BO1 History of Mathematics
Lecture IlI
Analytic geometry, and the beginnings of
calculus, part 1

MT 2019 Week 2



Summary

» Brief overview of the 17th century
» A cautionary tale

» Development of notation

» Use of algebra in geometry

» The beginnings of calculus



The 17th century

The main mathematical innovations of the 17th century:
» symbolic notation
> analytic (algebraic) geometry
> calculus
» infinite series [to be treated in later lectures]

» mathematics of the physical world [to be treated in later
lectures]



Symbolic notation

Symbolic notation makes mathematics easier

> to read
P> to write
» to communicate (though perhaps not orally)

» to think about — and thus stimulates mathematical
advances?

> BUT it took a long time to develop

» why did it develop when it did?



The communication of mathematics
Initially entirely verbal — but usually using a set form of words

Scribal abbreviations often used
» e.g., Diophantus (3rd-century Egypt) used G as an
abbreviation for an unknown quantity
» e.g., Bhaskara Il (12th-century India) used the initial letters of
yavattavat (unknown) and rapa (unit) as shorthand:
‘'valril denoted 'x+1'
But these were not symbols that could be manipulated
algebraically

Arrangement of signs on the page could carry information
» e.g., tian yudn shi KTt (13th-century China):
Il
—Tx
=—¥

Algebraic symbolism of the form that we use came later



A cautionary tale: Levi Ben Gerson and sums of integers

Levi Ben Gerson (Gersonides), Ma'aseh Hoshev ( The Work of the
Calculator), 1321 [picture is of a version printed in Venice in 1716]
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A cautionary tale: Levi Ben Gerson and sums of integers

Book |, Proposition 26:

If we add all consecutive numbers from one to any given
number and the given number is even, then the addition
equals the product of half the number of numbers that are
added up times the number that follows the given even
number.

Book |, Proposition 27:

If we add all consecutive numbers from one to any given
number and the given number is odd, then the addition
equals the product of the number at half way times the
last number that is added.

(Translations from Hebrew by Leo Corry.)



A cautionary tale: Levi Ben Gerson and sums of integers

Converting these into modern notation, we get:

Book |, Proposition 26:
If n is an even number, then 1+2+43+++-4+n=3(n+1).

Book |, Proposition 27:

If n is an odd number, then 1+2+3+~-'+n:%1n.

The formulae are clearly the same, so why are these treated as
separate propositions? The answer lies in the proofs, which, like
the results themselves, are entirely verbal.



A cautionary tale: Levi Ben Gerson and sums of integers

A fundamental problem here lies in the difficulty of expressing the
notion of ‘any given number’ (our ‘n’).

A commonly adopted solution was to outline the proof for a
specific example, on the understanding that the reader should then
be able to adapt the method to any other instance.

Ben Gerson's proof of Proposition 26 takes this approach, and is
based on the idea of forming pairs of numbers with equal sums.*

*You might have heard a story about the young Gauss doing the same
thing.



A cautionary tale: Levi Ben Gerson and sums of integers

Proof of Proposition 26:

Take the example of 6. If we add 1 and 6, we get 7 (‘the number
that follows the given even number’). Notice that 2 is obtained
from 1 by adding 1, and that 5 is obtained from 6 by subtracting
1, so 2 added to 5 is the same as 1 added to 6, namely 7. The only
remaining pair is 3 and 4, which also add to give 7. The number of
pairs is half the given even number, hence the total sum is half the
number of numbers that are added up times the number that
follows the given even number.

This proof is clearly not valid when the given number is odd, since
Ben Gerson would have been required to halve it — but he was
working only with (positive) integers



A cautionary tale: Levi Ben Gerson and sums of integers

Proposition 27 therefore needs a separate proof, which similarly
does not apply when the given number is even (see Leo Corry, A
brief history of numbers, OUP, 2015, p.119)

As Corry notes:

For Gersonides, the two cases were really different, and
there was no way he could realize that the two situations
. were one and the same as they are for us.

Moral: take care when converting historical mathematics into
modern terms!



Notation:

compare Cardano (Ars magna, 1545)...

