (&1,&) C
(0, z2). Now for any x € [xo, 23], we may use Taylor’s Theorem again to deduce

[ rwar= g [ ars ) [0 a

1—h x1—h

+1f"(z1) /951

xr1—

1 rith " . 4
ta ) ST @)@ —a)de

= th(xll)_+ %h?’f//(xl) + %th////(Th)
= %h[f<$0) + 4f(x1> + f((L’z)] + %h5f////<n2> . %lﬁf””(fg)

Ty — Xo

= [Tnwas s (255 6 - 5@

z1+h
(x —z1)*do + %f’”(xl)/ 1 . (x —x1)* da

r]—

where 7y (x) and 79 € (29, x2), using the Integral Mean-Value Theorem and (5). Thus,
taking moduli,

8
< _ 5 "
< 35 qgo (P2~ o) max [FT()]

1 @) = paa)) do

0

as required. O

Note: Simpson’s Rule is exact if f € II3 since then " = 0.

In fact, it is possible to compute a slightly stronger bound.

Theorem. Error in Simpson’s Rule II: if f”” is continuous on (xg, z3), then

2 T2 — o _ (1‘2 - IO)E’ "
P de = R ) + 4 f () + )] = el )
for some € € (xg, x2).
Proof. See Siili and Mayers, Thm. 7.2. O

2Intermediate-Value Theorem: if f is continuous on a closed interval [a,b], and ¢ is any number between
f(a) and f(b) inclusive, then there is at least one number £ in the closed interval such that f(£) = c. In particular,
since ¢ = (df (a) +ef(b))/(d+ e) lies between f(a) and f(b) for any positive d and e, there is a value £ in the closed
interval for which d - f(a) +e- f(b) = (d+e) - f(§).
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Numerical Analysis Hilary Term 2020
Lecture 3: Newton-Cotes Quadrature (continued)

See Chapter 7 of Stili and Mayers.

Motivation: we’ve seen oscillations in polynomial interpolation—the Runge phenomenon—
for high-degree polynomials.

Idea: split a required integration interval [a,b] = [zo, z,| into n equal intervals [x;_1, ;]
for: =1,...,n. Then use a composite rule:

/abf(x)dx:/xjnf(x)dx:i:l/jl f(z)dx

i—1

in which each [ f(x) dz is approximated by quadrature.
Ti—1
Thus rather than increasing the degree of the polynomials to attain high accuracy, instead

increase the number of intervals.

Trapezium Rule:

/xi fz)dz = ﬁ[f(%—ﬁ + f(z3)] — 7h3 f7(&)
Ti1 2 12
for some &; € (z;-1,x;)

Composite Trapezium Rule:

/;n f(x)dz = En: [h[f(xz_l) + f(x:)] — ilzf//(gz)

0 o L2
o) 2 () + 2 (ea) - 2 () + )] + €]

where §; € (v;-1,2;) and h = x; —x;_1 = (x, —x9)/n = (b—a)/n, and the error €] is given
by
h3 n nh3 h2

e = 12 ;f”(fz‘) = —Ef”(f) =—(b— a)ﬁf”(f)

for some £ € (a,b), using the Intermediate-Value Theorem n times. Note that if we halve
the stepsize h by introducing a new point halfway between each current pair (z;_1, z;), the
factor h? in the error should decrease by four.

Another composite rule: if [a,b] = [zg, Z2,],

/abf(x)dx: :nf(q:)dxzzn: ” f(z)dz

i=1 T2i—2

24
in which each f(z)dz is approximated by quadrature.
T2i—2

Simpson’s Rule:

/;;212 f(z)dz = ;L[f(ZEQi—Q) +4f(roi_1) + f(xe)] — (228};)0 f////(&)
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for some fz c (.Z‘QZ‘_Q, in).

Composite Simpson’s Rule:

/90:2” f(x)dz = zn:l Z[f(xzi_z) + Af(w91) + flze)] — (228h8)0 F(E)
- ;L[f(:co) FAf (1) + 2f (20) + Af (23) + 2f (24) + - -

+ 2f(2n—2) + 4f (T2n-1) + f(220)] + €5,

where &; € (x99, %9;) and h = x; — x;—1 = (T2, — To)/2n = (b — a)/2n, and the error €} is
given by
S (2h)5 = nn n<2h)5 nn h4 nn
o =~y 227160 = =T () =~ ) 1O

180

for some £ € (a,b), using the Intermediate-Value Theorem n times. Note that if we halve
the stepsize h by introducing a new point half way between each current pair (x;_1,z;),
the factor h* in the error should decrease by sixteen (assuming f is smooth enough).

Adaptive (or automatic) procedure: if S, is the value given by Simpson’s rule with

a stepsize h, then

15
Sh — S%h ~ —Eez
b

This suggests that if we wish to compute / f(z) dz with an absolute error e, we should
compute the sequence Sy, S 1h S Ly andastop when the difference, in absolute value,

between two consecutive values is smaller than %6. That will ensure that (approximately)
len] < e.
Sometimes much better accuracy may be obtained: for example, as might happen when
computing Fourier coefficients, if f is periodic with period b—a so that f(a+z) = f(b+2x)
for all x.

Matlab:

>> help adaptive_simpson

ADAPTIVE_SIMPSON Adaptive quadrature with Simpson’s rule
S = ADAPTIVE_SIMPSON(F, A, B, TOL, NMAX) computes an approximation
to the integral of F on the interval [A, B] . It will take a
maximum of NMAX steps and will attempt to determine the integral
to a tolerance of TOL. If omitted, NMAX will default to 100.

The function uses an adaptive Simpson’s rule, as described
in lectures.

>> format long g % see more than 5 digits

>> f = 0(x) sin(x);

>> s = adaptive_simpson(f, 0, pi, le-7)

Step 1 integral is 2.0943951024.

Step 2 integral is 2.0045597550, with error estimate 0.089835.
3

Step 3 integral is 2.0002691699, with error estimate 0.0042906.
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Step
Step
Step
Step

4
5
6
7

integral
integral
integral
integral

is
is
is
is

2.
2.
2.
2.

Successful termination at iteration 7.

s =

2.00000000403226

>> g = @(x) sin(sin(x));

>> fplot(g, [0 pil)

>> s
Step
Step
Step
Step
Step
Step
Step
Step

~N O O WN -

8

adaptive_simpson(g, 0, pi, 1le-7)

integral
integral
integral
integral
integral
integral
integral
integral

is
is
is
is
is
is
is
is

1

N = T = =N

1

Successful termination at iteration 8.

s =

>> s
Step
Step
Step

s =

1
2
3

1.7864874824541

adaptive_simpson(g, 0, pi, le-7, 3)
integral is 1.7623727094.
integral is 1.8011896009, with error estimate 0.038817.
integral is 1.7870879453, with error estimate 0.014102.
**x* Unsuccessful termination: maximum iterations exceeded ***
The integral *might* be 1.7870879453.

1.78708794526495

0000165910, with error estimate 0.00025258.
0000010334, with error estimate 1.5558e-05.
0000000645, with error estimate 9.6884e-07.
0000000040, with error estimate 6.0498e-08.
.7623727094.

.8011896009, with error estimate 0.038817.

. 7870879453, with error estimate 0.014102.
.7865214631, with error estimate 0.00056648.
.7864895607, with error estimate 3.1902e-05.
.7864876112, with error estimate 1.9495e-06.
.7864874900, with error estimate 1.2118e-07.
. 7864874825, with error estimate 7.5634e-09.
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Numerical Analysis Hilary Term 2020
Lecture 4: Gaussian Elimination

Setup: given a square n by n matrix A and vector with n components b, find x such that
Ax =b.
Equivalently find x = (x1, 29, ..., ,)" for which
a1, + a12%2 + - -+ + AT, = by
(2171 + G227 +'- 4 Aoy, = by )

p1T1 + ApaTo + - + GppTy = bn-

Lower-triangular matrices: the matrix A is lower triangular if a;; = 0 for all
1 <i < j <mn. The system (1) is easy to solve if A is lower triangular.

by
aT =b = 11=— N8
a1
by — asixy
Q2121 + Q2272 =by = r9=—"—""—"7""
22
1—1
bi = > aij;
j=1
;11 + Qppxo + -+ - + a;x; :bz —_ = U
Q4

This works if, and only if, a; # 0 for each i. The procedure is known as forward
substitution.

Computational work estimate: one floating-point operation (flop) is one scalar mul-
tiply /division/addition/subtraction as in y = a * x where a, x and y are computer repre-
sentations of real scalars.!

Hence the work in forward substitution is 1 flop to compute x; plus 3 flops to compute
2o plus ...plus 2 — 1 flops to compute x; plus ...plus 2n — 1 flops to compute x,, or in
total

d (20 —1)=2 (Z z) —n=2(in(n+1)) —n = n®+ lower order terms
i=1 i=1

flops. We sometimes write this as n? + O(n) flops or more crudely O(n?) flops.

Upper-triangular matrices: the matrix A is upper triangular if a;; = 0 for all
1 <j < i <mn. Once again, the system (1) is easy to solve if A is upper triangular.

!This is an abstraction: e.g., some hardware can do y = a *x + b in one FMA flop (“Fused Multiply and Add”)
but then needs several FMA flops for a single division. For a trip down this sort of rabbit hole, look up the “Fast
inverse square root” as used in the source code of the video game “Quake IIT Arena”.
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AT + 20 F Qi 1Tp—1 + A1n Ty

Ap—1n—1Tn-1 + Ap—1nTn

annxn

n
bi— Z Q35T 5

i)
= bz — I; = = 'ﬂ
Qi
()
bn—l — Apn—1nTn
= bn—l = Tp_1= ﬂ
Ap—1n—1
bn,
—b, = 1= 0
Qpn

Again, this works if, and only if, a;; # 0 for each 7. The procedure is known as backward

or back substitution. This also takes approximately n? flops.

For computation, we need a reliable, systematic technique for reducing Az = b to Uz = ¢

with the same solution = but with U (upper) triangular = Gauss elimination.

