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The Singular Value Decomposition (SVD)

Theorem: Given A € R™*™ there exist orthogonal matrices

U = [u1,u2,y...,Un] € R (u; € R™ each 1)
V = [v1,v2,...,0,] € R™*™  (v; € R™ each 1)
such that

UT'AV = ¥ = diag(o1, 02, ..., op), p = min{m,n}
with oy > o2 > ... > o, > 0 (the singular values).

{u;} are the left singular vectors,
{v;} are the right singular vectors
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Properties of SVD:

If o1 > 09> 0.2 0p > 0,041 =... :ap:O,then
°* r=rank(A) =dim{Ay : y € R"} =dim(range(A))
® vri1,...,Un € R™are an orthonormal basis for ker(A)
(=Null(A))
° u1,...,u, € R™ are an orthonormal basis for
range(A)

Proof: Exercise except all basically follow from
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any z € R™ can be written as >, a;v; SO

n
UXVTe =UX (Z aiVT’vi>
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Also there are ‘nearness’ results like

S
A= oiuv] |2 < ||A — B2
1=1
for all B of rank s
lead to data compression.

The Golub-Reinsch bidiagonalisation algorithm is used to
compute the SVD: available in matlab (svd), but not
covered here
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A final comment:
For a symmetric matrix which is positive (semi-)definite, the
SVD is simply diagonalisation:

U = V and X is the diagonal matrix of the (non-negative)
eigenvalues:

A=UXUT or AU =UYX

That is, the columns, u; of U are the eigenvectors of A and
Aui = oO;U; = )\iui

For a symmetrix and indefinite matrix, the singular values
are the absolute values of the eigenvalues.
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