Having raised a third part of the
number of things to a cube, to
which you add the square of half
the number in the equation and
take the root of the total, consider
the square [root], which you will
take twice; and to one of them you
add half of the same, and you will
have the binome with its apotome,
whence taking the cube root of
the apotome from the cube root
of its binome, the difference that
comes from this, is the value of
the thing.

(Mathematics emerging, p.327)



... with Viete (c. 1590)...

Francois Viete
(Francisci Vieta)
Opera mathematica
1646, p. 130

130 . De EMENDATIONE

1L
1 Aquad.—BinAz, zquecur Z plano. A—BeftoE. Tgirur E quad,
zquabitur Zplano —+ B quad.
Confedarium. .
Traque # Zpmi~sgd -+ B fit A, de qua primum quzrebartur.
SitBy. Zplanamzo. AIN. 1Q— 2N, equabitur20. & fitiN.¢/ 21 +1.
L
Sx Dz inA —A quad., zquetur Z plano. D—E, velD—+E efto A.
Eqiad ., zquabitur D quad. —Z plano. .
) . ConfeQarium. )
Ttaque, D minus, plufve o/ S3ai-zmmfic A, de qua primum quarcbatur.
5itDy. Zplamm10, ArN. 10N—1Q,equsshr 10, & fitt N.s —o/ 5,vel5+ o/ 5

De reduitione cuborum fimpliciser adfest b quadrato, aden-
bos fimpliciser adfecdos fub latere.
Formule tres.

L
St A cubus —+Bjin A quad., zquetur Zfolido. A~+Befto E, Ecubus
—Bquad.in E, zquabitur Z folido —B cubo 2.
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I
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... with Viete (c. 1590)...

1o De EMENDATIONE
1L
Sl A’'quad. —Bin A2, zquetur Z plano. A—Befto E. Igitur E quad,
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and with Harriot (c.1600)
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. and with Harriot (c. 1600)
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And here is Harriot's own comparison
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Elsewhere in the world

Seki Takakazu, Hatsubi Sanpé FEWHi% (1674), concerning the
solution of equations in several variables:
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Equations written using the technique of bashohd 1% &2
(‘side-writing’; a.k.a. tenzan jutsu & EUHH)



Notation: Viete (Tours, c. 1590)

Francois Viete (1540-1603, France):
A, E, ... (i.e., vowels) for unknowns

B, C, D, ... (i.e., consonants) for known
or given quantities

symbols + , —

but otherwise verbal descriptions and
connections: quadratum (squared),
cubus (cubed), aequatur (be equal), ...




Notation: Harriot (London, c.1600)

Thomas Harriot (1560-1621, England):
a, e, ... for unknowns

b, ¢, d, ... for known or given quantities
4=

ab, aa, aaa

and many symbols: =, >, ...

(For another example of Harriot's use of
notation, see Mathematics emerging,
§2.2.1.)



Notation: Descartes (Netherlands, 1637)
René Descartes (1596-1650, France and
Holland):

X, Y, ... for unknowns
a, b, ¢, ... for known or given quantities
_i_y J—

3 4

XX, x>, X*, ...

Descartes’ notation was widely adopted,
although his ‘>’ for equality eventually
gave way to ‘=", and his ‘4/C’ to ‘¥ .




Descartes’ notation

" o5 La GEOMETRIE
tirer dexcetefcience. - Aufly queic n'y remarqué fien de
ﬁdxﬁm[c, que ceux quiferont vo peu ver{ds en la Geo-
&enl'Algebre, 8 quip -

denwm: ce quicft ence traitd, ne punﬂ'ennmuucr .

