
Outline for today

I Towards robustness via the the convex outer-polytope and/or
sparsification of the network input or weights.

I Autoencoders

I Structure and relation to PCA

I k-sparse autoencoders

I variational autoencoders (VAEs)

I inference and β VAEs

Theories of DL Lecture 13 Robustness of deep networks and Autoencoders



Provable defense: convex polytope pt. 1 (Wong et al. 171)

Possible output of net fθ(·) from bounded perturbation is a
non-convex set, say Zε(x) = {fθ(x + δ) : ‖δ‖∞ ≤ ε}. A convex
outer-polytope of Zε(x), say Zconv

ε (x), can be computed by
replacing the input to each activation with a two dimensional
convex set:

Requires knowledge of lower and upper bound for each input to a
nonlinear activation. Let c = e`− e`′ or c = 2e`− 1|class| and solve:

min
ẑ`∈Ẑε(x)

cT ẑ` and if nonnegative then robust to ε perturbation.

1https://arxiv.org/pdf/1711.00851.pdf
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Provable defense: convex polytope pt. 2 (Wong et al. 172)

2https://arxiv.org/pdf/1711.00851.pdf
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Provable defense: convex polytope pt. 3 (Wong et al. 173)

3https://arxiv.org/pdf/1711.00851.pdf
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Robustness via sparsification (Gopalakrishnan et al. 184)

4https://arxiv.org/abs/1810.10625
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Robustness via sparsification (Gopalakrishnan et al. 185)

5https://arxiv.org/abs/1810.10625
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Generative deep nets (Goodfellow et al. 14’7)

Example of a deep convolutional generator:

6

6https://arxiv.org/pdf/1511.06434.pdf
7https://arxiv.org/pdf/1406.2661.pdf
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Autoencoder Illustration

8

The parameters, (θ, φ), of the autoencoder are then learned:

L(θ, φ) = n−1
n∑

µ=1

l(xµ, fθ(gφ(xµ)))

8https://lilianweng.github.io/lil-log/2018/08/12/
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Principal component analysis as an AE

The parameters, (θ, φ), of the autoencoder are then learned:

L(θ, φ) = n−1
n∑

µ=1

l(xµ, fθ(gφ(xµ)))

Consider a simple model where the encoder and decoder are linear,
that is gφ(x) = Φx where Φ ∈ Rr×p with r < p, and the linear
decoder fθ(z) = Θz with Θ ∈ Rp×r .
Moreover, consider an entrywise `22 error for l(xµ, fθ(gφ(xµ))), then

L(θ, φ) = n−1‖X −ΘΦX‖F

where ΘΦ is a learned rank r matrix, whose optimal solution is the
projector of X to its leading r singular space.
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Autoencoders extend PCA

9

The autoencoder framework allows gφ(·) and fθ(·) to be more
general than linear, and in particular to benefit from the
expressively of depth and introduce variation.

9https://lilianweng.github.io/lil-log/2018/08/12/

from-autoencoder-to-beta-vae.html
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PCA vs 3 layer Autoencoder: MNIST (Hinton et al. 06’10)

There are many variations on how to construct encoder-decoder
pairs.

10http://science.sciencemag.org/content/313/5786/504
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k-sparse autoencoders (Makhzani et al. 13’11)

This framework includes nonlinearity and can be rigorously
analysed using the material such as in earlier sparse approximation
lectures, it lacks depth.

11https://arxiv.org/pdf/1312.5663.pdf
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k-sparse autoencoders (Makhzani et al. 13’12)

This framework includes nonlinearity and can be rigorously
analysed using the material such as in earlier sparse approximation
lectures, it lacks depth.

12https://arxiv.org/pdf/1312.5663.pdf
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k-sparse autoencoders (Makhzani et al. 13’13)

13https://arxiv.org/pdf/1312.5663.pdf
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Variational Autoencoders (Kingma et al. 13’15)

14

14https://lilianweng.github.io/lil-log/2018/08/12/

from-autoencoder-to-beta-vae.html
15https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoders (Kingma et al. 13’17)

16

pθ(x |z) acts as the generators, analogous to the decoder fθ(x |z),
and is called a probabilistic decoder
qφ(z |x) acts as the encoder, analogous to gφ(z |x), and is used to
approximate pθ(z |x).
The parameters φ, θ for a model are then learned so minimize a
distance, or divergence, between qφ(z |x) and pθ(z |x); Kingma
proposed minimising the Kullback-Leibler divergence.

16https://lilianweng.github.io/lil-log/2018/08/12/

from-autoencoder-to-beta-vae.html
17https://arxiv.org/pdf/1312.6114.pdf
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Evidence lower bound loss (Kingma et al. 13’18)

We claimed before the VAE parameters φ, θ are given by

(φ∗, θ∗) = argmin(φ,θ)LELBO(φ, θ;X )

The formulae for LELBO(φ, θ;X ), the evidence lower bound
(ELBO), follows from minimising a lower bound of∑n

µ=1 log pθ(xµ):

log pθ(x) = log

(∫
pθ(x |z)pθ(z)dz

)
= log

(∫
pθ(x |z)

pθ(z)

qφ(z)
qφ(z)dz

)
≥

∫
log

(
pθ(x |z)

pθ(z)

qφ(z)

)
qφ(z)dz

= Eqφ(z|x) log(pθ(x |z))− DKL(qφ(z |x)|pθ(z |x))

=: LELBO(φ, θ; x)
18https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoder: manifold (Kingma et al. 13’19)

19https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoder: MNIST (Kingma et al. 13’20)

20https://arxiv.org/pdf/1312.6114.pdf

Theories of DL Lecture 13 Robustness of deep networks and Autoencoders

https://arxiv.org/pdf/1312.6114.pdf


Inference Variational Autoencoders (Zhao et al. 17’21)

pθ(x |z) acts as the generators, analogous to the decoder fθ(x |z),
and is called a probabilistic decoder
qφ(z |x) acts as the encoder, analogous to gφ(z |x), and is used to
approximate pθ(z |x).
The parameters φ, θ for a model are then learned so minimize a
distance, or divergence, between qφ(z |x) and pθ(z |x); Kingma
proposed minimising the Kullback-Leibler divergence, giving the
evidence lower bound (ELBO)

LELBO := Eqφ(z|x) log(pθ(x |z))− βDKL(qφ(x , z)||pθ(x , z))

VAEs originally use β = 1, with larger β > 1 called β-VAEs.
Zhao et al. propose including a mutual information term to avoid
mode separation and collapse.

21https://arxiv.org/pdf/1706.02262.pdf
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Inference Variational Autoencoders (Zhao et al. 17’22)

22https://arxiv.org/pdf/1706.02262.pdf
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Inference Variational Autoencoders (Zhao et al. 17’23)

23https://arxiv.org/pdf/1706.02262.pdf
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β-VAEs disentangling features pt. 1 (Higgins et al. 17’24)

24https://arxiv.org/pdf/1706.02262.pdf
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β-VAEs disentangling features pt. 2 (Higgins et al. 17’25)

25https://arxiv.org/pdf/1706.02262.pdf
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β-VAEs architectures (Higgins et al. 17’26)

26https://arxiv.org/pdf/1706.02262.pdf
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