C7.5: General Relativity I
PS4 Answers

1. Kepler’s 3rd law

What is the physical meaning of the coordinate time ¢ in the Schwarzschild solution?

The coordinate time ¢ is the proper time of a stationary observer at spatial infinity (r — 00).

Show that the proper time 7 of an observer on a circular orbit at radius R and the coordinate

Ayt
dr) 1-3M/R’

The observer follows a circular geodesic, so £, FF and J are conserved and the geodesic

time ¢ are related by

equations are satisfied with 7 = # = 0. The geodesic is timelike so £ = —1 which gives
—1=—fi2 4+ 42 4242 (1)
where f =1—2M/r. The r equation of motion is
2f Vi — AMrT2f 72 = —2Mr 722 — oM 2202 4 2r 2.
As the orbit is circular, this simplifies to
rd? = Mr22. (2)
Substituting this into (1) and setting » = R and 7 = 0 gives

—1=—ft2+ MR {2
= i+ 2MRY? + MR '
= —{* + 3MR™ ',

po(dy 1
\dr/) 1-3M/R’

and rearranging we have

Using this result, show that



for a circular orbit at radius R.

Simply rearrange (2) to get
(3-8

2 \dt)  R¥

2. Stability of circular orbits
Consider a time-like geodesic in the Schwarzschild geometry that is a small perturbation from a

circular orbit at radius R in the equatorial plane § = 7/2

r(7) = R+ (7).

Show that the perturbation must solve an equation of the form

£+ f(R)e =0,

and find the function f(R).

Start from the orbit equation for a timelike geodesic

E?-1 1
M J? B M J?

Vi ==—"tg2 " s

Using this or the r equation of motion, upon taking an r derivative we have

-
- or

M J? M J?
STeEtTE T

Let 7 = R 4 ¢ and work to order O(g). We then have

o1 M 12 3 M
~ R?(1+¢/R)? R*(1+¢/RP® R*(1+¢/R)*
M J? 3M J?
~ = (1= 2¢/R) + 55(1 = 3¢/R) = == (1 — 4¢/R).

The terms at zeroth order in e vanish for a circular orbit (as # = 0 for the unperturbed

solution). The remaining terms give

. oM  3J? 12MJ?
T\®m T wmtTTr )¢




From the previous question, for a circular orbit we have

g . do\*> M
Poomgm, ()2

which together give
. M -
= 51— 3M/B)
so that J? is given by
J? = R'$* = MR(1—-3M/R)"L.

Using this in the equation for € gives

o M1-6M/R_
 R31-3M/R™
Thus the function f(R) is
M1-6M/R
JR) = Fa1= 3M/R’

Plot this function, showing clearly its asymptote and intercept. Hence, re-derive the fact
that circular orbits only exist if R > 3M and show that these orbits are stable if R > 6M.

The function f(R) looks like

__:;';,v:_,,a,',,,,,,,,,, S l . T Ty o |

We just found that
J? = R*%? = MR(1 —3M/R)™1,

so J is real and finite only for R > 3M. Circular orbits can exist only for R > 3M. For
these orbits to be stable, small perturbations must remain small for all time. The equation
£ 4+ f(R)e = 0 has oscillatory (stable) solutions for f(R) > 0 and exponential (unstable)
solutions for f(R) < 0. Thus we see stable solutions exist only for R > 6M.

3. Meaning of E

Consider a stationary observer at radius R in the Schwarzschild geometry and a massive test

particle moving on a time-like geodesic z%(7) that intersect at some point P. Show that the



stationary observer measures the energy per-unit-rest mass of the test particle to be
\/1 2M
7 b

A stationary observer O has 4-velocity u® = (u°,0,0,0) with

gauub = -1 = u®=(1-2M/R)"V2

The test particle has 4-velocity & = (£, 7, 0, gf)) in this frame. The observer O measures the

energy per unit rest mass of the test particle at P to be

Eo = —gapu’d®|p
= (1 —2M/R)u’#°
= (1 —2M/R)"/%.

Let the test particle and the stationary observer have relative velocity v at the point P.

Explain why
2M .
=4/1—-—1.
Y(v) =/ 7

Ep is invariant and does not depend on the frame we use. In particular, we can go to a local
inertial frame at P in which the observer O is stationary (u* = (1,0)) and the test particle
is moving with velocity v (#’# = v(v)(1,v)). In this frame we have

5(9 = —TIMVU/HZ"/VLD
= 7(v).