Example

3 —1]
1 2

Multiply first equation by 1/3 and subtr

W =

[ 3
0

Gauss(ian) Elimination (GE): this is most easily described in terms of overwriting
the matrix A = {a;;} and vector b. At each stage, it is a systematic way of introducing

zeros into the lower triangular part of A by subtracting multiples of previous equations
(i.e., rows); such (elementary row) operations do not change the solution.
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for columns j =1,2,...,n—1
forrowst=74+1,7+2,...,n

CLij

TOW & 4= TOW { — —= *TOW j
. Y9
ajj
end
end
Example.
3 -1 2 1 12 3 -1 2 | 12
1 2 3 xg | = | 11 | : representas |1 2 3 | 11
2 -2 -1 T3 2 2 -2 -1 | 2
3 -1 2 | 127
— row2<«row2—{frowl |0 L I | 7
row 34— row3—2rowl |0 —3 —I | —6 |
3 -1 2| 127
row 3 row3+zrow2 |0 0 —1 | —2
Back substitution:
T3 = 2
7—1(2
Ty — 73( ) =1
3
12— (=1)(1) — 2(2)
ry = =3
3
Cost of Gaussian Elimination: note, row i < row ¢ — iy row j is
aIAA

Wy
for columns k=7+1,7+2,...,n

Qg5
Qi < Qif, — —Qjk
Jj
end
This is approximately 2(n — j) flops as the multiplier a;;/a;; is calculated with just one
flop; a;; is called the pivot. Overall therefore, the cost of GE is approximately

n—1 n—1 —1(2n -1 2

S o — g2 =23 12 =" J2n=1) _ 205 ome

=1 =1 6 3

j =

flops. The calculations involving b are

n—1 n—1 -1
ZZ(n—j)zZZl:2n<n2):n2+O(n)
j=1 =1

flops, just as for the triangular substitution.
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Numerical Analysis Hilary Term 2020
Lecture 5: LU Factorization

The basic operation of Gaussian Elimination, row i <— row ¢ + \ * row j, can be achieved
by pre-multiplication by a special lower-triangular matrix

0 00
M@ 3N =1+ 10 X 0|«
0 00
T
J
where I is the identity matrix.
Example: n =4,
1 0 00 a a
ME2N=|0 |, aMAMMA)i _ Mic,
0 0 01 d d

ie, M(3,2,\)A performs: row 3 of A < row 3 of A+ Ax row 2 of A and similarly
M (i, 7, \) A performs: row i of A < row i of A+ A\x row j of A.

So GE for e.g., n =3 is

M(3,2,—ls) - M(3,1,—l3) - M(@2,1,-ly) - A=U=0( 1).

a32 a31 a2 .
lgp = —= lg = — log = — (upper triangular)
a22 a11 a11

The [;; are called the multipliers.

Be careful: each multiplier /;; uses the data a,;; and a;; that results from the transforma-
tions already applied, not data from the original matrix. So I35 uses azs and aso that result
from the previous transformations M (2,1, —ly) and M (3,1, —l3).

Lemma. If i # j, (M(i,7,\)) "' = M(4, 5, —\).

Proof. Exercise.

Outcome: forn =3, A= M(2,1,ly) - M(3,1,1l31) - M(3,2,l32) - U, where

1 0 0
M(2,1,10) - M(3,1,151) - M(3,2,130) = | Iy 1 0| =L=C(L_).
131 132 1

(lower triangular)

This is true for general n:

Theorem. For any dimension n, GE can be expressed as A = LU, where U = (D
is upper triangular resulting from GE, and L = (L) is unit lower triangular (lower
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triangular with ones on the diagonal) with /;; = multiplier used to create the zero in the
(4, 7)th position.

Most implementations of GE therefore, rather than doing GE as above,

factorize A= LU (~
and then solve Ax =10

1n® adds + ~ Ln® mults)

by solving Ly =0 (forward substitution)
and then Uz =y (back substitution)

Note: this is much more efficient if we have many different right-hand sides b but the same

A.
Pivoting: GE or LU can fail if the pivot a;; = 0. For example, if

01
A —
GE fails at the first step. However, we are free to reorder the equations (i.e., the rows)

into any order we like. For example, the equations

O-z1+1-29=1 and 1l-214+40-29=2
1'[L‘1+0'£L‘2:2 OIL‘l—I—lZL‘Q:]_

Vo) e o]

have had their rows reordered: GE fails for the first but succeeds for the second = better
to interchange the rows and then apply GE.

are the same, but their matrices

Partial pivoting: when creating the zeros in the jth column, find
|ak;| = max(lag;], |ajl, - - lan]),

then swap (interchange) rows j and k.
For example,

ay; - Aij-1 Q1 - 0 0 Alp ay; - Aij-1 @y - - 0 Alp
0 0
0 Aj—15-1 Qj—1j Aj—1n 0 aj—15-1 QAj—15 *~ * * Aj_1n
0 0 ajj Ajp, 0 0 Qkj Ak,

_>
0 . 0 0 .
0 0 A QAfn 0 0 Qjj s Qjn
0 0 . 0 0
. 0 0 U pn | .0 0 (nj [
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Property: GE with partial pivoting cannot fail if A is nonsingular.
Proof. If A is the first matrix above at the jth stage,

ajj - - Gjn
det[A] =11 Aj-15-1" det (07 ¢ )
anj . . - Apn

Hence det[A] = 0 if aj; =

:akj:...

= apnj = 0. Thus if the

pivot ay; is zero, A is

singular. So if A is nonsingular, all of the pivots are nonzero. (Note: actually a,, can be

zero and an LU factorization still exist.)

The effect of pivoting is just a permutation (reordering) of the rows, and hence can be

represented by a permutation matrix P.

Permutation matrix: P has the same rows as the identity matrix, but in the pivoted

order. So

PA=LU

represents the factorization—equivalent to GE with partial pivoting. E.g.,

010
001|A
1 00

has the 2nd row of A first, the 3rd row of A second and the 1st row of A last.

Matlab example:

>> A = rand(5,5)

A =
0.69483 0.38156
0.3171 0.76552
0.95022 0.7952
0.034446 0.18687
0.43874 0.48976

>> exactx = ones(5,1); b

>> [LL, UU] = 1u(A) % not
LL =

0.73123 -0.39971
0.33371 1
1 0
0.036251 0.316
0.46173 0.24512
Uuu =
0.95022 0.7952
0 0.50015
0 0
0 0

O O O O

0.

.44559 0.6797
.64631 0.6551
.70936 0.16261
. 75469 0.119
27603 0.49836

= A*exactx;

.95974
.34039
.58527
.22381
. 75127

O O O O ©

e "psychologically lower triangular" LL

0.15111 1
0 0
0 0
1 0
-0.25337 0.31574
0.70936 0.16261
0.40959 0.60083
0.59954 -0.076759
0 0.81255

=, O O O O

.58527
.14508
.15675
.56608

O O O O
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0 0
>> [L, U, P] = 1u(A)
L =
1 0
0.33371 1
0.036251 0.316
0.73123 -0.39971
0.46173 0.24512
U =
0.95022 0.7952
0 0.50015
0 0
0 0
0 0
P =
0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0
0 0 0 0

>> max (max (P’*L - LL)))

ans =

= O O O O

0

0

1
0.15111
-0.25337

0.70936
0.40959
0.59954
0
0

= O O O

0.31574

0.16261
0.60083
-0.076759
0.81255

0

% we see LL is P’x*L

0
>> y =L \ (Pxb); % now to solve Ax =
> x =U \y
x =
1
1
1
1
1
>> norm(x - exactx, 2) 7%
ans =
3.5786e-15

b...

0.30645

= O O O O

.58527
.14508
.15675
.56608
.30645

O O O O O

within roundoff error of exact soln
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Numerical Analysis Hilary Term 2020
Lecture 6: QR Factorization

Definition: a square real matrix () is orthogonal if QT = @Q~'. This is true if, and only
if, Q"Q =1 = QQ".

Example: the permutation matrices P in LU factorization with partial pivoting are
orthogonal.

Proposition. The product of orthogonal matrices is an orthogonal matrix.

Proof. If S and T are orthogonal, (ST)* = T*ST so

(STYY(ST) =TTSTST = TT(ST™S)T =TT = I.

Definition: The scalar (dot)(inner) product of two vectors

1 Y1
r = ng and y = b2
Tn Yn
in R" is .
ty =yla = inyi eR
i=1
Definition: Two vectors x, y € R" are orthogonal if xTy = 0. A set of vectors
{uy,us,...,u,} is an orthogonal set if uiTuj = 0 for all 4,5 € {1,2,...,r} such that
i # 7.

Lemma. The columns of an orthogonal matrix ¢) form an orthogonal set, which is moreover
an orthonormal basis for R".

Proof. Suppose that Q = [¢1 ¢ © ¢n], i€, ¢; is the jth column of ). Then

qr 10 -0
Q'Q=1= QQT [ @2 1 ] = 0 ’
o 00 - 1
Comparing the (7, j)th entries yields
fo-{0i22
Note that the columns of an orthogonal matrix are of length 1 as ¢'g; = 1, so they

form an orthonormal set <= they are linearly independent (check!) = they form an
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orthonormal basis for R™ as there are n of them. O

Lemma. If u € R"*, P is n-by-n orthogonal and v = Pu, then uTu = v"v.
Proof. See problem sheet.

Definition: The outer product of two vectors x and y € R" is

11 T1Y2 - T1lYn

T L2y T2lY2 -+ L2Yn
Ty = . . )

TnY1 TplY2 - Tpln

an n-by-n matrix (notation: xyT € R™*"). More usefully, if z € R™, then

(zyD)z = aoyTz = 2(y*2) = (Z yizi) T.

Definition: For w € R", w # 0, the Householder matrix H(w) € R™*" is the matrix

2 T

Hw)=1- ww" .

wTw

Proposition. H(w) is an orthogonal matrix.
Proof.

H(w)H(w)" = (I — wiwwa) (I — wiwwa)

say, where o = =vuTu.

Remark: Since H(w) is an orthogonal matrix for any w € R, w # 0, it is necessary for
the validity of the equality H(w)u = v that vTv = uT 2 = wTu; hence our choice
of « = =vVuTu.

Proof. Take w = v(u — v), where v # 0. Recall that uTu = vTv. Thus,

u, i.e., «a

whw = y?(u—v)"(u—2v)=~v*u"u—2u"v + vTv)
= Y(uu —2uTv +uTu) = 29uT (y(u — v))
= 2ywtu.
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S0
T> 2wty 1
ww' Ju=u——F—w=u—-—w=u~—(u—"v)=0.
wTw y

2

wTw

Hh@u—([—

Now if u is the first column of the n-by-n matrix A,

X .0 X

a
0

H(w)A = _ , where x = general entry.
0

Similarly for B, we can find @ € R"! such that

B ‘ X X
H(w)B 0
0
and then
[ o X X X ]
1 0 - 0 0 16 X X
0 H(w)A 0 0
w g
: 7 0 0
| H@) 0|
0 :
. 0 0 i
Note
1 0 0
{O H (i) ] = H(wsy), where wy = {u? ] )

Thus if we continue in this manner for the n — 1 steps, we obtain

a X - X
H(w, 1)~ H(ws) H(w) H(w) A = ? ?i’f (.
Q" 0 0 - ~

The matrix QT is orthogonal as it is the product of orthogonal (Householder) matrices, so
we have constructively proved that

Theorem. Given any square matrix A, there exists an orthogonal matrix () and an upper
triangular matrix R such that

A=QR

Notes: 1. This could also be established using the Gram—Schmidt Process.
2. If u is already of the form (a, 0, ---, 0)T, we just take H = I.

