
B8.3 Mathematical Models for Financial Derivatives

Hilary Term 2020

Problem Sheet Four

Your grade will be determined from the best five answers to the first seven
questions.

1. The price of a share evolves according to

dSt

St
= µdt+ σ dWt, S0 > 0,

which implies that the share does not pay any dividends. There is a
constant, risk-free, continuously-compounded interest rate r. A non-
standard European derivative security is written on this share; in ad-
dition to paying the up-front price of the derivative the holder of the
claim must also pay an amount β Sα

t dt over each interval [t, t + dt)
during the life of the derivative.1 Let the derivative security’s price
function be V (S, t), for S > 0 and t ≤ T .2 By suitably adapting either
the delta-hedging or the self-financing replication argument, show that
V (S, t) must satisfy the partial differential equation

∂V

∂t
+ 1

2σ
2 S2 ∂

2V

∂S2
+ r S

∂V

∂S
− r V = β Sα.

(a) Assume first that β = 0. Find all separable solutions of the
form V (S, t) = f(t)Sγ where γ is a real constant. Assume that
f(T ) = 1.

(b) Find the steady-state solutions of this equation, that is, find so-
lutions V (S) that only depend on S. Assume here that α 6= 1,
α 6= −2r/σ2 and β 6= 0.

(c) Without doing the details, briefly explain how you would solve
the problem

∂V

∂t
+ 1

2σ
2 S2 ∂

2V

∂S2
+ r S

∂V

∂S
− r V = β Sα,

V (S, T ) = S3,

assuming again that α 6= 1, α 6= −2r/σ and β 6= 0.

1Here α is a real number and β has dimensions of [price]1−α/[time].
2This means that if St is the share’s price then the derivative’s price is Vt = V (St, t).
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2. Suppose that V (S, t) satisfies the Black–Scholes problem

∂V

∂t
+ 1

2σ
2 S2 ∂

2V

∂S2
+ (r − y)S

∂V

∂S
− r V = 0, S > 0, t < T,

V (S, T ) = Po(S), S > 0.

Use the chain rule to show that if F = S e(r−y)(T−t) (the forward price
of S over the time interval [t, T ]), t′ = t and V̂ (F, t′) = V (S, t) then

∂V̂

∂t′
+ 1

2σ
2 F 2 ∂

2V̂

∂F 2
− r V̂ = 0, F > 0, t′ < T,

V̂ (F, T ) = Po(F ), F > 0.

3. Consider the following perpetual American option problem. The op-
tion’s payoff is

Po(S) =

{

K − S/3 if 0 < S ≤ K,

0 if S > K.

Assume that the option value satisfies the steady-state Black–Scholes
equation

Lbs[V ] = 1
2σ

2 S2 V ′′(S) + (r − y)S V ′(S)− r V = 0, Ŝ < S,

where 0 < Ŝ ≤ K is the optimal exercise boundary and where σ > 0,
r > 0 and y > 0 are constants. The option satisfies the boundary
conditions

V (Ŝ) = K − Ŝ/3, lim
S→∞

V (S) → 0.

(a) Give a sketch of the payoff and option price as functions of S
and indicate where Lbs[V ] = 0, where Lbs[V ] < 0, where V (S) >
Po(S) and where V (S) = Po(S).

(b) Show that under the assumptions given above the quadratic

p(m) = 1
2σ

2m(m− 1) + (r − y)m− r

has two distinct real roots and only one of these is strictly nega-
tive.

(c) Assume that we have smooth pasting at Ŝ, i.e., V ′(Ŝ) = −1/3.
Show that this implies that

Ŝ =
3m−

m− − 1
K,

where m− < 0 is the negative root of the quadratic p(m).
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(d) Show that smooth pasting only makes sense if −1
2 < m− < 0.

(e) What is the optimal exercise boundary if m− < −1
2? Justify your

answer.

(f) Suppose that −1
2 < m− < 0, so that smooth pasting does give the

correct optimal exercise boundary. Suppose also that the holder
of the option decides that they are going to ignore the optimal
exercise boundary Ŝ and simply exercise the option as soon as
S ≤ S̄ where 0 < S̄ < K is chosen by the holder. In this case the
value of the option, V̄ (S, t), satisfies the problem

Lbs[ V̄ ] = 0, S > S̄,

V̄ (S̄) = K − S̄/3, lim
S→∞

V̄ (S) → 0.