Thus we have

Now derive an expression for the conserved quantity E. Expanding this expression for large
distances (R > 2M) and small velocities (v < 1), show that E is approximately the sum of the
rest mass, kinetic energy and potential energy.

The conserved quantity E is

E=(1-2M/R)i
= (1-2M/R)"?y(v)
= (1—2M/R)"*(1 — )72,




We then expand for large distance and small velocity to give

E=(1-M/R+..)1+3v"+..)

This is a sum of the rest mass, kinetic energy and potential energy of the particle per unit

rest mass.

This is an approximate characterization of the conserved quantity E. To find the precise
meaning, suppose the stationary observer converts the energy measured into a photon and sends
it out to another stationary observer at » — oco. What is the energy of the photon measured by

a stationary observer at infinity?

Consider a second observer at spatial infinity who measures the energy of the photon to be
€. This is related to £» by the usual gravitational redshift as

2M
o =E0 X1 — —

So the conserved quantity F is the energy of the test particle as measured by a stationary

observed at spatial infinity.

4. Acceleration

Observers not freely falling experience acceleration forces. This is encoded in the acceleration
4-vector A% = VPV, V® where V¢ is the 4-velocity. This measures the failure of the corresponding
curve to be a geodesic.
Consider a stationary observer at radius R in the Schwarzschild geometry and show that
their acceleration four-vector is
A= (0,m/R?,0,0).

You will need to compute the Christoffel symbol I'";; for the Schwarzschild metric from the r

equation of motion.

A stationary observer has 4-velocity

Ve =((1-2M/r)""2,0,0,0).



The 4-acceleration is

A* = VPV, Ve
= Vv, ve
= Vo,V + T,V
— (Vt)QFatt-
Only the ¢ = r component is non-zero and this can be read off from the r equation of

motion as

This gives

with zero for the other components.

Now compute the proper acceleration a = (gabA“Ab)l/ 2. Which of these results is more

physical?

The proper acceleration is

a = (gapA" A"/

oM\ V2 M
(-2
T T

We can relate this to the acceleration measured by the stationary observer in their own
local inertial frame as follows. In the rest frame of the stationary observer, its 4-acceleration
is given by

A" =(0,d,0,0),

where the acceleration measured is in the radial direction. This is what we might think of
as the physical acceleration. Now note that there is an invariant which isolates a’ as

AT AY = gy ATA"

=

-1
P 2M> M?

so that a = a/. Note also that we must have A" = (0,d’,0,0) with a positive sign due
to the equivalence principle. A stationary observer at r is in a gravitational field acting
radially inwards, so to remain at a fixed value of r the observer measures that they are

being accelerated radially outwards!

Show that this agrees with the Newtonian expectation for » > 2M and that stationary



observers can only exist for R > 2M.

For r > 2M, to leading order in 2M /r we have

r r2
( M)Ml
~ (1422 ) 25
r ) oror
_M
=5

which is the usual Newtonian result.

For r — 2M from above, we have a — co. As the observer approaches the horizon, it
measures an infinite acceleration in its own rest frame. There are no stationary observers
for r < 2M.

5. Capture by a black hole

For geodesics in the Schwarzschild solution

E? — 1
Rf,fz

where ) )
kM J MJ
Vir)=-—~+53~" 3"

with k = 0 for null geodesics and k = 1 for time-like geodesics
In this question we are interested in when incoming geodesics will be captured by a black
hole. For such problems it is convenient to define the impact parameter b by

a) Massless particle

First consider an incoming null geodesic. Show that a massless particle is captured by the
black hole if the impact parameter b is smaller than a critical value b.. Show that the capture
cross-section o = mb? is

o = 27nM?.

A particle will be captured if it has sufficient energy such that 72 > 0 at the maximum
of the potential. Given that < 0 for an incoming particle, this means it will pass the

potential barrier and head towards r = 0.



The maximum of the potential is at

J? MJ?
/
0=V'(r)= —T—3+37T4
U
Tmax — 3M.

There will be capture if E2/2 > V (rmax). The value of V at the maximum is

J2

V(Tmax) - W

There will be capture if E? > .J?/27M?. Rewriting this in terms of the impact parameter
b= J/E we have
b? < by = 2TM>.

crit —

The capture cross-section is

o = mbly, = 27w M?.

cri

b) Non-relativistic massive particle

Now consider an incoming time-like geodesic. We will assume that the massive particle starts at
r = oo with non-relativistic velocity v < 1 measured by a stationary observer. Explain why

J
b= E_FO(U)’

and draw a diagram explaining the physical significance of the impact parameter in this case.