Lecture 6 pg 3 of 4



3. It is not necessary that A is square: if A € R™*" then we need the product of (a) m—1
Householder matrices if m < n —

(LD =Aa=@r=(LH(C J)

or (b) n Householder matrices if m > n —

([)=a=er=(TI)()

Another useful family of orthogonal matrices are the Givens rotation matrices:

1
c 5 < ith row
J(i,7,0) = —s c < jth row
L 1 -
T 1
i

where ¢ = cosf and s = sin 6.

Exercise: Prove that J(i,7,0)J(i,,0)" = I— obvious though, since the columns form
an orthonormal basis.
Note that if z = (z1, 72, ..., 2,)" and y = J (4,7, 0)x, then

yp = xp for k#1,j
Yi = cx;+ s
Yj = —Sx; +cx;

and so we can ensure that y; = 0 by choosing z;sin) = x; cos 0, i.e.,

tanf = ~L or equivalently s = —2— and ¢= ————. (1)
Li ,/x?—I—a:? ,/m?+x?

Thus, unlike the Householder matrices, which introduce lots of zeros by pre-multiplication,
the Givens matrices introduce a single zero in a chosen position by pre-multiplication. Since
(1) can always be satisfied, we only ever think of Givens matrices J(i,j) for a specific
vector or column with the angle chosen to make a zero in the jth position, e.g., J(1,2)x
tacitly implies that we choose § = tan™! x9/x; so that the second entry of J(1,2)z is zero.
Similarly, for a matrix A € R™ " J(i,j)A := J(i, j,0) A, where 6 = tan~! a;;/a;, i.e., it is
the ith column of A that is used to define 6 so that (J(4,j)A);; = 0.
We shall return to these in a later lecture.
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Numerical Analysis Hilary Term 2020
Lecture 7: Matrix Eigenvalues

We are concerned with eigenvalue problems Ax = Ax, where A € R™™" or A € C"*",
A€ C, and z(#£0) € C™.
Background: An important result from analysis (not proved or examinable!), which will
be useful.

Theorem. (Ostrowski) The eigenvalues of a matrix are continuously dependent on the
entries. That is, suppose that {\;;i = 1,...,n} and {u;,i = 1,...,n} are the eigenvalues
of A € R"™" and A+ B € R™" respectively. Given any € > 0, there is a > 0 such that
|\i — i < € whenever max; ; |b;;| < d, where B = {b;; }1<ij<n-

Noteworthy properties related to eigenvalues:

e A has n eigenvalues (counting multiplicities), equal to the roots of the characteristic
polynomial ps(A) = det(A — A).

o If Ax; = \jx; fori = 1,...,n and z; are linearly independent so that [z, z, . .., x,] =:
X is nonsingular, then A has the eigenvalue decomposition A = XAX . This
usually, but not always, exist. The most general form is the Jordan canonical form
(which we don’t treat much in this course).

e Any square matrix has a Schur decomposition A = QT'Q* where () is unitary
QRO =Q*Q = I,, and T triangular.

e For a normal matrix s.t. A*A = AA*, the Schur decomposition shows 7T is diagonal
(proof: examine diagonal elements of A*A and AA*), i.e., A can be diagonalized by a
unitary similarity transformation: A = QAQ*, where A = diag(\y, ..., A,). Most of
the structured matrices we treat are normal, including symmetric (A € R), orthogonal
(|A| = 1), and skew-symmetric (A € iR).

Aim: estimate the eigenvalues of a matrix.

Theorem. Gerschgorin’s theorem: Suppose that A = {a;; }1<ij<n € R™™, and A is an
eigenvalue of A. Then, A lies in the union of the Gerschgorin discs

n
Di: Ze@laii_Z|SZ|aij| s Zzl,,n
77
7j=1

Proof. If X is an eigenvalue of A € R™*", then there exists an eigenvector x € R" with
Ax = Az, x #0, i.e.,

n

E aijxj:)\:z:i, ’L:].,,’n,

=1

Suppose that |zg| > |ze|, £ =1,...,n, ie.,

“xi, is the largest entry”. (1)
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n
Then certainly Z a;Tj = ATy, or
j=1
n
(akk—-A)kuZ ——zgzcnjxf

i#k
J=1

Dividing by xy, (which, we know, is # 0) and taking absolute values,

P S Y P o Y
o =M =[S 2| < Yol 2] < 3 g
Jk i ik
j=1 7=1 7=1
by (1). U
Example.
9 1 2
A= -3 1 1
1 2 -1
5
07 X X n
_5 1 1 1 1 1 1 1 1 1
-4 -2 0 2 4 6 8 10 12

With Matlab calculate >> eig(A) = 8.6573, -2.0639, 2.4066

Theorem. Gerschgorin’s 2nd theorem: If any union of ¢ (say) discs is disjoint from
the other discs, then it contains ¢ eigenvalues.

Proof. Consider B(f) = A + (1 — 0)D, where D = diag(A), the diagonal matrix whose
diagonal entries are those from A. As 6 varies from 0 to 1, B(A) has entries that vary
continuously from B(0) = D to B(1) = A. Hence the eigenvalues A(#) vary continuously
by Ostrowski’s theorem. The Gerschgorin discs of B(0) = D are points (the diagonal
entries), which are clearly the eigenvalues of D. As 6 increases the Gerschgorin discs of
B(#) increase in radius about these same points as centres. Thus if A = B(1) has a
disjoint set of ¢ Gerschgorin discs by continuity of the eigenvalues it must contain exactly
¢ eigenvalues (as they can’t jump!). O

Iterative Methods: methods such as LU or QR factorizations are direct: they compute a
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certain number of operations and then finish with “the answer”. Another class of methods
are iterative:

- construct a sequence;

- truncate that sequence “after convergence”;

- typically concerned with fast convergence rate (rather than operation count).

Note that unlike LU, QR or linear systems Az = b, algorithms for eigenvalues are
necessarily iterative: By Galois theory, no finite algorithm can compute eigenvalues of
n x n(> 5) matrices exactly in a finite number of operations. We still have an incredibly
reliable algorithm to compute them, essentially to full accuracy (for symmetric matrices;
for nonsymmetric matrices, in a “backward stable” manner; this is outside the scope).

Notation: for z € R", ||z|| = V2T is the (Euclidean) length of z.

Notation: in iterative methods, xj usually means the vector x at the kth iteration (rather

k k)

than kth entry of vector z). Some sources use z* or x*) instead.

Power Iteration: a simple method for calculating a single (largest) eigenvalue of a
square matrix A (and its associated eigenvector). For arbitrary y € R", set zo = y/|y|| to
calculate an initial vector, and then for £k = 0,1, ...

Compute yp = Axy,

and set Trr1 = yr/||ykll-
This is the Power Method or Iteration, and computes unit vectors in the direction of
xg, Axo, A%z, A3x0, ..., APy,

Suppose that A is diagonalizable so that there is a basis of eigenvectors of A:
{v1,v9,...,0,}
with Av; = \v; and ||v;]| = 1,4 =1,2,...,n, and assume that
Al > [Aa] = -+ = Al
Then we can write

n
To = E ;U
i=1

for some a; € R, i =1,2,...,n, so

n n
Akl’o = Ak E a;0; = E OéiAkUZ'.
i=1 i=1

However, since Av; = \v; = A%v; = A(Av;) = NAv; = Moy, inductively AFv; = Mo,

So

a1 + Zz:;ozi ()\—1> Ui] .
Since (A\i/M\)*¥ — 0 as k — oo, A*xy tends to look like A¥ajv; as k gets large. The result
is that by normalizing to be a unit vector

Akaio ||Ak.1'0||
— =+ d ~
[ARzl] 7 T AR

n
AkZL'O = E O./i/\f’l)i = /\11C
i=1

)\]fOél

k—1

= |\
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as k — 0o, and the sign of \; is identified by looking at, e.g., (A¥zq); /(A 1xg);.
Essentially the same argument works when we normalize at each step: the Power
Iteration may be seen to compute y;, = By A*xy for some Bi. Then, from the above,

Yk B APz

Thtl = = . — :|:’Ul.
T el 1Bkl [1AR|]
Similarly, yi_1 = Br_1A¥ 'z for some B;_;. Thus
Ty = Br . A" g and hence y, = Az, = B . Atz
Br—1| - [[AF o] |Br—1| ([ A* o]
Therefore, as above,
[ A%z |
= — )\ ,
”yk” ||Ak_1$0|| | 1|

and the sign of \; may be identified by looking at, e.g., (xg11)1/ (k)1

Hence the largest eigenvalue (and its eigenvector) can be found.
Note: it is unlikely but possible for a chosen vector zy that o; = 0, but rounding errors
in the computation generally introduce a small component in vy, so that in practice this
is not a concern!
This simplified method for eigenvalue computation is the basis for effective methods, but
the current state of the art is the QR Algorithm which was invented by John Francis in
London in 1959/60. For simplicity we consider the QR Algorithm only in the case when
A is symmetric, but the algorithm is applicable also to nonsymmetric matrices.
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Numerical Analysis Hilary Term 2020
Lectures 8-9: The Symmetric QR Algorithm

We consider only the case where A is symmetric.

Recall: a symmetric matrix A is similar to B if there is a nonsingular matrix P for which
A = P7'BP. Similar matrices have the same eigenvalues, since if A = P"!BP,

0 = det(A — ) = det(P~1(B — \)P) = det(P~1) det(P) det(B — \I),
so det(A — AI) = 0 if, and only if, det(B — AI) = 0.

The basic QR algorithm is:
Set A; =A.
for k=1,2,...
form the QR factorization A = QpRy
and set A1 = RpQx
end

Proposition. The symmetric matrices A, Ao, ..., Ag, ... are all similar and thus have the
same eigenvalues.

Proof. Since

Ak+1 = Rka = (Qng)Rka = QE(QkRk)Qk = QEAka = QElAka

A1 is symmetric if Ay is, and is similar to Ay. O
At least when A has eigenvalues of distinct modulus [A| > [Ag| > -+ > |A,], this basic QR

algorithm can be shown to work (A, converges to a diagonal matrix as k — oo, the diagonal
entries of which are the eigenvalues). To see this, we make the following observations.

