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3 Further QuantumTheory Lecture 8 ④
When combining angular momenta, we have two natural bases :

I ji , m , i ja, ma) diagonalize (J
"'t
, JT,

" 'Y
, J} '

l ji , j z j J,MY diagonalize (J 't't'T
,
J't't' ,

"Y
,
(JW)
'

In practice, it is useful to be able to move back and forth between these bases . Thus we need the
expansion of a given basis vector of one type in terms of the other basis

.

I j.jo ; J, M ) = -% Cj ,,jzfJ,Mj mi , m) l ji , m , jjz , Mz)

The numbers Cj , ,jz (J,Mj M, , Mz ) = Tj , , m , jjz, ma l ji , ja ; T, M } are known as
"

Clebsch - Gordon coefficients "
. By their definition, these coefficients satisfy a numberof important properties :

v. orthonormality : ,¥ Icj . ,j , IT, Mjm , ma) / ! I = ⇐ (Cj . .j , IT,Mimi,ma) /
'

ja

is TJ . M l J 's M 'T = G. Form
, ,y
-
= I

"j.
IT, Min,.ms/Cj..j.fJ5M'jm..mz)Mz---jz

° Em
. .me/mi.mI7--dm..midm..mz-=,qCj..j.fJ.Mim..mDCj..jafIM ; mi, ma'#

° selection rules : Cj , ,j , (J, Mj m , ,m,) = 0 unless M=m , tmz & ljrjzl E J Ejitjz .

How well -defined are these ? Suppose the basis Ij . . mis ja ,ma ) is fixed . For each

J = Ij . -jzl , ljrjzltl , . . .

, jitjz- I, jitjz we have a phase freedom in defining Ij . ,jzjJ, J) . But remaining
States in irrep are fixed by J

"
1J
,
MY = tVJrTto-Mh IT

,
M - t )

.

There are some standard conventions
.

First of all : l J -- j . tjr, M
-

- j . tjz ) = lji.j.jjz.jo)

-

Nou acting af I : IT, J- It = / lji.jijja.jo- t ) t Ij , ,j , - l ; jz.jo

-

Need to pick orthogonal state for ljitj . - I , jitjz - id=/ ljnjijjzjz- t ) - fj.IT?lj..ji-ijjz.jz )
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,

his If
a"
If
.
aqgedc.IE?a?enfg?ention . sometimes called the

"

Condon - Shorty convention
"

,
to ④

In general, I j . .Ja j J, J ) = C
,
I ji ,j , ; jz.J-j.tt Cz lji ,ji- l ; ja , J-j it 17 t - - - t Cj. + , Ij . , J-ja ijz ,j z)

(
we demand this coefficient be positive (and in particular real) .

With these conventions
,
all CG's are real, and there's an additional symmetry

Cjjz IT, Mimi, ma) = f- ' I ' " Cj . .j , IT, Mj man. )

Can compute by hand , but also easy to look up in tables (in Weinberg , for example) .

Back to spin
-

'
z

: I 1,17 = It
,
t ; I , t) - - - - - - → C

; ± It , l ; I , t ) = I

11,00 -- fell 's
.
's ; I . -t ) H 's

.

- t it
.

'
z) ) → Ct

, { It , Oi t.t.tt/--fz
11
.

-It. It
.

- t it ,
-H - - - - - o G. ill . - l ; - I , -II = I

10 , o > = t ft 's. I ; t . -t ) - It . - t ; E. '
z)) → C

:{ lo, o ; t. I , It) = ± t

Easy to check all the properties mentioned before .

Comment : from the CG's , one can form some very interesting objects called Wigner Jj -symbols

( In
,

Jn ; I;) = Cj . .j, lis . -no : m" Ma) = Cj.jo/o.o;ms.-mDCj..jzfjs.-nsjm..nJ

These describe how to combine three spins to get a spin - zero object . These objects have truly remarkable
symmetries :

ki in:L -- f: I :) -

- root K : in :)
= e. pits

'

His hi: in; )

r: : :: -

- ri:* : n
.