Recall from question 3 that the conserved quantity F is given by
M
E~1+ %’U2 - —,
r

for v < 1 and r > 2M, where v is the velocity measured by a stationary observer at radius
r. Consider an incoming particle with velocity v < 1 as measured by a stationary observer

at spatial infinity. We then have

E~1+ 1 + O(v?h)
4
VE2 —1~v+ 0.

The impact parameter is then

—
E?—-1
J
= —+0(v)




In the limit v < 1, the proper time of the particle at spatial infinity reduces to the coordinate
time t. Thus J reduces to the usual classical angular momentum per unit rest mass with b
the impact parameter:

J=ryv, b=r,.

J .= Ty v

e e - & ®

[ -

e

Show that the massive particle will be captured by the black hole if the impact parameter b
is smaller than a critical value b.. Show that the capture cross-section ¢ := wb? is approximately

o =167 M?/v>.

For capture of a massive particle we want

E?—-1
2

> V(Tmax)7

so that there is still some inwards radial velocity at the maximum of the potential. This is
difficult to do in general, so we use the non-relativistic approximation and E? — 1 ~ O(v?).
The capture condition is then V(rmax) < 0 to order v. Given the graph of V(r) has a single
maximum at ryax where V(rmax) approaches zero, we can simply require that V' (r) has no
real root (and a single real root as V (rpax) — 0). We have

M J* MJ?

Vi=-"rtes =3

2
L <—r2M + r‘% — MJ2> :

r3

For a single real root, the descriminant of this equation must be zero (“b?> — 4ac = 0”). We

have
J4 9
0= T —4(=M) (=M J*)
J4
= _4M?J?
1 J
I
J=4M

For V(rmax) < 0 we then have J < 4M. If this holds, the particle will be captured. Using




this, the critical impact parameter is then

AM

bcrit =
v

The particle will be captured if b < bit. The capture cross-section is

2

6. Einstein equations in cosmology

The FRW metric in coordinates (7,1, 6, ¢) is

ds® = —dr? + a(r)?dXfy),
dr?

2 102
71—kr2+r dQ

2
d2fg) =

Using this metric, show that the Einstein equations in the presence of a perfect fluid imply

d\?> 8rp k a”’ 4
ey e Fe 4 T, 3p),

A perfect fluid with 4-velocity u® has stress tensor
Tap = (P + p)tats + PYab,
where u® = (1,0,0,0) in a comoving coordinate system. Let the FRW metric be
ds® = —dr? + a(1)?gi;dz'da?.

Here g;; is maximally symmetric (and x' are not the usual Cartesian coordinates unless we
have k = 0). Using the geodesic equation, one finds the non-vanishing components of the
Christoffel symbols are

/
. ~ . . a .
% 7 % ) 0 /o~
ij:Fj]C, Fj(): E(Sj, T ij :aagij.
The non-zero components of the Riemann tensor are then

a/

!
Rjo'o = _35;’ Ryj*i = Ry™i + a” (67 Gi; — 67 Ga),

where the form of Rijkl is fixed by maximal symmetry to

Ryj*i = k(67 Gij — 65 gar)-

10




The non-zero components of the Ricci tensor are then
a// CL// a/2 Qk
Rop = —3—, Rij = < +2—+ 2) 9ij>
a a a a

and the Ricci scalar is 6
R= g(aa" +d? + k).

Putting these together, the Einstein tensor has components

a? ok
Go=3—+—=
00 <a2 + a2> )
24" a2 k
Gij:—<++ >gij,

a a?  a?

Goi = 0.

Using these in the Einstein equation Gu, = 87T, then gives

a? k
2a// a/2 k

ij : —<+2+2)=87rp.
a a a

The first of these matches the first equation in the question. The second matches the second
equation in the question on eliminating the (a’/a)? term using the first equation.

Multiply the first equation by a?, differentiate with respect to 7 and eliminate a” using the
second equation to show that

/ a

Start with
8mp
2 2
=—a"—k
3 a
U
2d’a" = 8—Wp'a? + 287T—paa’ -0
3 3
4

/ a
0=p+3_(p+p)

Derive the same equation directly from the local conservation of energy and momentum

VT, = 0.

11



We start from

VT, = 0
=V ((p+ p)uaup + pYab)
= Vp+ pluquy + (p + p)Veuqup + (p + p) w1y, +Vpgap + 0 N*9a5

geodesic metric
= u"Va(p+ plup + (p+ p)Vau'uy + Vop
w0y (p + p)up + (p + p)(Ogu® + T et up + Opp.