Lemma.
AF = (Q1---Qk)(Ry -+ By) = QWRW (1)
is the QR factorization of A*, and

A= (QW)TAQW. (2)

Proof. (2) follows from a repeated application of the above proposition.
We use induction for (1): k = 1 trivial. Suppose A¥! = Q*~VR* =1 Then A; =
Ry1Qp—1 = (Q*)TAQ™ Y and

(QFNTAQW Y = QiRy.
Then AQ* Y = Q*-VQ, Ry, and so
AF = AQ(kfl)R(kfl) — Q(k’l)QkRkR(k’l) — Q(k)R(k),

giving (1). O
The lemma shows in particular that the first column ¢; of Q™) is the result of power
method applied k times to the initial vector e; = [1,0,...,0]" (verify). It then follows that
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q1 converges to the dominant eigenvector. The second vector then starts converging to the
2nd dominant eigenvector, and so on. Once the columns of Q%) converge to eigenvectors
(note that they are orthogonal by design), (2) shows that Ay converge to a diagonal matrix
of eigenvalues.

However, a really practical, fast algorithm is based on some refinements.

Reduction to tridiagonal form: the idea is to apply explicit similarity transformations
QAQ™ ' = QAQT, with @ orthogonal, so that QAQT is tridiagonal.

Note: direct reduction to triangular form would reveal the eigenvalues, but is not possible.
If

X X X

0 x X
H(w)A =

0 X e X

then H(w)AH (w)T is generally full, i.e., all zeros created by pre-multiplication are de-
stroyed by the post-multiplication. However, if

T
_ |7 u
-[L o]

(as A= AT) and

a
0
w = [ 1 where H(w)u= | . |,
0
it follows that
vooout
a X X
H(U})A = )
0 x @ X

v a0 -0
a
H(w)AH(w)™ ' = Hw)AH(w)" = Hw)AH(w) = | 0 B ,
- O -
where B = H(w)CHY (), as uPH(w)T = (o, 0, ---, 0); note that H(w)AH (w)" is

symmetric as A is.

Now we inductively apply this to the smaller matrix B, as described for the QR factoriza-
tion but using post- as well as pre-multiplications. The result of n — 2 such Householder
similarity transformations is the matrix

H(wp_9) -+ H(wy)H(w)AH(w)H (ws) - - - H(wy_2),
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which is tridiagonal.
The QR factorization of a tridiagonal matrix can now easily be achieved with n —1 Givens
rotations: if A is tridiagonal

J(n—1,n)---J(2,3)J(1,2)A= R, upper triangular.
Q"

Precisely, R has a diagonal and 2 super-diagonals,

X x x 0 0 0 --- 0
0 x x x 0 0 -0
0 0 x x x 0 --- 0
R: .
O 0 0 0 x x x 0
O 0 0 0 0 x x X
0O 0o 0 0 0 0 x x
o 0o o 0o 0 0 0 x

(exercise: check!). In the QR algorithm, the next matrix in the sequence is R(Q).

Lemma. In the QR algorithm applied to a symmetric tridiagonal matrix, the symmetry
and tridiagonal form are preserved when Givens rotations are used.

Proof. We have already shown that if A, = QR is symmetric, then so is Ay = RQ.
If Ay, = QR = J(1,2)YJ(2,3)T---J(n — 1,n)"R is tridiagonal, then Ay,; = RQ =
RJ(1,2)TJ(2,3)T--- J(n—1,n)". Recall that post-multiplication of a matrix by J(i,i+1)"
replaces columns ¢ and i + 1 by linear combinations of the pair of columns, while leaving
columns j = 1,2,...,4—1,i 4 2,...,n alone. Thus, since R is upper triangular, the only
subdiagonal entry in RJ(1,2)" is in position (2, 1). Similarly, the only subdiagonal entries
in RJ(1,2)TJ(2,3)" = (RJ(1,2)7)J(2,3)" are in positions (2,1) and (3,2). Inductively,
the only subdiagonal entries in

RJ(1,2)Y 02,3 J(i—2,i — 1)TJ@G —1,4)"
= (RJ(1,2)YJ(2,3)T - J( —2,i — D)) J(GE —1,4)"

are in positions (j,j — 1), 7 = 2,...7. So, the lower triangular part of Aj,; only has
nonzeros on its first subdiagonal. However, then since Ajy; is symmetric, it must be
tridiagonal. O

Using shifts. One further and final step in making an efficient algorithm is the use of
shifts:
for k=1,2,...
form the QR factorization of Ay — upl = Qi Ry
and set Apy1 = RiQp + il
end
For any chosen sequence of values of i, € R, {A}32, are symmetric and tridiagonal if A,
has these properties, and similar to A;.
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The simplest shift to use is a,, ,, which leads rapidly in almost all cases to

T O}

Ak:{OT )y

where T}, is n — 1 by n — 1 and tridiagonal, and A is an eigenvalue of A;. Inductively, once
this form has been found, the QR algorithm with shift a,_; ,,—1 can be concentrated only
on the n — 1 by n — 1 leading submatrix Ty. This process is called deflation.

Why does introducing shifts help? To understand this, we recall (1), and take the
inverse:

AT = (R)QU)”
and take the transpose:
(A (=A™ = QW(RW)T.

Noting that (R*)~7 is lower triangular, this shows that the final column of Q® is the
result of power method applied to e, = [0,0,...,0,1] now with the inverse A~!. Thus

the last column Q™) is converging to the eigenvector for the smallest eigenvalue \,, with
An
Anfl
from the last column(s).

|; Q™ is converging not only from the first, but (more significantly)

convergence factor |

Finally, the introduction of shift changes the factor to |/M:\;ii—)1;it|’ where o is a permu-
tation such that |Aoy — p| > [Aee) — 1] = -+ > [Aom) — |- If p is close to an eigen-
value, this implies (potentially very) fast convergence; in fact it can be shown that (proof
omitted and non-examinable) rather than linear convergence, a,, -1 converges cubically:
’am,m—l,k-i-ll = O(’am,m—l,klg)‘

The overall algorithm for calculating the eigenvalues of an n by n symmetric matrix:
reduce A to tridiagonal form by orthogonal

(Householder) similarity transformations.

for m=n,n—1,...2

while a1, > tol
(Q, R] = qr(A — aym * I)
A=R*xQ+ apm*1
end while
record eigenvalue A, = Om.m
A < leading m —1 by m — 1 submatrix of A
end
record eigenvalue \; =aj;
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Computing roots of polynomials via eigenvalues Let us describe a nice application
of computing eigenvalues (by the QR algorithm). Let p(z) = Y ., c¢z’ be a degree-n
polynomial so that ¢, # 0, and suppose we want to find its roots, i.e., values of \ for
which p(A) = 0; there are n of them in C. For example, p(z) might be an approximant to
data, obtained by Lagrange interpolation from the first lecture. Why roots? For example,
you might be interested in the minimum of p; this can be obtained by differentiating and
setting to zero p’'(z) = 0, which is again a polynomial rootfinding problem (for p’).

How do we solve p(x) = 07 Recall that eigenvalues of A are the roots of its characteristic
polynomial. Here we take the opposite direction—construct a matrix whose characteristic
polynomial is p.

Consider the following matrix, which is called the companion matrix (the blank
clements are all 0) for the polynomial p(z) =3 " ¢;z":

[ _¢n-1 _Cn—2  _C __Co ]
177. n n n
C = 1 ) (3)
- 1 0 -

Then direct calculation shows that if p(A) = 0 then Cz = Az with z = (A"~} A"=2 ... X 1]T.
Indeed one can show that the characteristic polynomial is det(A —C') = p(\) /¢, (nonexam-
inable), so this implication is necessary and sufficient, so the eigenvalues of C' are precisely
the roots of p, counting multiplicities.

Thus to compute roots of polynomials, one can compute eigenvalues of the companion
matrix via the QR algorithm—this turns out to be a very powerful idea!
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Numerical Analysis Hilary Term 2020
Lecture 10: Best Approximation in Inner-Product Spaces

Best approximation of functions: given a function f on [a,b], find the “closest”
polynomial /piecewise polynomial (see later sections)/ trigonometric polynomial (truncated
Fourier series).

Norms: are used to measure the size of/distance between elements of a vector space.
Given a vector space V over the field R of real numbers, the mapping || - || : V — R is a
norm on V if it satisfies the following axioms:

(i) Ifll =0 forall f eV, with ||f|| =0 if, and only if, f =0 € V;

(i) |IAfll = [IMIIf] for all A € R and all f € V; and

i) ||f +gll < IIfIl + llg|| for all f,g € V (the triangle inequality).

Examples: 1. For vectors z € R", with z = (21, %o, ..., 7,) 7T,

|z = |lz]l2 = (22 + 22+ - +22)2 = VaTa

is the ¢ or vector two-norm.
2. For continuous functions on [a, b,

1711 11l = ma | (2)

is the L°°- or oco-norm.
3. For integrable functions on (a,b),

b
171 = 11l = / (@) dz

is the L'- or one-norm.
4. For functions in

b
V =L12%(a,b)={f:]a,b] = R| / w(x)[f(z)]* dor < oo}

for some given weight function w(z) > 0 (this certainly includes continuous functions on
[a, b], and piecewise continuous functions on [a, b] with a finite number of jump-discontinuities),

1=k = ( [ bw(x)[f(w)]zdx)é

is the L2 or two-norm—the space L?(a,b) is a common abbreviation for L2 (a,b) for the
case w(x) = 1.

Note: [|f|l2 =0 = f = 0 almost everywhere on [a, b]. We say that a certain property P holds
almost everywhere (a.e.) on [a,b] if property P holds at each point of [a, b] except perhaps on a
subset S C [a,b] of zero measure. We say that a set S C R has zero measure (or that it is of
measure zero) if for any € > 0 there exists a sequence {(ay, ;) }72; of subintervals of R such that
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S C U2 (i, Bi) and Y2, (B — a;) < e. Trivially, the empty set #(C R) has zero measure. Any
finite subset of R has zero measure. Any countable subset of R, such as the set of all natural
numbers N, the set of all integers Z, or the set of all rational numbers Q, is of measure zero.

Least-squares polynomial approximation: aim to find the best polynomial approxi-
mation to f € L2 (a,b), i.e., find p, € II, for which

I f = pall2 < |If —4qll2 Vq € 11,,.

n
Seeking p,, in the form p,(z) = Z a,x” then results in the minimization problem
k=0

min )/abw(x) [f(ac) - iakxk] 2 dz.

