B5.2 - Sheet 3 APPLIED PARTIAL DIFFERENTIAL EQUATIONS

1. In two-dimensional steady homentropic gas flow, the velocity (u,v) and density p satisfy the
equations

(pu)e + (pv)y =0,
p (uuy 4+ vuy) + c(p)pe = 0,
p (uvg +vv,) + c(p)®py = 0,

where ¢(p) is the speed of sound in the gas.
Show that the system is hyperbolic if the flow is supersonic, i.e. if u? + v? > ¢

Also prove Bernoulli’s theorem, that the Riemann invariant
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is conserved along the characteristics dy/dz = v/u.

2. Reduce the following PDE to canonical form and then determine its general solution:

1
Yoty — 20y gy + 27Uy, = = (vPu, + 2°uy) .

3. Solve the PDE

Uggy + Ugy —2Uyy +1=0n0<2<1, y>0, withu=uy, =xo0ny=0.

4. Reduce the following PDE to canonical form:

Ugg + Ugy + Uyy = 0.

5. Consider the following system of PDEs for u(z,y), v(z,y)
2% yu, + 5xy2uy + 2x2y2vy + dzyu + 2 =0,
Yuy — 2°v, +u — 2zv = 0.

e In the region z > 0,y > 0, determine whether the system is hyperbolic, elliptic, or
parabolic.

e Show that the system is equivalent to a second order semilinear PDE.



6. Determine the characteristic coordinates £(z,y) and n(z,y) for the system
TUgy + Uyy =0
for the regions (i) x < 0 and (ii) z > 0.

7. (i) Show that, if
¢zm - ¢tt = f(l‘,t),

with
o=¢;=0 at t=0,

oz, t) = %//A f(z,t) dadt,

where A is a triangle which you should specify.

then

(ii) Solve
¢zz_¢tt:—1 in x>0,t>0,
with
¢p=¢;=0 on t=0, x>0,
and

=0 on xz=0,1%t>0.

Show that there is a discontinuity of magnitude 1 in §%¢/0z2 across x = t.

8. Find the Riemann function for the PDE
Ugy + YUz = f(2,y)
and use it show that the solution to the problem

Ugy +TYU, =0 in x4y >0,

u==x, u,=0 on z+y=0.
is

E 2 2 2
u(é,n) = —n+/ "Ry,
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