Now set b = 0 and use u® = (1,0,0,0) in a comoving coordinate frame (such as that in
which the metric takes the form ds? = —d72 +...)

VT a0 = udo(p + p)uo + (p + p)(Qou’ + T0u’)ug + dop
=—p —p =@+ %0+

/

/
Qa .
P =0 = (p+p) i+
/

—p' =3(p+p)

0,

a

which is the same equation.

7. Cosmological constant

A cosmological constant A modifies Einstein’s equations as follows

1
Ry, — igabR + Agab = 81T up-

Show that the cosmological constant is mathematically equivalent to a perfect fluid with density
pa = A/87 and pressure Py = —A /8.

We have
Gab + Agab =81y
I3
A
Gab =37 (Tab - 89ab> 5
T
so that A
T(;}) = _8771_9(117'
For a perfect fluid we have
T = A A
00 =P = 87r900 =8

12



As Té}) has only a g4, term, we must have p = —p.

Hence show that for cosmological solutions we have

Jd\? 8mp kA a”’ 47 A
Ty =P s s T3Py o
<a> 3 273 q g (P3P +3

Pressure and density are extensive so add the contribution of a cosmological constant into
the equations for a’ and a” derived in the last question to give

d\?> 8tp Ak a”’ 47 A
ay =y 5 8 T, p3p 2
<a> 3 737 a 5 (Pt S7)"

which are the sought after equations.

In an expanding universe with contributions from pressureless matter, radiation and a
cosmological constant, which contribution will dominate the energy density at a) early times;
b) late times? Consider a universe with a positive cosmological constant: how does the scalar
factor a(7) behave at late times? Does this universe have a future horizon?

In an expanding universe where a’ > 0 we saw in the lectures that the density of pressureless

3

matter, radiation and a cosmological constant go as a~3, a~* and a®. At early times (where

a is small), the a=* contribution will dominate — the universe will be radiation dominated.
At late times (where a is large), the constant contribution will dominate — the universe will
be dominated by the cosmological constant.

With & = 0 and a positive cosmological constant, A > 0, we have
Jd\? A
('~

Define the conformal time as
dn = a ldr ~ ef\/r/gTdT.

A future horizon exists if 1 does not continue to +oc or equivalently if the following integral

converges

Noo — Nrt ™~ / eV A/gTdT
~ _#efw/A/ST’O?
/r T

~
w

~ _;(1 — e VAT,
JAT3

13



This does indeed converge to a finite value, so there is a future horizon.

8.* Conformal transformations

A Weyl transformation of a spacetime is one where the metric g, of the original spacetime is
transformed into the metric g, of a new spacetime, such that they are related by

gab = QQQaba

where € is a function of the spacetime coordinates z*. Compute I'%, and show that T'%,. = %,
if and only if € is constant.

We use §*° = Q72¢% and the formula for the connection coefficients

T = 23°U(ObGea + Ocdba — adve)

= 10726 2 gea + Q*0egbd — 20aghe + 9edOpQ* + GoadcQ? — g4042?)
= 19U (Opged + Ocgba — Oagbc) + 29" (9eadb + gpaOet — Goc0a?)
=T%c + Q1 (9"9ca0Q + 990402 — 9"94:0402)

=% + Q7 (5202 + 570 — g, 0° Q).

Thus the coefficients agree if and only if €2 is constant.

Suppose in the original spacetime one has a solution to the source-free Maxwell equations
VoF® =0, ViFy=0.

Show that F,; is also a solution to the source-free Maxwell equations in the new spacetime with
metric .5 (with a corresponding connection @a) provided spacetime is four dimensional. You
may wish to use 'y, = (—g)~/20,(—g)"/? where g = det gy

Note that F,; is a solution in both spacetimes but the tensor with the indices raised is
different for each — F% = g Fy; while F® = go¢gbdFy ;. First note that the expression
for the trace of the Christoffel symbol allow us to write

1
V. T% = ﬁaa(xﬁ—gwb),

14



where T% is an arbitrary antisymmetric tensor. The first equation can the be rewritten as
Da(y/~GF)
=0V —35" Fea)
1

= maa(QDv —99_49acgbchd)
_ 1 D—4 /— ab
—79[,\/_798@(9 V—gF*)

1
S
V=4

from which we see F; solves the Maxwell equations in the new spacetime (given that it

1
V=g
1

VP =

a a 1 —
8@(\/_gF b)+F b@aaQD 4,

solves it in the old spacetime) provided D = 4.
Let 1'%, = "y + A%,., where A is symmetric on the lower indices. The second equation
is
VieFbg = ViaFoq — A% Flaq — A%ecFya
= ViaFog + A Faa + A% Faa
= ViuFyq + 24%F
= Vo Fpqs

where the final term drops out as A is symmetric on the lower indices.

