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Q2(a)(ii) - 2018

Given:

e Q C R": bounded C! domain.
e 1< p<oo.

Want: Prove the Poincaré-Sobolev inequality

lu— [ulaalle@) < C(Q, p, n)||Dul|p(q) for all u € WLP(Q).

Here

1
[U]aQ = |a—Q|/UdX.
oN
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Start of proof

@ Suppose by contradiction that the conclusion fails. Then there
exist 0 # u; € WP(Q) such that

luj — [ujlaalltr@) = Jll Dujll (e

@ Replacing u; by uj — [uj]aq, we may assume that [uj]sq = 0.
Then

lujll (@) = Jll Dujl| o(ey-
@ Replacing u; by Talioa
Then

||LP(m uj, we may assume that ||ujf|r(q) = 1.

1= [lujllo@) 2 JlIDujl|o()-

e In particular (u;) is bounded in W'*(Q) and (Du;) converges
strongly to 0 in LP().
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Use of Rellich-Kondrachov's theorem

@ By Rellich-Kondrachov's theorem, the embedding
WP(Q) — LP(R) is compact. Thus, passing to a subsequence
if necessary, we may assume that (u;) converges strongly in
LP(2) to some u € LP(Q).

@ As Duj — 0 in LP(Q2), we have Du = 0. As Q is a connected
(since it is a domain), we have u = a for some constant a.

e We then have u; — ain W'P(€2). One one hand this implies
1= ||ujl| (@) — |al|Q*? and so a # 0.

On the other hand, by the trace theorem, Uj|aQ converges to a in
LP(0Q), hence in L}(£2) and so

0= [Uj]aQ — a,

which amounts to a contradiction.
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