(a07~'-7an

The unique minimizer can be found from the (linear) system

o b

n 2
o w(x) [f(x)—Zakxk] dz =0 for each 7 =0,1,...,n,
JJa k=0

but there is important additional structure here.

Inner-product spaces: a real inner-product space is a vector space V' over R with a
mapping (-,-) : V x V' — R (the inner product) for which

(i) (v,v) >0forall v € V and (v,v) =0 if, and only if v = 0;

(i) (u,v) = (v,u) for all u,v € V; and

(iii) (ou + Pv,z) = alu, z) + B(v, z) for all u,v,z € V and all a, f € R.

Examples: 1. V =R",
(z,y) =a'y = Z%‘%’,
i=1

where z = (z1,...,2,)  and y = (y1, ..., yn)T.

b
2. V:qu(&,b):{f:(a,b)—)R|/ w(x)[f(2))? do < oo},

(f.9) = / w(z)f(2)g(x) da,

where f, g € L2 (a,b) and w is a weight-function, defined, positive and integrable on (a, b).

Notes: 1. Suppose that V is an inner product space, with inner product (-,-). Then
<U,U)% defines a norm on V' (see the final paragraph on the last page for a proof). In
Example 2 above, the norm defined by the inner product is the (weighted) L%norm.

2. Suppose that V' is an inner product space, with inner product (-, ), and let || - || denote
the norm defined by the inner product via |[v|| = (v,v)2, for v € V. The angle 6 between

u,v €V is
0 = cos™! ( (u, v) ) .
[ullf|v]l
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Thus u and v are orthogonal in V' <= (u,v) = 0.

E.g., 2? and 3 — x are orthogonal in L?(0,1) with inner product (f, g) / f(z

as

3. Pythagoras Theorem: Suppose that V' is an inner-product space with inner product

(,-) and norm || - || defined by this inner product. For any u,v € V such that (u,v) =0
we have
Proof. lu 2= v]l* = [lull® + [lv]*.
lutv||*= (utv,utv)=(u,utv)+(v,utv) [axiom (iii)]
= (u,utv)+(utov,v) [axiom (ii)]
= (u,u) £ (u,0) £ (u,v) + (v,0)
= (u,u) + (v,v) [orthogonality]

= Nl + el

4. The Cauchy—Schwarz inequality: Suppose that V' is an inner-product space with
inner product (-,-) and norm || - || defined by this inner product. For any u,v € V|

[(u, 0)| < [lulf|v]].
Proof. For every A € R,

0 < (u—v,u— o) = [Jull* = 2X{u, v) + N|[v]* = &(N),

which is a quadratic in A. The minimizer of ¢ is at A\, = (u,v)/[[v||?, and thus since
d(\.) >0, ||ul]? = (u,v)?/||v||* > 0, which gives the required inequality. O

5. The triangle inequality: Suppose that V' is an inner-product space with inner product
(,-) and norm || - || defined by this inner product. For any u,v € V,

[u+ vl < flull + [Jv]].
Proof. Note that

lu+v]]? = (u+v,u+v) = [|Jul|* + 2(u,v) + |Jv]|
Hence, by the Cauchy-Schwarz inequality,
2
lu+ol* < [lull® + 2lllllvll + [l]* = (lull + o)

Taking square-roots yields
[+ vf] < Jul] + o]
O
Note: The function || - | : V — R defined by ||v|| := (v,v)2 on the inner-product space
V', with inner product (-, ), trivially satisfies the first two axioms of norm on V; this is a

consequence of (-,-) being an inner product on V. Result 5 above implies that || - || also
satisfies the third axiom of norm, the triangle inequality.
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Numerical Analysis Hilary Term 2020
Lecture 11: Least-Squares Approximation

For the problem of least-squares approximation, (f,g) = /bw(x)f(x)g(x) dz and ||f||3 =
(f, f) where w(x) > 0 on (a,b). ’
Theorem. If f € L2 (a,b) and p, € I, is such that
(f —pn,ry =0 vr e 11, (1)
then
If =l < (If =7l Vrelly,

i.e., p, is a best (weighted) least-squares approximation to f on [a, b].

Proof.

1f =pall3= (f = Pns f = Pn)
= <f_pnaf_r>+<f_pn7r_pn> vTEI—[TL
Since r — p,, € II,, the assumption (1) implies that

= <f — Dn, f - T>
< |\f = pall2llf = rll2 by the Cauchy-Schwarz inequality.

Dividing both sides by || f — pnl|2 gives the required result. O

Remark: the converse is true too (see problem sheet 4).

n
This gives a direct way to calculate a best approximation: we want to find p,(x) = Z apz®
k=0

such that
b n '
/w(m) (f—Zozkxk)xldx:() for i =0,1,...,n. (2)
@ k=0

[Note that (2) holds if, and only if,
b n n n
/ w(x) (f — Z akxk> <Z Bﬂ’) dr =0 Yq = Zﬂiwi e ll,.]
a k=0 i=0 i=0

However, (2) implies that

n

> (/abw(fﬂ)ka dx) o = /abw(x)f(x)xi dz for i=0,1,...,n

k=0

which is the component-wise statement of a matrix equation
Aa = o, (3)

to determine the coefficients a = (ag, a1, ..., )T, where A = {a;, i,k = 0,1,...,n},

@ = (fo, fi,- -, )T,
Qg = /bw(x)xk” dz and f; = /bw(:z)f(:v)a:i dx.
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The system (3) are called the normal equations.

Example the best least-squares approximation to e” on [0,1] from II; in (f,g) =

/ f(x)g(x)dz. We want

1 1
/ [e" — (]l + ayx)[1dz =0 and / [e” — (ol + ayz)|zrdr = 0.
0 0

1 1 1
ao/ dx—i—al/ xdx :/ e’ dx

0 0 0

1 1 1
ag/ xdx—i—oq/ 22 dz :/ erdx

0 0 0

ag | | e—1

(07] - 1

= ap = 4e — 10 and a; = 18 — 6e, so pi(z) := (18 — 6e)xz + (4e — 10) is the best
approximation.

ie.,

[SIE —_

Wl N

Proof that the coefficient matrix A is nonsingular will now establish existence and unique-
ness of (weighted) || - ||2 best-approximation.

Theorem. The coefficient matrix A is nonsingular.

Proof. Suppose not => Ja # 0 with Aa =0 = atAa =0
“— ZO‘Z (Aa); =0 <= Z%Za“kak =0,
=0

b
and using the definition a;, = / w(z)rk 2zt de |

Rearranging gives

/abw(x) (g Oéixi) (g O"“mk> dz =0 or /abw(ﬂf) (i oziwi>2 dr =0

=0

which implies that ZO‘ZI = 0 and thus a; = 0 for ¢ = 0,1,...,n. This contradicts the

initial supposition, and thus A is nonsingular. O

Remark: This result does not imply that the normal equations are usable in practice: the
method would need to be stable with respect to small perturbations. In fact, difficulties
arise from the “ill-conditioning” of the matrix A as n increases. The next lecture looks at
a fix.
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Numerical Analysis Hilary Term 2020
Lecture 12: Orthogonal Polynomials

Gram—Schmidt orthogonalization procedure: the solution of the normal equations
Aa = o for best least-squares polynomial approximation would be easy if A were diagonal.
Instead of {1,z,2%,...,2"} as a basis for II,, suppose we have a basis {@g, @1, ..., P, }.

Then p,(x) = Z Bror(x), and the normal equations become
k=0

b n
/ w(z) (f(w) — Zﬁk¢k($)> ¢i(r)dx =0 for i =0,1,...,n,

or equivalently

n

> (/abw(xm(x)@(x) dx) B, = /abw(x)f(x)qs,-(x) de, i=0,...,n, ie.,

k=0
AB =, (1)
where 3 = (Bo, B1, - . - 75n)T’ © = (f1. fo, .. -afn)T and now

b b
o= [ w@onle)oe)do and fi= [ w@) i@ de
So A is diagonal if

b = 7 al
0n00) = [(wl@otaas { 5 17 E

We can create such a set of orthogonal polynomials

{¢07¢17"'7¢n7"'}7

with ¢; € II; for each 7, by the Gram—-Schmidt procedure, which is based on the following
lemma.

Lemma. Suppose that ¢, ..., ¢, with ¢; € II; for each i, are orthogonal with respect to
b
the inner product (f,g) = / w(z)f(z)g(x)dx. Then,

a

k
Ppy1(z) = 2" — Z Aigi()
=0
satisfies ,
(Ges1, &) = / w(@) b (2)d5(@)de =0, j=0,1,....k with

k+1 4
AJ:M, j=0,1,... k.

(D5, 5)
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Proof. For any j, 0 < j <k,

(k1. 05) = (2"1,)) ZA (i b5

= (2" ¢;) — /\j<¢j,¢j>
by the orthogonality of ¢; and ¢;, i # j,
=0 by definition of A;. O

Notes: 1. The G-S procedure does this successively for k =0,1,...,n
2. ¢y is always of exact degree k, so {¢o, ..., ®} is a basis for I, V¢ > 0.
3. ¢ can be normalised to satisfy (¢, ¢r) = 1 or to be monic, or ...

1
Examples: 1. The inner product (f, g) :/ f(x)g(x)dx
-1

gives orthogonal polynomials called the Legendre polynomials,

do(x) =1, ¢1(x) ==, ¢2() — 3, ¢s(x) =2 — 3, ..

2. The inner product (f, g) / f
1 - x2

gives orthogonal polynomials called the Chebyshev polynomials,
¢0<$> = ]-7 ¢1(x) =, ¢2(ZL’) - 2‘%‘2 - 17 ¢3(I) - 4[[‘3 - 3ZE, s

3. The inner product (f,g) = / e “f(z)g(x)dx
0

gives orthogonal polynomials called the Laguerre polynomials,
po(x) =1, ¢1(x) =1—x, ¢o(x) =2 — da + 27,
¢3(z) = 6 — 18z + 92° — 2°,

Lemma. Suppose that {¢g, ¢1,. .., ¢, ...} are orthogonal polynomials for a given inner
product (-,-). Then, (¢, ¢) = 0 whenever ¢ € IIj_;.

Proof. This follows since if ¢ € TI;_;, then ¢(x Zaquz ) for some o; € R, i =
0,1,...,k—1,so0
k—1
(Dr:q) Zaz r, i) =
=0

Remark: note from the above argument that if q(z Z o;¢i(x) is of exact degree k

(SO Ok 7é O), then <gz5k,q> = 0k<gz5k,gz5k> 7é 0.