The metric for a flat FRW spacetime (k = 0) is sometimes written as

2/3
ds? = —dr? + <T> (d2? + dy?* + d2?).

70

Show that this spacetime is conformal to Minkowski spacetime.

We rewrite the metric as

Defining

we have
ds? = a(1)? (—dt* + da® + dy* + sz) .

We see this metric is conformal to Minkowski spacetime with a conformal factor Q(¢)? = a(7)2.

15




This conformal factor is defined by

~1/3
dt = o ldr = <T) dr.

70

Integrating both sides we have
t= %7‘2/37'3/3 -+ ¢o,

where the constant of integration can be set to zero by shifting the origin of t. We then have

70

Using this, or otherwise, find a formula for the cosmological red shift of light emitted by a
galaxy at 7 = 71 and measured by an observer at 7 = 79. Assume both the source and observer

are comoving.

Light travels on null geodesics with ds? = 0. In the conformal coordinates we have
Q?(—dt* + dr?) = 0,
where dr? = da? + dy? + dz2, so that dt = dr for light. In other words
r =t + const.

Let the light source be at the origin and our observer be at a position r, both at rest
with respect to the comoving frame with time 7. Using the same argument as in the lectures,
one finds that the time interval between two consecutive waves is

dTsource = @ (Tsource ) dt,

dTobser = @ (Tobser ) dt,

so that

1/3
Aobser . dTsource . Q(Tsource) . <Tsource> /
Asource dTobser a(Tobser) Tobser

The red shift is then

2= — =

A)\ )\ObSCI‘ - )\SOHI'CB — <TSOU.I'CG>1/3 _ 1
)\ /\source

Tobser

A slicker way to get to this answer is to note that as a Killing vector has a corresponding
conserved quantity on geodesics, a conformal Killing vector corresponds to a conserved
quantity on null geodesics. A conformal Killing vector is one that satisfies

V(oK) = f(2)gab

for some function f(x). For the metric at hand, one can show that K = 9; = a(7)0; is a

16



conformal Killing vector, and so we have a quantity K,2% that is conserved on null geodesics.
This gives

K%ai? = —a(1)w(t) = const,

where w(7) is the frequency of the photon traveling on the null geodesic.

9.* Energy conditions

The weak energy condition (WEC) requires that any stress-energy tensor must satisfy
Tt >0,
for all timelike vectors t®. Show that for a perfect fluid the WEC implies
p>0, p+P>0.

What type of matter would violate the WEC?

The stress tensor for a perfect fluid is

Top = (p + p)uan + PYab-

Consider T,t*t® for some timelike vector t*. In the local inertial frame comoving with the
fluid (in which u* = (1,0,0,0) and g, = 14p) We pick

t* =y(v)(1,v,0,0).
Expanding out we find

Tut"t" = (p+ p)7* = p
=%(p+v7p).

This must be greater than or equal to zero for all 0 < v < 1. For v = 0 this implies p > 0

and as v — 1 we must have p+p > 0.

The strong energy condition (SEC) requires that any stress-energy tensor must satisfy

Toptt” > 371",

for all timelike vectors t*. Show that for a perfect fluid the SEC implies

p+P>0, p+3P>0.

17



In the local inertial frame we have

T% = (p + p)ugupn®™ + pnan™
=—(p+p)+4p
=3p—p.
The SEC is then

0 < Typtt® — 17t
<(p+p’—p—5Bp—p)(-1)
<(p+p)V’+350-0p)
<7’ ((p+3p) +v*(p—p)).

As this must hold for 0 < v < 1, we get

p+3p=>0, p+p=>0.

Does the SEC imply the WEC? Is the SEC satisfied for a flat FRW universe with a positive
cosmological constant?

The SEC does not imply the WEC. Small negative p with large positive p obey the SEC
but violate the WEC. Conversely, positive p with negative p where 3|p| > p obey the WEC
but violate the SEC.

A flat FRW universe with a positive cosmological constant A has py = A/87 and pressure
par = —A/8m. This does not obey the second condition of the SEC.

