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If A = AT is positive definite, there is an even more
efficient Krylov subspace method than MINRES, namely
the method of Conjugate Gradients (for Ax = b) which
computes xk ∈ x0 + Kk(A, r0) such that ‖x − xk‖A is
minimal where yTAy = ‖y‖2A.

Note ‖ · ‖A defines a norm when A is symmetric and
positive definite, indeed <z, y>A = <Az, y> = yTAz
defines a scalar product (inner product) for which
<y, y>A = ‖y‖2A in this case.
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Lemma Conjugate Gradient Algorithm
choose x0 , r0 = b − Ax0 = p0 and for k = 0, 1, 2, . . .

αk = pT
k rk/p

T
kApk

xk+1 = xk + αkpk

rk+1 = b − Axk+1

βk = −pT
kArk+1/p

T
kApk

pk+1 = rk+1 + βkpk

computes iterates {xk}, corresponding residuals {rk} and
search directions {pk} so that as long as xk 6= x we have

rTk pj = rTk rj = 0 , j < k (1)

pT
kApj = 0 , j < k , (pT

kApk 6= 0) (2)

span{r0, r1, . . . , rk−1} = span{p0, p1, . . . , pk−1}

= Kk(A, r0) (3)
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It is now an easy induction using xk = xk−1 + αk−1pk−1 to
show that xk ∈ x0 + Kk(A, r0) (exercise)
and also
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Theorem

‖x − xk‖A ≤ ‖x − y‖A , y ∈ x0 + Kk(A, r0)

Proof
let c = x − x0 and ck = xk − x0 ∈ Kk(A, r0)
then Ac = r0 and x − xk = c − ck
hence rk = A(x − xk) = A(c − ck).

Now by the above rk is orthogonal to every vector in
Kk(A, r0) i.e. ∀ v ∈ Kk(A, r0)

0 = 〈rk, v〉 = 〈A(c − ck), v〉 = 〈c − ck, v〉A

and such (Galerkin) orthogonality ⇒ ‖c− y‖A is minimised
for y ∈ Kk(A, r0) when y = ck

⇒ ‖x − z‖A is minimised for z ∈ x0 + Kk(A, r0) by
z = xk since c = x − x0 and xk = x0 + ck.
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Convergence of Conjugate Gradients
we have rk = pk(A)r0 or equivalently
(x − xk) = pk(A)(x − x0), pk ∈ Πk, pk(0) = 1 and
‖x − xk‖A = ‖rk‖A−1 minimal over xk ∈ x0 + Kk(A, r0)
for each k.
Let Avj = λjvj, j = 1, . . . , n, vT

j vi = δij and

x − x0 =
∑n

j=1 αjvj then

x − xk =

n∑

j=1

αjpk(A)vj =

n∑

j=1

αjpk(λj)vj

so 〈x − xk, x − xk〉A =

n∑

j=1

α2
jpk(λj)

2〈vj, vj〉A

since vT
j vi = δij ⇒ vT

j Avi = λiδij = 0 if i 6= j

hence ‖x − xk‖A ≤ min
p∈Πk,p(0)=1

max
j

|p(λj)| ‖x − x0‖A
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