Find V̄ (S) and show that

i. if S̄ > Ŝ then one could increase the value of the option by
decreasing S̄ (hint; differentiate with respect to S̄);

ii. if S̄ < Ŝ then there is a potential arbitrage in the price V̄ (S)
(hint; differentiate with respect to S).

4. Let T1 and T2 be given times with 0 < T1 < T2 and let α > 0 be a
given constant. A forward-start put is a European put option written
on an asset whose price is St, but where the strike is not given at time
zero, rather it is set equal to αST1

, where ST1
is the share price at time

T1. Find the option price for T1 < t < T2 and then for 0 ≤ t ≤ T1.

5. An up-and-out barrier put option is an option which has the payoff
of a regular put option provided the share price stays below a barrier,
B > 0, for the life of the option, i.e., provided St < B for all t ∈ [0, T ].
If at any time t ∈ [0, T ] we have St ≥ B the option immediately
becomes worthless.

(a) Write down the Black–Scholes problem for the price function of
this option assuming that the share price has stayed below the
barrier.

(b) Find the Black–Scholes value function for this option in terms of
a vanilla put’s value function assuming that the barrier lies above
the strike, 0 < K < B.

(c) Find the Black–Scholes value function for this option in terms
of the price functions for vanilla and digital puts assuming the
barrier lies below the strike, 0 < B < K.

(d) By analogy with the down-and-in call option, define an up-and-in
put and find a formula for its value in the case 0 < K < B.
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6. A down-and-out digital call option is a digital call option which be-
comes worthless if St ≤ B at any time during the options life, [0, T ].
Here B > 0 is called the barrier. If we have St > B for all t ∈ [0, T ]
then the payoff for the option is the unit step function 1{ST≥K}. If the
underlying share pays a constant, continuous dividend yield y, find the
Black–Scholes value of such an option if:

(a) the barrier is less than the strike, 0 < B < K;

(b) the barrier is greater than the strike, 0 < K < B.

7. If an option depends on a continuously sampled arithmetic average
of the share price we can write its price as Vt = V (St, Rt, t) where
Rt =

∫ t

0 Su du and at expiry the average share price is AT = RT /T .
The Black–Scholes equation for the function V (S,R, T ) is

∂V

∂t
+ 1

2σ
2 S2 ∂

2V

∂S2
+ (r − y)S

∂V

∂S
+ S

∂V

∂R
− r V = 0.

For t < T , find the solution of this equation if the payoff is

V (S,R, T ) = AS +BR+ C

for constants A, B and C. Assume that r 6= y.

[Hint: try a solution of the form V (S,R, t) = a(t)S + b(t)R+ c(t).]

Assume now that the payoff is RT = T ×AT . Explain how you could
perfectly hedge such a contract. Is your method independent of the
Black–Scholes equation?
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Optional questions

8. For t ∈ [0, T ] let St > 0 satisfy the SDE

dSt

St
= (µ− y) dt+ σ dWt, S0 = S > 0,

where µ, y and σ > 0 are constants. Let Mt denote the maximum
value of Su over the interval [0, t],

Mt = max
0≤u≤t

Su,

for all t ∈ [0, T ]. Show that

(a) Mt is a nondecreasing function of t ∈ [0, T ];

(b) Mt is continuous in t;

(c) Mt has finite variation (and hence zero quadratic variation).

Deduce that the covariation 〈S,M〉t, defined as

〈S,M〉t = lim
|π|→0

n−1
∑

k=0

(Sk+1 − Sk) (Mk+1 −Mk),

is zero for all t ∈ [0, T ]. [Hint: note that although St has nonzero
quadratic variation, and therefore infinite variation, it is nevertheless
continuous in t.]

(As always, the partition π is defined as an increasing sequence 0 =
t0 < t1 < t2 < · · · < tn = t, |π| = max0≤k≤n−1 tk+1 − tk, and we use
the shorthand Sk ≡ Stk and Mk ≡ Mtk .)

9. Time-dependent parameters.

Assume that the price of a share, St, evolves according to the SDE

dSt

St
=

(

µ̄(t)− ȳ(t)
)

dt+ σ̄(t) dWt,

where µ̄(t), ȳ(t) and σ̄(t) > 0 are known functions of time. Assume
also that the risk-free rate is a known function of time, r̄(t).