Starting from the Einstein equations, show that the SEC implies
Raptt® > 0,

where Ry, is the Ricci tensor.

The Einstein equations are
Rap — %Rgab = 87 Lap-

Contracting with gq; gives

R—4iR = —R = 8r1T%,

D=

allowing us to write
Ry = 87T(Tab - %Taagab)-

Contracting with an arbitrary timelike vector t®, the right-hand side of this expression is

18



greater than or equal to zero due to the SEC. This implies

Rapt®® > 0.

10.* Cosmic strings

Consider a static, infinitely long, cylindrically symmetric matter distribution of constant radius
that is invariant under Lorentz boosts along the symmetry axis. Using similar arguments that
lead to the Schwarzschild solution, show that the metric outside the matter distribution can be
written as

ds® = —dt? + dr? + (a + Br)*d¢? + dz?,

where r is the radial direction, z is the direction along the symmetry axis, and « and [ are

constants.

This follows the derivation of the Schwarzschild solution closely. The idea is to start with
an ansatz for the the metric that incorporates rotational symmetry in the ¢ direction,
translation symmetry in the z direction, and no time dependence so that we have

ds?* = —A(r)dt* + B(r)dr? + C(r)d¢? 4+ D(r)dz>.

Off-diagonal components in dtdr and dzdr can be eliminated by defining the z and ¢
coordinates. One then follows the Schwarzschild derivation to fix the unknown functions

using symmetry or coordinate freedom.

For the case o = 0, consider the spacelike surfaces defined by ¢ = const.and z = const.

Calculate the circumference of a circle of constant coordinate radius r in such a surface.

For dt = dz = 0 we have
ds® = dr? + §*r?de”.

A circle of constant radius has dr = 0 so
ds® = di? = g*r?d¢?,
where [ is the proper distance of the circle. For constant r we can integrate directly to get
[ =2nwpr.

The circumference of the circle is 27 5r, that is the usual 277 multiplied by 3.

Argue that the for 5 < 1, the geometry on the spacelike surface is that of a two-dimensional
cone embedded in three-dimensional Euclidean space.

For 8 < 1 there is a deficit angle — we can define ¢’ = 8¢ and let ¢' € (0,273). If we let
r? = 22 + 42 this metric describes locally flat Euclidean space with a wedge of angular size

27(1 — ) removed and the edges of the wedge identified. Joining the edges of the wedge

19



together, this equivalently describes the geometry of a 2d cone embedded into 3d Euclidean
space.

10.* Totally antisymmetric torsion
Let V, be a torsion-free connection and define a new connection V, such that
VoVl =V, VP =11t Ve,

for any vector field V¢, where Tbue = —TP.q. Let Qup = —Qa be a non-degenerate antisymmetric
tensor with inverse 29¢ such that
Qa2 = 6¢.

Show that there exists a unique choice for 7%, such that

@ach =0.

We begin with noting that the definition of the shifted connection means we have
@ach = Vo + %Tdabgdc + %Tdachd- (3)

This can be derived by checking how the shifted connection acts on scalars and one-forms,
then using induction.

We want to isolate a single T%,. so that we can solve for it. To do this, we play the same
game we played when solving for the Levi-Civita connection. Let (3) be (a), with (b) and (c)
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the same expressions with (abc) — (bca) and (abc) — (cab). Taking (a) + (b) — (¢) we find

0= Vae + VoQea — VeQlap = Ve + VoQlea — Velap
+ 179 Qe + AT D
+ 3740 + 2T% Qe
— 379 Qay — 3T Q04
= Valloe + Velea — VeQap
+ 179 Qe + AT D
+ 17 Qg + AT Q0
— 17 g — 3T Q40

= anbc + vcha - chab =+ Tdadec-
Multiplying through by Qce we get

0= (anbc + vcha - chab)ch + TdadecQC€
= (VaQe + VQea — V) + T4

This uniquely fixes T¢,; in terms of V and ). Now one needs to check that this choice sets
Vo = 0 and not just the particular combination that appears above. We have

VaQle = Vale — 3(VaQbe + Voea — VeQap)2Q0e — 3(VaQee + Vellea — VeQac) Qg
= Ve — 3(VaQe + Ve — V) + 5(VaQep + Vg — Viac)
= VaQe — 5(VaQse + VeQea — Velap) + 3(—VaQbe — VeQap + V)
= Valpe — Vol
= 07

so it is indeed the unique choice for T°¢,;, that sets Vo = 0.
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