NLA — p.1/



Practical Example

. 2
dujr — Ujr1,e — Uj—1,k — Ujk+1 — Ujk—1 = R [k

forj,k=1,...,nWith uo g, Un+t1,k, Uj0, Ujnt1 given.
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2
AUjp — Ujt1k — Uj—1,k — Ujkt1 — Uj—1 = h [k

forj,k=1,...,nWith uo g, Un+t1,k, Uj0, Ujnt1 given.

eg.Jacobi iteration for this problem is: guess (%)

for iteratesz =1, 2, ...
forg =1,...,n
fork=1,...,n

; 11 -1 i—1 i—1 i—1

wii = 7 [wion Fup i uf +ufly RS
endo

endo
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Propositionforr,s =1,...,n

1
AP = E(COS rmh + cos smwh)

IS an eigenvalue of the Jacobi iteration matrix for A with
eigenvector v™° having entries

’U;;: — sinrjmh sinskmh

Proof direct calculation: see exercises

Remark shows Jacobi iteration converges as
—1 < \™% < 1 for each r, s but

_ 1 w2h? 4
p(Jacobi) = E(COS mwh+cosmwh) = cosmh = 1— > FO(h™)

so very close to 1 for small h = slow convergence.
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But recalling (in this notation)

n

u — g(z) _ (M_lN)Z(g . H(O)) _ Z ar,S(Ar’S)iQr’S
r,s=1

we see that A\"™* small = error component in v™* reduces

very quickly to zero, so u — u'® is quickly dominated by

components v™* for which |A™%| ~ 1.

More interesting for our purpose: relaxed Jacobi: for
OAx =0b,0 c R, M =D, N=(1—-0)D —0(L+U)

= M IN=1-6I-6DYL+U)
has eigenvalues 1 — 0 + g(cos rmh + cos smh)

So e.g. for 8 = % eigenvalues
% + %(cos rmh + cos swh) € (0,1)

AND high frequency eigenvectors (r, s large) correspond to
small eigenvalues (A\"* < 1) = a ‘smoother’
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