
137.3 Further quantum theory lecture 3 ④

Composite systems
Suppose two (non - interacting) quantum systems are to be considered together.

System 1 " K' } composite system←' N'

System 2- Hz

Hou do we describe this system ?

° For
any 14,

I c- H
. ,
141 c- Nz we should have a state 14,7--0141 = 14,

④Yet

° Take vector space FIN, , Nz) given by G
- linear combinations of these

.

( this is the " free vector space over
the set theHz

") .
c This overcounts , we need to make some identifications

.

° 114, to, ) ④ 424 ~ 14,
① Yz) t lol , ④ Yz)

is 14,
① Hat - 14, ④ Yz) t 14, ④ 427

° 124,
④ Ya ) ~ a 14, ④ Ya) n 14, ④a 427 Ha e d

° H
,
⑦ Nz I FIN,

-Nz )In

o Inner product inherited from N, d Nz :

o 44 ,
④ 42 lol . ④ old = TY lol

, 4211oz)

o Extend togeneral elements by lconjugate) linearity .

These conditions define the tensorproduct fly E Ll , Nz .
#

±
For Hilbert space tensorproduct, need to further take

"

completion
" with respect to inner product. This won't play any role for us .



Can also define tensor product in terms of orthonormal bases :

Let l dieIT be an orthonormal basisfor Ll ,
If jet} be an orthonormal basis for fl z

Then I aixop; ) form an orthonormal basis for Ll, ⑦ flz .

This is equivalent to the previous, abstract definition , so the apparent dependence on a choice of bases for fl,,z is immaterial .

when finite - dimensional

← t w

Can easily check now that dim (M ,
⑦Nz) = (din Th ) -- (dinND .

Cartesian Product

classically, one expects gatten E gastein = cant ,
in which case dimensionsadd .

It's the principle of superposition (ability to take arbitrary linear combinations of states) thatgives multiplicativebehaviour
.

Definition : a state howl is a decomposable tensor (also called a pure tensor) . (Note this is a
basis - independent property . )

A state that is not decomposable is said to be an entangled state.

The space of decomposable tensors in N,
① Uz is a (non - linear) subspace of dimension n t m - /

.

(The space of decomposable States in IP (H,
④HD is a subspace of the form PIN

,
) - PIND) .

" die
" in

' ' in
' '

PIN
.
) --Plude> PCH,

④Nz )
T

Segre embedding
Since ht m - I e n --m for

any n, me 2 , we see that generically states are entangled.



④Tensor products of qubits

The quantum system with ME Q2 is called a qubit (pronounced
"cube - it

") .
Denote orthonormal basis vectors I t> and I -7 (also see to> a 117

,
or It > and I

.

The two qubit system has HE EE EE Q
" with basis { I t tr

,
I t - s

,
I - t ? I - - t) .

If 14J = a+ + IttS t a + - I t -S t a
-+

I - to t a
- -

l - -T
,
can show (exercise ! ) that 147 is

entangled if and only if the determinant III: I to .

Abin entanglement
I t tr t I - -S

EPR state : I EPRY =

Tz (Einstein - Podolsky - Rose)

Suppose the two qubit system is distributed betaeen Alice
,
who holds the first qubit, and Bob who holds the second.

Alice stays on earth while Bob flies to a distant solar system .

Alice ¥9

: : : : ÷ : :: :
Now Alice performs a measurement to find out if her qubit is in the Ito or I - T state . (corresponding to, e.g. , the
Hermitian operator ft I ) .)

If she measures I tr
,
then the state "collapses

" to Ittr
,
at which point if Bob measures his qubit, he will

find Ito with 100% certainty, and likewise for l-S if Alice's measurement finds I -7 .

EPR dubbed this
"

spooky action - at- a -distance
"

,
and took it as a sign that there must be additional

"hidden variables " which
dictate in advance which of the two possibilities is realiced.

Notice that although after Alice's measurement, Bob's result is assured , he can't know what the (certain) result will
be unless Alice makes contact by conventional means .

No instantaneous communication (of. . " No communication theorem") .
(The model of hidden variables proposed by EPR uae subsequently ruledout experimentally using something calledBell 's inequalities. )



Some other cases ④

① Internal degrees of freedom

If HE WAR) and NE El with orthonormal basis life , . . .. . , then a general state takes the form

147 =
.

14in④ it (so fl , HE heard")
no

= fax Yi ro Ix ④ it
-

re

= (¥! ) , fait! hostages;Individual component wave
functions

g as some entry is nonzero

This is the kind of Hilbert space we will use to describe a particle with an internal label that takes one of n values

( in particular, in the case of spin ) .

121 Multiple particles
Now H

,
I tellRI

,
NE EUR) → fl , ⑦HE 124122 )

x x

can see this easily in termsof µy = ffdxdyyrx.gl K⑦YTposition eigenstates :

- x - x

In this case, caveat involving completion cith respect to inner product is necessary .

More generally , (L2 F
"

⇐ HARD
,
so cave functions for multi -particle systems are as one

would expect; squared- normalizable functions of all particle positions .


