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Q2(b) – 2018

Given:

Ω ⊂ Rn: bounded Lipschitz domain.

u ∈ H2(Ω).

Want:

(ii) If n = 3, then u is Hölder continuous in Ω̄.
Is the above true for n = 4?
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n = 3: Sobolev + Morrey’s embedding

We have u,Du ∈ W 1,2(Ω) and so u,Du ∈ L2∗(Ω) = L6(Ω).

Hence u ∈ W 1,6(Ω) and so u ∈ C 0, 1
2 (Ω̄).
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n = 4: Limiting case of Sobolev embedding

We now have u,Du ∈ L2∗(Ω) = L4(Ω), i.e. u ∈ W 1,4(Ω). This
is the threadhold case in dimension 4.

Claim u need not be continuous. Consider u(x) = | ln |x ||α for
some α > 0 in Ω = BR for some R < 1. Clearly u is unbounded
in Ω. If we manage to get α such that u ∈ H2(Ω), we are done.
We compute ∫

Ω

|u|2 dx =

∫ R

0

r 3| ln r |α dr <∞.
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n = 4: L2 norm of u and Du

∫
Ω

|u|2 dx =

∫ R

0

r 3| ln r |2α dr <∞.

∫
Ω

|Du|2 dx =

∫ R

0

|∂ru|2 r 3 dr = α2

∫ R

0

r | ln r |2α−2 dr <∞.
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n = 4: L2 norm of D2u

∫
Ω

|D2u|2 dx =

∫ R

0

(|∂2
r u|2 +

3

r 2
|∂ru|2) r 3 dr

= α2

∫ R

0

1

r

[
| ln r |α−1 + (α− 1)| ln r |α−2

]2

dr

+ 3α2

∫ R

0

1

r
| ln r |2α−2 dr

≤ C (α)

∫ R

0

1

r
| ln r |2α−2 dr .

This is bounded provided 2α− 2 < −1, i.e. α < 1/2.
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