Ceft poutquoy ic me contenteray icy de vous aver-'
tir; que’pourvit quen demeflant ces Equations on ne
manque point a feferuir de toutesles diuifions, qui fe-
ront pofﬁbler b inﬂl[iblemcnt les plus frmpler

fFic

Qo Erquefi ellcpeut eftrerefolue par la Geometric ordi-
problel naire, Cleft a dire, en ne feferuant que de ligoes droifes
mepliss o b perficieplate, lorfque fa

3 ity
qu'vnqt i efgal a cequi
feproduift de lAddmou ou fonl’tra&xon ‘de faracine

dcrmerc quatio

atre qt ute’ Auﬂ'y conunc.
Corm Etlors cete racine, ouhgne mconnuc fe trouve Ay{'e-

men il
ikl ment. ‘Car fifayparexemple

uent. .
o 30 ay+bb i
defais le triangle rectan-
gle N LM, dont le co-
“feLMeft efgal 2 bra-
<ine quarrée de la quan-

. titéconnue b4, & lau-
w treLNeft 54, lamoi-
ti¢ de l'autre quantité
connue, qui a&mtmulu_phdc par zqueie fuppofeeftrela
ligneinconnue. puis pmlcngean: MN labaze de ce tri-

angle,

par quelqy nue, & de quclgue ;

LivRE PREMIER. 303
angle, iofquesa O, en fortequ’N O ﬁntefgzlu NL,
latoute OMeft z)a hgne cherchée. Et elle s'exprime
enceteforte
z®ya+v5aa+bb
ermy]ym -~ ay - bb, &quy foit laquanuté
. quilfauc trouver , i fais le mafmutmﬂgle rectangle
“NLM, &defabaze MNiofte NPefgalea N L, &le
refte P Meft y la racine cherchée. De fagon que iay
y®=Ya -7 faa-+b0 Ettout de mefine fii'a~

Hois ¥ o . % = b, P M feroit £, & iaurois
%0 Vi ia+ ¥ fas+ bb &ainfi des autres.
Euﬁnﬁi‘ay

% a4 3--bb:
ie fais NL efgale Aiae, LM
efgale 2 4 cme deuir, puis,au lica
deioindreles poinsM N, ie tire
MQRparalleleal N, &ducen-
treNpar L ayant delfcrit vo cer-
cle qui la couppe aux poins Q &
R, ha ligne cherchée £ eft MQ:
oubie MR, carencecaselle s'ex-

3

N

 prime en deuxfagons,afauoir g 0y a ¥ jas--bh

&y oo 7 Faa--bb

Etfile cercle, qul ayant fon centre au point N , paffe-
par le point L, ne couppe ny ne touche la hgue droite
MQUR, il n'yaaucune racine enl'Equation, de fagon

- qu'on peut affurer que’ la conftruction du problefme

f¢ eftimpoffible.
propo eftimpof .




Symbolism established in algebra

Frontispiece to: Johannes
Faulhaber, Ingenieurs-Schul,
Anderer Theil, Ulm, 1633
(on fortification)

See: Volker Remmert,
‘Antiquity, nobility, and
utility: picturing the Early
Modern mathematical
sciences’, in The Oxford
handbook of the history of
mathematics (Eleanor Robson
& Jacqueline Stedall, eds.),
OUP, 2009, pp.537-563



Analytic (algebraic) geometry
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Descartes’ analytic geometry

We may label lines (line segments) with letters a, b, c, ...

Then a+ b, a— b, ab, a/b, 4/a may be constructed by ruler and
compass.



Descartes’ method

» represent all lines by letters

» use the conditions of the problem to form equations
» reduce the equations to a single equation

» solve

P construct the solution geometrically

For examples, see Katz (brief), §10.2, or Katz (3rd ed.), §14.2



Algebraic methods in geometry: some objections

Pierre de Fermat (1656, France):

| do not know why he has preferred this method with al-
gebraic notation to the older way which is both more con-
vincing and more elegant ...

Thomas Hobbes (1656, England):

... a scab of symbols ...



The beginnings of calculus: tangent methods

Calculus:
» finding tangents;

» finding areas.



Descartes’ method for finding tangents (1637)

» based on finding a circle that touches the curve at the given
point — a tangent to the circle is then a tangent to the curve

P used his algebraic approach geometry to find double roots to
equation of intersection

» was in principle a general method — but laborious



Fermat’'s method for finding tangents

Pierre de Fermat (1601-1665):

P steeped in classical mathematics
» like Descartes, investigated problems of Pappus

» devised a tangent method (1629) quite different from that of
Descartes



Fermat's tangent method (1629)

Worked out c. 1629, but only
published posthumously in Varia
opera mathematica, 1679.

See Mathematics emerging,
§3.1.1.