Theorem. Suppose that {¢g, d1,...,¢n,...} is a set of orthogonal polynomials. Then,
there exist sequences of real numbers ()2, (Br)2y, ()5, such that a three-term
recurrence relation holds of the form

¢/€+1(x) = ak(x - 6k)¢k(x) - ’Vkﬁbk—l(x)? k=1,2,....
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Proof. The polynomial x¢; € 1,1, so there exist real numbers

0k0,0k1y-++50kk+1

such that
k41

rdp(T) = Z%i@(l‘)

., ®ra1} 1s a basis for T, ;. Now take the inner product on both sides with

as {¢07 ¢17 c
¢; where j <k — 2. On the left-hand side, note z¢; € II;_; and thus
b b
(wu,05) = [ w()on(@)y(w)de = [ wla)oula)oo,(a) de = (Gr,25) =0
by the above lemma for 7 < k£ — 2. On the right-hand side
k41 k+1
<Z Ok,i®i, ¢j> = onildi, b5) = 0k(¢5, ;)
i=0 i=0
by the linearity of (-,-) and orthogonality of ¢; and ¢; for i # j. Hence o;; = 0 for
j <k—2,and so
TOR(7) = Op 1 Okr1(T) + Ok kOk(T) + O p10k-1(T).
Almost there: taking the inner product with ¢, reveals that
(Tdk, Phy1) = Ohpr1{Prr1s Prr),
SO0 ogkr+1 # 0 by the above remark as x¢y is of exact degree k + 1 (e.g., from above

Gram—Schmidt notes). Thus,

1 Ok b
L (bkfl(x)a

(z — okp)r(z) —

¢k+1(l’) =
Ok k+1 Ok, k+1
which is of the given form, with
1 Ok k-1
ﬂk:(jk,k? Y& = s k:1,2,
Ok k+1

o = )
Ok k+1
O

That completes the proof.

oo
2

Example. The inner product (f, g) :/ e " f(x)g(x)de

gives orthogonal polynomials called the Hermite polynomials,

do(x) =1, ¢1(x) =22, ¢pi1(x) = 22¢k(x) — 2kd_1(x) for k> 1.
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Listing 1: hermite_polys.m

%% Demonstrate Hermite Orthogonal Polynomials

lw = ’linewidth’;
x = linspace(-2.2, 2.2, 256);
H_old = ones(size(x));

H = figure(1); clf;

plot(x, H_old, ’r-’, 1lw,2)

set (get (H, ’children’), ’fontsize’, 16);
hold on; pause

H = 2xx;
plot(x, H, 1lw,2, ’color’,[0 0.75 0])
pause

for n = 1:4
% use the three-term recurrence
H_new = (2*x).*H - (2*n)*H_old;
plot(x, H_new, 1lw,2, ’color’,rand(3,1))
pause;
H_old = H; H = H_new;
end
legend (’H_O0(x)’, ’H_1(x)’, ’H_2(x)’, ’H_3(x)’, ’*H_4(x)’, ’H_5(x)?)
xlabel(’x’); title(’Hermite orthogonal polynomials’)

Hermite orthogonal polynomials Chebyshev orthogonal polynomials
150 . . ! —

100} T

50r

-100r 7

-150 !
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Numerical Analysis Hilary Term 2020
Lecture 13: Gaussian quadrature

Suppose that w is a weight function, defined, positive and integrable on the open interval

(a,b) of R.

Lemma. Let {¢g, ¢1,...,dn, ...} be orthogonal polynomials for the inner product (f, g) =
b

/ w(x)f(z)g(x)dz. Then, for each k = 0,1,..., ¢ has k distinct roots in the interval

(a,b).

Proof. Since ¢y(x) = const. # 0, the result is trivially true for k£ = 0. Suppose that k& > 1:
b b

(Dr, Do) = / w(x)pr()po(x) de = 0 with ¢y constant implies that / w(z)pp(r)de =0
with w(x) >a0, x € (a,b). Thus ¢x(x) must change sign in (a,b), i.e.,agzﬁk has at least one
root in (a, b).

Suppose that there are ¢ points a < r; <1y < --- <1y < b where ¢, changes sign for some
1 <?¢<k. Then

‘
q(z) = H(x —r;) x the sign of ¢y on (r,b)

J=1

has the same sign as ¢, on (a,b). Hence

<m4%:/1dwm@muwx>&

and thus it follows from the previous lemma (cf. Lecture 12) that ¢, (which is of degree
¢) must be of degree > k, i.e., £ > k. However, ¢y is of exact degree k, and therefore the
number of its distinct roots, ¢, must be < k. Hence ¢ = k, and ¢, has k distinct roots in
(a,b). O

Quadrature revisited. The above lemma leads to very efficient quadrature rules since
it answers the question: how should we choose the quadrature points xg, z1,...,x, in the
quadrature rule

[ @@ de =3 we) 0

so that the rule is exact for polynomials of degree as high as possible? (The case w(z) =1
is the most common.)

Recall: the Lagrange interpolating polynomial
n
DPn = Zf(xj)[/n,j € I,
5=0
is unique, so f € II,, = p, = f whatever interpolation points are used, and moreover

b b n
[ @@ o= [ wpode = 3w ),
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exactly, where
b
wj:/ w(x)L, j(x)de. (2)

Theorem. Suppose that g < x; < --- < z, are the roots of the n+1-st degree orthogonal
polynomial ¢,,,; with respect to the inner product

(g9, h) :/ w(x)g(z)h(r) de.

Then, the quadrature formula (1) with weights (2) is exact whenever f € Iy, ;.

Proof. Let p € IIy,.1. Then by the Division Algorithm p(x) = q(z)¢ni1(x) + r(z) with
q,r €1l,. So

b b b n
/w(x)p(x)dx:/ w(x)q(:n)qbn+1(x)dx+/ w(x)r(x)dx:ijr(xj) (3)

since the integral involving ¢ € II,, is zero by the lemma above and the other is integrated
exactly since r € II,,. Finally p(z;) = q(z;)Pnt+1(z;) + r(z;) = r(z;) for j =0,1,...,n as
the z; are the roots of ¢,11. So (3) gives

/ w(x)p(x)de = ijp(xj),

where w; is given by (2) whenever p € Iy, 4. O

These quadrature rules are called Gaussian quadratures.
=1, (a,b) = (—1,1): Gauss-Legendre quadrature.
= (1 —2?)7Y% and (a,b) = (—1,1): Gauss-Chebyshev quadrature.

)
(z)

e w(x) =e"* and (a,b) = (0,00): Gauss—Laguerre quadrature.
(z)

They give better accuracy than Newton—Cotes quadrature for the same number of function
evaluations.

Note when using quadrature on unbounded intervals, the integral should be of the form
fooo e *f(x)dz and only f is sampled at the nodes.

Note that by the linear change of variable t = (2 — a — b)/(b — a), which maps [a, b] —
[—1, 1], we can evaluate for example

b 1 n
/f(x)dx: / f((b_a>t2+b+a>b;adtzb;aijf(b;atj—i—b;a),
a - 7=0

1

where ~ denotes “quadrature” and the ¢;, 7 = 0,1,...,n, are the roots of the n + 1-st
degree Legendre polynomial.
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Example. 2-point Gauss-Legendre quadrature: ¢o(t) = t* — 1 = {5 = —

and Lo )
.
wo:/ ﬁdt:—/ (5t —4) dt =1,
-1 B -1

with wy; = 1, similarly. So e.g., changing variables = = (¢ + 3)/2,

21 1 [t 2 1 1
/ —da::—/ dt ~ + = 0.6923077 ... .
1 —

x 2/ ,t+3 " 3+L 33—

S

Note that the trapezium rule (also two evaluations of the integrand) gives

21 11
—dzg~=|=4+1| =0.75
/1xx 2[2+} )

2

1

whereas / —dz=In2=0.6931472....
LT

Theorem. Error in Gaussian quadrature: suppose that f("*2) is continuous on (a,b).

Then
f(2n+2) (

b n
/ dx—Zw]f:U] @n+2)! / Hx—xj x,

Jj=
for some 1 € (a,b).

Proof. The proof is based on the Hermite interpolating polynomial Hy,, 1 to f on zg, x1, ..., x,.
[Recall that Hany1(z;) = f(z;) and Hy, 1 (z;) = f'(z;) for 7 = 0,1,...,n.] The error in
Hermite interpolation is

f(z) — Hypyq(x) = m Fe)( H (x — ;)
7=0

for some n = n(x) € (a,b). Now Hy,iq € Tlgyi1, SO

b
/ w(z)Hops1(x)dr = ijHgn+1 () Zw]f (),

7=0

the first identity because Gaussian quadrature is exact for polynomials of this degree and
the second by interpolation. Thus

/ w(z) f(x)dx — ijf(xj) = / w(z)[f(x) — Hopyr(x)] da

b n
= RACCTE) ) (RS

J=0
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and hence the required result follows from the integral mean value theorem as
w(@) [Ty = 2,)° 2 0. 0

Remark: the “direct” approach of finding Gaussian quadrature formulae sometimes
works for small n, but more sophisticated algorithms are used for large n.

Example. To find the two-point Gauss—Legendre rule wy f (o) +w; f(x1) on (=1, 1) with
weight function w(z) = 1, we need to be able to integrate any cubic polynomial exactly,

SO
1
:/ ldz = wo+w (4)
-1
1
0:/ zdr = Wy + W1xq (5)
-1
1
52/ v dr = word 4w’ (6)
-1
1
0:/ ??dr = woxy + wis. (7)
-1

These are four nonlinear equations in four unknowns wy, wy, o and x;. Equations (5) and

(7) give 0
ERIMEE

207 — 2170 = 0

which implies that

for wy, wy # 0, i.e.,

xol’l(ZL’l — 1’0)(.%'1 + Io) =0.
If 29 = 0, this implies w; = 0 or 1 = 0 by (5), either of which contradicts (6). Thus
xo # 0, and similarly x; # 0. If x; = ¢, (5) implies w; = —wjy, which contradicts (4). So

xr1 = —xo, and hence (5) implies w; = wy. But then (4) implies that wy = wy = 1 and (6)
gives
To=—J5 and T = I,

which are the roots of the Legendre polynomial 2% — 1.

