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Polynomial Iterative Methods

Simple iteration

c® = (M 'N)z®*V +b, b=M"1b
and x = (M N)x+b
=z —z® = (M IN)(x—2*D)
=z —z® = (M Nz —-20) =8z - 2®)
if S = M~1N. ie.

z—a® = p(S)(x —2©) = S¥ (@ —2®) , py(z) =
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Now If

n
r — x(0) = E o;v;, Sv; = \jv;
1=1

z—y® =3 aipp(S)vi =) aipp(Xi)v;

1=1 1=1

ldea: = — y¥) should be small if pi,(\;) is small
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If S IS symmetric we can say more
(since S orthogonaly diagonalisable)

=S = UAUY, vut =1
T diag Matrix of eigenvalues

= S2 = UAUTUAUT = UA?U7T,...,S* = UA*UT

= p(S) = Up(A)UT  any polynomial p
= lp(S)llz = IUp(M)U" |2 = [Ip(A)]|2
" p(A1) O 7
|
. ,
O P(An) |
= max [p(Ai)
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So for polynomial iteration  — y*) = pi(S)(z — =°)

le—y®|l2 < [|pk(S)ll2l|lz—2® 12 = max [pe(A)] ==,
(/

So desire pi € I is small at eigenvalues with pg (1) = 1.

Notes:

e If \; = 1 for some ¢
= Sv; = v; & Mv;, = Nv; & Av; = 0le. A singular.

e If only k distinct eigenvalues of S: choose p; to have
these as roots.

For such a pg, ||z —y*) |2 = 0 i.e. termination after
k steps!
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Candidates for {p,} ? : Chebyshev polynomials

Suppose \;(S) € [a,b] , 1 & [a,b] then
lo =y < max |pe(N)lllz — 2|2
(4
< max  pe@®)|llz — 2
t € |a,b]

and the polynomials which

minimise max Ip(t)]
p € I, p(1)=1 t € |a,b]

are shifted and scaled Chebyshev polynomials
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Chebyshev polynomials are defined on [—1,1] by Tp(t) = 1
andform =1,2,... by

Tim(t) =

Ty =

[ a5 cos mb (0<6<m)
where t = cos @ —-1<t<L1
2m1_1 cosh m@
wheret = coshf t>1
\ (_1)me(_t) t < —1

To=1, Ty = t,

1 1 1
—cos 20 = —(2cos?0 — 1) =t? — —,
2 2 2
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In general since

cos(m+1)0 = cosmb cos@ — sinm@ sinf
cos(m —1)0 = cosmé cos8 + sinm@sinf
we have

cos(m +1) 0 4+ cos(m — 1) 0 = 2cosmb cos b

i.e. 2™ T (t) + 2™ 2T _1(t) =2-2m7 1T, (¢)t
or

Tm_|_1(t) = tTm(t) — % m—l(t) , M = 2,3,... (*)

SO

1. 1 3
T3 (t) = t(t? — 5) -t = > — Sty et
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If \;(S) € [a,b],1 & [a,b], need to shift using linear map

a,b] — [—1,1] : t= 2r—a=b
& &
r t

= Tj(r) = Ti(

satisfies T}, (1) = 1 and minimises

max  |p(r)|
r € |a, b]

over all polynomials of degree < k.

Using pr. = T} is called the
Chebyshev semi-iterative method.
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Remarks:

1. need estimates a ~ Amin(S) and b R Amax(S) In
order to construct T}’s on a reasonable interval
2. can use the 3-term recurrance (x) to make the

algorithm more efficient than using the coefficients 5((3’“)
of the polynomials Ty (z) explicitly (see exercise)

3. Convergence: we have

|z —y®2 < max |Tp(r)|l|z — @
r € |a, b]

if \; € [a,b], 1 & [a,D]
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max |Ti(r)| = |Tk(a)| = |Tk(b)
r € |a,b]
T (1))

—a—b
| Ty (2352=2)]

as max error always attained at end points.
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