'

÷:::

= f. , pitjatjs (t b' ztjstm ,) I fjitj, try) I fjitjztng)
j , - I fjatjo-mi) j z - I fjitjs-nd j , - I fjitjz-%

Altogether. there are FL symmetries of these symbols !



ftp.sotgemndaaedhiamupeleffetgtifanniqfnitahnese ideas is to the study of Hydrogen and similaratoms. Recall that for
⑤

Hiya, = III - 4t111

acting on wave functions in IR? You studied the stationary states for this model in partA , where you
found

/
y

Hn! = fn.eu Yen ra, o_0 En -- FF ,
E -

- III.
a
fa=4tI )

We won't revisit the derivation now (all the hard oak is in finding the Fn,err) 's) . Instead , let's look at
the incorporation of the spin of the electron .

Electrons have spin
- I , so the true Hilbert space here is LNR

' ) Nsp... E links) ① liras )

147 e- (Yj!!! ) = 14+-0 s -- I ) t 14
-

④ s --⇒

Our Hamiltonian ffor now) has no dependence on the spin of the electron , so we are just
introducing a 2 -fold degeneracy into the system, and ve have a basis of stationary States

h = I
,
2
,
. . .4

Ms
= Yn?I Ir, o. d) ④ Ims ) e -- o . . . .

.
n - i

m
'
= - l

,
- l t l

, . . .

,
l- I
,
l

Ms = -k
, Yz

However
,
the more natural basis will be the one where are add orbital and spin angular momentum, diagonalizing

Iitot ' = k tf (the square and the S- component)
So we define a new basis of spinfangirl or wave functions

¢e?j= Ice
,
!j , mom 's Ms ) Yen 're, Helms )

m
'
, Ms

m'tMs = m

Here we have j -- et
'
z for l71 (j -- I for l-- O) by addition rules . Then the new basis of stationary

States is given by
Un

,
em
,

= fn
,
err) Ole,j

me;
+0 states in orbital

For agiven n
,
e
,
I j , this collection of states is known as the nlj orbital, with an alphabetical

replacement for l :

l -- o → s
"

sharp
"

l -- I → p
"

principal
"

1=2 -0 d
"

diffuse "

l -- I → f " fundamental "

i
,

g :



④
There is a lot of degeneracy amongst these states .

2 states

E ,
l Sir

,- G states-1
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F-2/2 Sh ! 2pm ! 2pm ! i-ios.Y.es -i

;Eg T s re i 3pm i Tp -

ve
' Idk i Td5k . i- in states -1

i i i ! i :

Ey 4 sin i 4pm i 4pm i 4dg
,

i 4dsa ! 4free ! 4far
, i r i i i
t

g r t i t
Lamb finest. Lamb finest lamb finest

Two remarks :

i> The Hydrogen Hamiltonian is an idealization i we expect real Hydrogen atoms to be more complicated.
This leads to corrections to H that shift energy levels.

° fine structure : j - dependant splitting
a lamb shift i l- dependant splitting
° hyperfine structure : extra bifurcation due to nuclear degeneracy .

° Gives the extra degeneracy, could there be a symmetry explanation ? Yes ! Itturns out that
for Hydrogen can arite I = AtE where A 2 Be each obey A.H .

commutation relations
.

n -- l : H ! E Je? ① Hbo

n-- z : H! EH ! E fl!①H'I
n-- T : Jl ! ④ Ll ! toll ! E Haz eHitz

etc
.

Explains degeneracy amongst different l- values ! this extra symmetry is, ofcourse, broken by
corrections . ) This also leads to a completely algebraic derivation of the spectrum !

Keywords : ( Laplace -) Runge- Lenz vector.

I've mentioned the idea of incorporating
"small corrections " to the Hamiltonian

.

Our task next week aill be
to develop this notion in the form of " time-independent perturbation theory

"
.