!See e.g., the research paper by Hale and Townsend, “Fast and accurate computation of Guass-Legendre and
Gauss—Jacobi quadrature nodes and weights” STAM J. Sci. Comput. 2013.
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Table 1:

J=0

Abscissas x; (zeros of Legendre polynomials) and weight factors w; for Gaussian

1 n
quadrature: / f(z)dx ~ ijf(:vj) for n =0 to 6.
-1

Lj

wj

0.000000000000000e+-0

2.000000000000000e+-0

5.773502691896258e—1
—5.773502691896258e—1

1.000000000000000e+-0
1.000000000000000e+-0

7.745966692414834e—1
0.000000000000000e+-0
—7.745966692414834e—1

9.555555555555556e—1
8.888888888888889e—1
5.559555555555556e—1

8.611363115940526e—1
3.399810435848563e—1
—3.399810435848563e—1
—8.611363115940526e—1

3.478548451374539%¢e—1
6.521451548625461e—1
6.521451548625461e—1
3.478548451374539%e—1

9.061798459386640e—1
5.384693101056831e—1
0.000000000000000e+-0
—5.384693101056831e—1
—9.061798459386640e—1

2.369268850561891e—1
4.786286704993665e—1
5.68888888888888%¢e—1
4.786286704993665e—1
2.369268850561891e—1

9.324695142031520e—1
6.612093864662645e—1
2.386191860831969¢—1
—2.386191860831969e—1
—6.612093864662645e—1
—9.324695142031520e—1

1.713244923791703e—1
3.607615730481386e—1
4.679139345726910e—1
4.679139345726910e—1
3.607615730481386e—1
1.713244923791703e—1

9.491079123427585e—1
7.415311855993944e—1
4.058451513773972e—1
0.000000000000000e+-0
—4.058451513773972e—1
—7.415311855993944e—1
—9.491079123427585¢e—1

1.294849661688697e—1
2.797053914892767e—1
3.818300505051189%¢e—1
4.179591836734694e—1
3.818300505051189%¢e—1
2.797053914892767e—1
1.294849661688697e—1
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Numerical Analysis Hilary Term 2020
Lectures 14-15: Piecewise Polynomial Interpolation: Splines

Sometimes a ‘global’ approximation like Lagrange interpolation is not appropriate, e.g.,

for 'rough’ data.

On the left the Lagrange interpolant pg ‘wiggles’ through the points, while on the right a
piecewise linear interpolant (‘join the dots’), or linear spline interpolant, s appears to
represent the data better.

Remark: for any given data s clearly exists and is unique.

Suppose that a = 2y < x; < -+ < 2, = b. Then, s is linear on each interval [z; 1, z;] for
i =1,...,n and continuous on [a,b]. The z;, i = 0,1,...,n, are called the knots of the
linear spline.

Notation: f & C¥[a,b]if f, f,..., f* exist and are continuous on [a, b].

Theorem. Suppose that f € C?[a,b]. Then,

1
15 = sllee < P21

= RS meo 1
where h = lrg%);(xz xi—1) and || "0 ;2[%7)5] | (x)].

Proof. For x € [z;_1,x;], the error from linear interpolation is

£(&) = s(a) = 3" () w1 1)( — )

where n = n(z) € (z;_1,2;). However, |(z — x;_1)(x — ;)| = (x — z;_1)(z; — x) =
—2? + x(x;_1 + ;) — T;_17;, which has its maximum value when 2z = x; + x;_;, i.e., when
r—xi1 =x; —x = i(x; — x;_1). Thus, for any z € [x;_1,2;],1=1,2,...,n, we have
]' " 1 2 1/ D
£0) = ()] < 310" _mss [ = i-2)(o = )] = 5217w

Note that s may have discontinuous derivatives, but is a locally defined approximation,
since changing the value of one data point affects the approximation in only two intervals.
To get greater smoothness but retain some ‘locality’, we can define cubic splines s €
C?a,b]. For a given ‘partition’, a = zy < 1y < -+ < x, = b, these are (generally
different!) cubic polynomials in each interval (z;_1,x;), ¢ = 1,...,n, which are ‘joined’ at
each knot to have continuity and continuity of s’ and s”. Interpolating cubic splines
also satisfy s(x;) = f; for given data f;, i =0,1,...,n.

Remark: if there are n intervals, there are 4n free coefficients (four for each cubic ‘piece’),
but 2n interpolation conditions (one each at the ends of each interval), n — 1 derivative
continuity conditions (at x1,...,2,-1) and n — 1 second derivative continuity conditions
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(at the same points), giving a total of 4n — 2 conditions (which are linear in the free
coefficients). Thus the spline is not unique. So we need to add two extra conditions to
generate a spline that might be unique. There are three common ways of doings this:

(a) specify §'(xg) = f'(xo) and §'(x,,) = f'(xy); or
(b) specify §”(zg) = 0 = §"(z,,) — this gives a natural cubic spline; or

(c) enforce continuity of s at z; and x,_; (which implies that the first two pieces are
the same cubic spline, i.e., on [zg, 23], and similarly for the last two pieces, i.e., on
[€n_2,2,], from which it follows that z; and z,_; are not knots! — this is usually
described as the ‘not a knot’ end-conditions).

We may describe a cubic spline within the i-th interval as

a;x3 + b + ciw + d; for x € (w;_y, x;)
si(z) = .
0 otherwise

and overall, to ensure interpolation (of f), as

n

Zsz(:c) for x € [xg,xn] \ {z0,21,. .., 20}

sw=9 5

f(z;) for x=x;, 1=0,1,...,n.
The 4n linear conditions for an interpolating cubic spline s are:

si(z; ) = f(w:)
s1(wo) = f(o) 8i+1(95;r) = f(x:) Sn(Tn) = f(zn)
si(xo) = ['(xo) (8)  si(w;) — sy (@) =0 s),(zn)
or s{(z0) =0 (b) s(x;) — sy (a7) =0 or si(x,) =0 (b)

)

1=1,...,n—1.
We may write this as Ay = g, with
y = (a1,by,c1,d1,ag, ..., dy 1,0, by, Cp,dp)*
and the various entries of g are f(z;), i =0,1,...,n, and f'(zo), f'(x,) and zeros for (a)

and zeros for (b).

So if A is nonsingular, this implies that y = A~1g, that is there is a unique set of coefficients
{ay,by,c1,dy, a9, ... ,dp_1,Gn, by, cnydy}. We now prove that if Ay = 0 then y = 0, and
thus that A is nonsingular for cases (a) and (b) — it is also possible, but more complicated,
to show this for case (c).

Theorem. If f(z;) = 0 at the knots x;, 7 = 0,1, ..., n, and additionally f'(x¢) =0 = f'(z,)
for case (a), then s(z) = 0 for all z € [z, x,].

Proof. Consider

[ wwra= 3 | ji1<s;’<x>>2 da

o i=1
= S @@ -y / $(2)s"(2) da
i=1 =1 Y Ti-1
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using integration by parts. However,
/ $i(2)s(x) da = () / $i(2)dr = () [si(@)]™ . =0
Ti—1 Ti—1

since s’ (x) is constant on the interval (x;_1,2;) and s;(x;—1) = 0 = s;(2;). Thus, matching
first and second derivatives at the knots, telescopic cancellation gives

/ (@) de = Y [S@)s @]
= sy(x1)s](21) — 51 (z0)s7 (z0)
T sh(a) s (2) — sh(a)sh(aa) + -+
8 (@S 1 (Far) — 8y (2)Sy (Fa2)
T8 ()8 () — () S (Tnn)
= S (0)$! (1) — 4 (20) (20).

However, in case (a), f'(x¢) = f'(z,) = $s\(x0) = 0= s/ (x,), while in case (b) s](x¢) =
0 = s!(x,). Thus, either way,
/ (s"(z))*dx = 0,
zo
which implies that sf(z) = 0 and thus s;(z) = ¢;x + d;. Since s(x;—1) = 0 = s(z;), s(z) is
identically zero on [xg, Z,]. O

Constructing cubic splines. Note that (1) provides a constructive method for finding
an interpolating spline, but generally this is not used. Motivated by the next result, it is
better to find a good basis.

Proposition. The set of natural cubic splines on a given set of knots g < 21 < --- < x,
is a vector space.

Proof. If p,q € C?[a,b] = ap + Bq € C?[a,b] and p, q € I3 = ap + Bq € I3 for every
@, 8 € R. Finally, the natural end-conditions (b) = (ap+3¢)"(x¢) = 0 = (ap+Bq)"(x,)
whenever p” and ¢” are zero at xy and z,,. O

Best spline bases: the Cardinal splines, C;, i = 0,1, ..., n, defined as the interpolatory
natural cubic splines satisfying

1 =

are a basis for which .
s(x) = fla:)Ci()
=0
is the interpolatory natural cubic spline to f.

Preferred are the B-splines (locally) defined by B;(x;) = 1 for i = 2,3,...,n — 2,
B;(z) =0 for z ¢ (x;_2, it2), B; a cubic spline with knots z;, j = 0,1, ..., n, with special
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definitions for By, By, B,_1 and B,,.
Example/construction: Cubic B-spline with knots 0,1,2,3,4. On [0, 1],

B(z) = ax®

for some a in order that B, B’ and B” are continuous at © = 0 (recall that B(x) is required
to be identically zero for z < 0). So

B(1) =a, B'(1)=3a, and B"(1) = 6a.

On [1, 2], since B is a cubic polynomial, using Taylor’s Theorem,

B(z)= B()+B'(1)(x—1)+ %(1)(56 — 1)+ B(x —1)°

= a+3a(x—1)+3a(z —1)*+ Bz —1)*

for some (3, and since we require B(2) = 1, then 5 = 1 — 7a. Now, in order to continue,
by symmetry, we must have B'(2) =0, i.e.,

3a+6a(x —1)p—p +3(1 —Ta)(z —1)2_, =3 - 12a =0

and hence a = 1. So

0 for x <0
13 for = € [0,1]
Blx) - 3z =12 +3(x -1 +3(xz—-1)+21 for z€[1,2]
33—z +33 -2 +3B3—x)+1 for z€[23]
1(4—x)3 for € [3,4]
0 for x > 4.

p 0 for =z < Ti—92
53
(z 4;—2) for © € [x;_ 9,7 1]
3 - 71— 3 - i— 2 3 - 1— 1
_ (x xg 1) (z 3; ) T = i) + - for x € [x;_q, 74
Bi(x) = ¢ 4h . 4h ) 4h 4
_3<I'i+1 ZE) g(xz—i-l - [L‘) 3($i+1 CE’) + 1 for = c [SU €T ]
nE ( e - m 1 b
ZT; — X
thg for = € [mi11, xi40]
\ 0 for © > x;9.
1 T
= 05
Sd
O I I } - t
Ti—o  Tiq Z; Tiv1  Tiy2
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The ‘end’ B-splines By, By, B,,_1 and B,, are defined analogously by introducing ‘phantom’
knots x_o, _1, Z,11 and x,,2. The (cubic) B-spline basis is only locally affected if some
x; is changed. But note this is not true of the resulting spline itself.