(a) Derive the Black–Scholes problem, for S > 0,

∂C

∂t
+ 1

2 σ̄(t)
2S2∂

2C

∂S2
+
(

r̄(t)− ȳ(t)
)

S
∂C

∂S
− r̄(t)C = 0, t < T,

V (S, T ) = (S −K)+,
(1)

for the value (function) C(S, t) of a European call option written
on the share.
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(b) Use the Feynman–Kac theorem to show that

C(S, t) = exp
(

−
∫ T

t

r̄(u) du
)

Et

[

(ST −K)+ |St = S
]

,

where St evolves as

dSt

St
=

(

r̄(t)− ȳ(t)
)

dt+ σ̄(t) dWt. (2)

(c) Deduce that the solution to (2) is

ST = St exp

(
∫ T

t

(

r̄(u)− ȳ(u)− 1
2 σ̄(u)

2
)

du+

∫ T

t

σ̄(u) dWu

)

.

(d) Hence deduce that for fixed t < T the solution of (1) is

C(S, t) = Cbs(S, t;K,T, r̂, ŷ, σ̂)

where

r̂ =
1

T − t

∫ T

t

r̄(u) du, ŷ =
1

T − t

∫ T

t

ȳ(u) du, σ̂2 =
1

T − t

∫ T

t

σ̄(u)2 du,

and Cbs(S, t;K,T, r, y, σ) is the Black–Scholes formula for a call
with strike K, expiry T , constant risk-free rate r, constant con-
tinuous dividend yield y and constant volatility σ.

10. A European log-put option has the payoff

VT =
(

− log(ST /K)
)+

(a) Show that if Su evolves as

dSu

Su
= r du+ σ dWu, t < u ≤ T, St = S,

then

prob(ST < K) = N(−d−), d− =
log(S/K) + (r − 1

2σ
2)(T − t)

√

σ2 (T − t)
.

(b) Assuming the underlying share pays no dividends, show that the
Black–Scholes value function for the log-put is

V (S, t) = e−r(T−t)
√

σ2 (T − t)
(

d−N(−d−)− e−
1

2
d2
−/

√
2π

)

.
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11. Let 0 < T1 < T2 and K > 0. A derivative security with the following
properties is written on a share (which does not pay any dividends
between time t = 0 and t = T2). If at time T1 the share price is
greater than or equal to K, ST1

≥ K, then the derivative security
becomes a European call option with strike ST1

and expiry date T2.
If ST1

< K, it becomes a European put option with strike ST1
and

expiry date T2. Find the Black–Scholes price function for this security
when T1 < t < T2 and then when 0 ≤ t ≤ T1.

12. Assume that the USD/GBP exchange rate, Xt, evolves according to
the SDE

dXt

Xt
= µdt+ σ dWt.

(a) Given that today’s exchange rate, at t = 0, isX0 find the expected
USD/GBP exchange rate E[XT ] at time T > 0.

(b) Find the SDE which the GBP/USD exchange rate, Yt = 1/Xt

follows.

(c) Given that Y0 = 1/X0 today, find the expected GBP/USD ex-
change rate E[YT ] at time T > 0.

(d) Show that, although XT YT = 1 for any T > 0,

E[XT ]E[YT ] = eσ
2T .

13. An investor has the choice of investing their wealth of 1 unit of currency
in either a risky asset whose price evolves as

dSt

St
= µdt+ σ dWt, t > 0, S0 = 1,

where σ > 0, or in a risk-free bond whose price evolves as

dBt

Bt
= r dt, t > 0, B0 = 1,

where 0 < r < µ− 1
2σ

2. The investment horizon is [0, T ]. The investor
decides to invest their funds in the risky asset, but is worried that
when they withdraw the funds, at time T , the risk-free bonds may
have outperformed the risky assets. So they consider the possibility of
purchasing a put option with maturity T to protect themselves against
this possibility. (They borrow money to buy the put.)

(a) What is the probability of the risky asset underperforming the
risk-free one, i.e, what is the probability that ST < erT ?

(b) What happens to this probability as T → ∞?

(c) What should the strike of the put be in order that the investor is
completely insured against the possibility of underperformance?

(d) What happens to the price of the insurance as T → ∞?
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