Nonlinear Systems HT2020 — Sheet 2

. Consider the equation
P=w-—2zx+ 2>

where w > 0 is a parameter.
(i) Show that the evolution of x conserves a form of the energy and identify the potential
function.

(ii) From the potential function, sketch the phase portrait for w = 0. Identify important
orbits.

(iii) What happens as w increases? Find the critical value w such that the system does not
support any periodic orbit.

. Discuss the stability of the equilibria and limit cycles of

T = —y-+zsinr,
Yy =2a+ysinr

where 72 = 22 + 2.
. The complex Landau equation
5 =az — b|z)?z,

arises in nonlinear stability theory. Here z(¢) is complex-valued and a, b are complex numbers
(assume that Re(a) > 0). Write the equation as a system of two real equations for r(¢) and
0(t) where z = r(t)e'?®. Discuss the existence of periodic solutions in terms of the constants
a and b.

. A simple model for the motion of a glider is given by the equations

y = —sinf — ay?,

: 0
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where y is the velocity, 0 is the angle between the glider and the horizontal, and a is the ratio
of the drag coefficient to lift coefficient. For a = 0 show that V = 3 — 3y cosf is a conserved
quantity and sketch the phase portrait. Interpret your result (What does the glider do? What
is its path?).

[*] For a > 0 (positive drag), linearise the system around its fixed points and discuss the
stability. Again, interpret the results in terms its motion.

. Consider a vector field x = f(x), x € R". Assume that H = H(x) is a first integral (H = 0).
Let xg be a fixed point. Prove that if x¢ is a nondegenerate minimum of H, then xg is stable.

. Show that the origin is a stable point of equilibrium for the nonlinear system

T =19y— 3,
y = —$3,
but that it is an unstable point of equilibrium for the linearized system there [Hint: Consider
Lyapunov functions of the form V' = 2™ + cy" ]
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7. By using ideas similar to Lyapunov’s method, show that all trajectories of the Lorenz system

t=o(y—x),
y=pr—zz—y,
z=uxy— Bz,

eventually enter and remain inside a large sphere S of the form 22+ y? + (2 — p—0)? = C, for
C sufficiently large.

8. Consider the system

i = zy + az® + xy?,
y = —y + bx? 4+ 2%y.
(i) Use an analysis of the dynamics on the centre manifold to show that the origin is asymp-
totically stable if @ + b < 0 and unstable if a + b > 0.
(i) What happens if a + b = 07 Is the origin stable or unstable?

9. A point p is non-wandering for a flow ¢ if, for any neighbourhood U of p, there exist arbitrarily
large times ¢, such that p;(U) NU # (. A set Q is non-wandering if all points p € ) are non-
wandering.

0

Find the non-wandering sets for the following flows, defined for z = € on the unit circle S*

by

(i) @ = pu—sinf, [Hint: consider p < 1, p =1, and p > 1].
(ii) 6 +sinf = 1/2.

10. Let V be a C"(r > 1) function of x € R™. A gradient vector field is defined by
x = -VV(x)

(i) Show a gradient vector field cannot have periodic or homoclinic orbits (Hint: Use V' (z)
as a Lyapunov function).

(ii) [#] Show that the non-wandering set of a gradient vector field contains only fixed points.
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