Spline interpolation: find the cubic spline
s(x) =) ¢;By(x),
=0

which interpolates f; at z; for 2 =0, 1,...,n. Require

fi= Z ¢;Bj(z;) = c;i1Bisa (%) + ¢ Bi(x;) + ¢iv1 Biva ().

=0

For equally-spaced data
Ji=1cioi+ e+ ey,

ie.,
e Ci—2
i1 i Ci—1 fi1
TR ¢ | =1 fi
I Cit1 Jir
: Cit2 :

The first few and last few rows of this system depend on the type of spline under consid-
eration. For natural cubic splines, see Problem Sheet 4, Question 20.
For linear splines, a similar local basis of ‘hat functions’ or Linear B-splines ¢;(x)

exist:
Xr — T;—
Ti — Tit1

0 T & (Tim1, Tit1)

1 T
Z 05
-

0

Ti—2  Ti-1 T Tit1 Tit2

and provide a C° piecewise basis.
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Listing 1: demo_lec14_spline_vs_lagrange.m

N = 9; 7 number of interpolation points
linspace (-4, 4, N); I the knots

% values at knots

f =0e(x) 1 ./ (1 + x.72);

fp = @(x) -2xx ./ (1 + x.72)72;
ypoints = f(x);

% an extended vector padded with the slope at the first and last

% interpolation points, see "help spline": end-point choices available
% with the matlab command spline (called option (a) in lecture notes).
y = [fp(x(1)) ypoints fp(x(end))];

% a data structure containing the pieces of the spline
s = spline(x, y);

fine = linspace(-4, 4, 500);

h = figure(1); clf; 1lw = ’linewidth’;

plot (fine, ppval(s, fine), 1lw,2); % see "help ppval"
ff = f(fine);

% Plot function

hold on

plot(fine, f(fine), ’r--’, 1lw,2);

plot(x, ypoints, ’ko’, 1lw,2)

% Compare to Lagrange interpolating polynomial

p = lagrange_poly(x, ypoints);

plot (fine, polyval(p, fine), ’g-’, ’color’,[0 0.5 0], 1lw,2);

set (get(h, ’children’), ’fontsize’, 16)
legend(’spline’, ’func’, ’knots’, ’lagrange’)
ylim([-0.2 1.1]1); x1lim([-4.1 4.1])

xlabel (’x’)

—spline ||
= ==func

o knots ||
— lagrange

0.8r

0.6

0.4

0.2

-0.2
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Error analysis for cubic splines

Theorem. Amongst all functions ¢t € C?[zg, r,] that interpolate f at x;, i = 0,1,...,n,
the unique function that minimizes
INEER"

o

is the natural cubic spline s. Moreover, for any such ¢,

/ @) de - / "1 ()] d = / ") — (@) de.

Zo Zo o

Proof. See exercises (uses integration by parts and telescopic cancellation, and is similar
to the proof of existence above). O

We will also need:

Lemma. (Cauchy—Schwarz inequality): if f, g € C|a, b], then

{/abf(x)g(x) dycl2 < /ab[f(x)]zdx /ab[9<$)]2 de.

Proof. For any A € R,

0< [ @) gl de= [ [ de =2 [ F@g@]de+ 8 [ fgo) do

The result then follows directly since the discriminant of this quadratic must be nonposi-
tive. O

Theorem. For the natural cubic spline interpolant s of f € C?[xg, z,] at g < z1 < -++ <
x, with h = maxj<;<p(x; — z;,_1), we have that

=t [[C ] ma - <o [ [Crwrad]

zo zo

Proof. Let e := f —s. Take any = € [zg,2,], in which case © € [z;_;,x;] for some
j € {l,....,n}. Then e(zx;_1) = 0 = e(x;) as s interpolates f. So by the Mean Value

Theorem, there is a ¢ € (z;_1,2;) with €'(c¢) = 0. Hence €'(z) = / ¢"(t)dt. Then the

/Cx dt‘ /Cm[e”(t)]th' |

However, the first required inequality then follows since for z € [z,_1, z;],

Cauchy—Schwarz inequality gives that

€' (@)]” <

/ dt’ < h and

because the previous theorem gives that

/j[e”@)l?dt / x[f”(t)]zdt’ < [ i

zo

<
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The remaining result follows from Taylor’s Theorem. O

Theorem. Suppose that f € C*[a, ] and s satisfies end-conditions (a). Then,

IF = sl < 51 F
and
1=l < 00 0
where h = maxi<;<,(z; — z;_1).
Proof. Beyond the scope of this course. o

Similar bounds exist for natural cubic splines and splines satisfying end-condition (c).
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Numerical Analysis Hilary Term 2020
Lecture 16: Richardson Extrapolation

Extrapolation is based on the general idea that if T}, is an approximation to 7', computed
by a numerical approximation with (small!) parameter h, and if there is an error formula
of the form

T = T+ Kih+ Kh*+---+ O(h"™) (1)
then T = Tj + Kk + Kok* +--- 4+ O(k") (2)

for some other value, k, of the small parameter. In this case subtracting (1) from (2) gives
(k — h)T = kT), — hTy + Ko(kh® — hk*) + - - -

i.e., the linear combination

ETy, — hTj,
k—h

—_———
“extrapolated formula”

=T+  Kykh  +--

~——
2nd order error

In particular if only even terms arise:

T = Th+ Kb+ Kp' 4 - 4+ O(h*")
h? 4 p2n
and k=1h:T = T%+KQZ+K4E+...+O(ﬁ)

AT =T, K

then T = —2—— — Z2pt 4. 4+ O(R®).
3 4

This is the first step of Richardson extrapolation. Call this new, more accurate formula

o AT
h 3 )

where T}EI) :=T},. Then the idea can be applied again:
T = T+ KPnt+ -+ 0™

h4
and T = T+ KP— ... 40>

3 16
2 _ (2
so T = T8 =7 L g@ps 4y om

15

| A —
¥

is a more accurate formula again. Inductively we can define
G .1 —L(G=1) _ 1)

for which '
T =17 +O0(h¥)
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so long as there are high enough order terms in the error series.

Example: approximation of 7 by inscribed polygons in unit circle. For a regular n-gon,
the circumference = 2nsin(mw/n) < 2, so let ¢, = nsin(w/n) < 7, or if we put h = 1/n,

—1'(h)— 7T3h2+7'f5h4+
cn—hsmw =T 5 120

so that we can use Richardson extrapolation. Indeed ¢y = 2 and

Con = 2nsin(w/2n) = Qn\/%(l — cos(m/n))
= 2ny/3(1 - /1 = sin?(w/m)) = 2n\/;(1 _ 1= (en/n)?) .

So' ¢, = 2.8284, ¢y = 3.0615, ¢ = 3.1214. Extrapolating between ¢, and cg we get

cff) = 3.1391 and s1m11ar1y from cg and ci5 we get Cg) = 3.1214. Extrapolating again
between c( ) and cS , we get CEL) = 3.141590. . ..

Example 2: Romberg Integration. Consider the Composite Trapezium Rule for

integrating T = / x) dz:

2"—1

fla)+ f0)+2 > f(z)

Jj=1

T, =

N>

with o = a, x; = a+ jh and h = (b — a)/2". Recall from Lecture 3 that the error is
(b— a)%f”(f) for some £ € (a,b). If there were an (asymptotic) error series of the form

b
/ fla)de — Ty = Koh? + Kah* +

we could apply Richardson extrapolation as above to yield

ATw — Ty,
T—%:Km“jt

There is such as series: the Euler-Maclaurin formula
b B
/a fl@)de — Ty = — Z 2k B2k 21@ U(b) _ f(2k—1)(a)]

(- a) h(2 f B2

where £ € (a,b) and By are called the Bernoulli numbers, defined by

— Bl
— KZO i

!This expression is sensitive to roundoff errors, so we rewrite it as c2n = ¢,/ \/ L4+ 14/1—(cn/n)2.
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so that By =1, By = ete.
Romberg Integration is composite Trapezium for n = 0,1,2,3, ..., and the repeated
application of Richardson extrapolation. Changing notation (7, — T,,, h = stepsize, 2" =

number of composite steps), we have

— 1
30

a

Ty = “=2f() + F) = Rog

2
To= " fa) + £0) + 2f(a+ 2(b— )]
— YRy + (b—a)f(a+ 3(b—a))] = Rio.

4

Extrapolation then gives

4 _
Riy = Ri0— Rop
3
with error O(h*). Also
b—a
T = [f(a) + f(b) + 2f(a+ 3(b—a))
+2f(a+i(b—a))+2f(a+3(b—a))
1 b—a
= 2[R+ S e+ 40— @) + fa+ 30— )| = Rag
Extrapolation gives
P 4Ry0 — Rip
2,1 =
3
with error O(h*). Extrapolation again gives
~ 16Ry1 — Ry
fa2 = 15

now with error O(h®). At the ith stage

1 b—a 2 . 1INb—a
TiZRi,0=§ Ri_10+ 9i 1 Zf<a+<]—2> 22-_1>]-

J=1

evaluations at new interlacing points

Extrapolate ‘
_YRij1— Ry

ij = b —1 for ]:1,2,
This builds a triangular table:
Roo
Ry Ry
Ra o R Rao
Rio Ri1 Rio ... Ry

Theorem: Composite Composite
Trapezium  Simpson

Lecture 16 pg 3 of 4



Notes 1. The integrand must have enough derivatives for the Euler-Maclaurin series to
exist (the whole procedure is based on this!).

b b
2. Ry, — / f(z)dx in general much faster than R, o — / f(z)dz.

A final observation: because of the Euler-Maclaurin series, if f € C*"*2[q,b] and is
periodic of period b — a, then fU)(a) = fU)(b) for j =0,1,...,2n — 1, so

Mnt1
h=""" Bayyo

/abf(x)dx—Th:(b—a)

c.f.,

b h2 "
| f@)de =T = (b= )35 7€)
for nonperiodic functions! That is, the Composite Trapezium Rule is extremely accurate
for the integration of periodic functions. If f € C*[a,b], then T}, — [° f(x) dx faster than
any power of h.

Example: the circumference of an ellipse with semi-axes A and B is

2T
/ VA2sin? ¢ + B2 cos? ¢ do.
0

For A=1and B =1, Ty = 4.2533, Ty = 4.2878, T3, = 4.2802 = Ty = - - -.
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