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Q1(b)(c) – 2019

Given:

Ω ⊂ Rn: bounded Lipschitz domain.

W
1,p

(Ω) = {u ∈ W 1,p(Ω) :
∫
Ω

u dx = 0}.

Want:
(b) For 1 ≤ p < n,

‖u‖Lp∗ (Ω) ≤ C‖Du‖Lp(Ω) for all u ∈ W
1,p

(Ω).

(c) (i) For n = 3 and 2 < q < 6,

‖u‖Lq(Ω) ≤ C ′‖u‖
6−q
2q

L2(Ω)
‖Du‖

3(q−2)
2q

L2(Ω)
for all u ∈W

1,2
(Ω).

***TYPO as ‖u‖
3(q−2)

2q

L2(Ω)
‖Du‖

6−q
2q

L2(Ω)
***

(ii) Deduce that, for any ε > 0,

‖u‖Lq(Ω) ≤ ε‖Du‖L2(Ω) + C ′′ε ‖u‖L2(Ω) for all u ∈W 1,2(Ω).
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Part (b): Proof by extension

As in the course, we reduce to the whole space setting. There is
a bounded linear extension E : W 1,p(Ω)→ W 1,p(Rn).

By Gargliardo-Nirenberg’s inequality, we have for u ∈ W 1,p(Ω)
that

‖u‖Lp∗ (Ω) ≤ ‖Eu‖Lp∗ (Rn) ≤ Cn,p‖Eu‖W 1,p(Rn) ≤ C‖E‖‖u‖W 1,p(Ω)

By Poincaré-Sobolev’s inequality, we have for u ∈ W
1,p

(Ω) that

‖u‖Lp(Ω) ≤ C‖Du‖Lp(Ω)

and so
‖u‖W 1,p(Ω) ≤ C‖Du‖Lp(Ω)

Chaining together we are done.
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Part (c)(i): Interpolation

Interpolation inequality: ‖u‖Lq(Ω) ≤ ‖u‖θLr (Ω)‖u‖
1−θ
Ls(Ω) if q ∈ [r , s]

and θ is such that 1
q

= θ
r

+ 1−θ
s

.

This is a consequence of Hölder’s inequality. We start by writing

‖u‖qLq(Ω) =

∫
Ω

|u|q dx =

∫
Ω

uqθ uq(1−θ) dx .

Observe that 1
q

= θ
r

+ 1−θ
s

implies 1 = qθ
r

+ q(1−θ)
s

. We can thus
use Hölder’s inequality with exponent r

qθ
and s

q(1−θ)
to obtain

‖u‖qLq(Ω) ≤
(∫

Ω

ur dx
) qθ

r
(∫

Ω

us dx
) q(1−θ)

s
= ‖u‖qθLr (Ω)‖u‖

q(1−θ)
Ls(Ω) .
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Part (c)(i): Conclusion

Recall that we are dealing with n = 3 and W
1,2

(Ω), i.e. p = 2.
So p∗ = 6. By (b), we have

‖u‖L6(Ω) ≤ C‖Du‖L2(Ω) for all u ∈ W
1,2

(Ω).

By interpolation inequality, we have ‖u‖Lq(Ω) ≤ ‖u‖θL2(Ω)‖u‖
1−θ
L6(Ω)

where 1
q

= θ
2

+ 1−θ
6

, i.e. θ = 6−q
2q

.

Putting together we get

‖u‖Lq(Ω) ≤ C‖u‖
6−q
2q

L2(Ω)‖Du‖
3(q−2)

2q

L2(Ω) for all u ∈ W
1,2

(Ω).
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Part (c)(ii): Young’s inequality

Young’s inequality: ab ≤ 1
p
ap + 1

p′
bp
′

for 1 < p <∞.

Suppose that u ∈ W 1,2(Ω). Let [u]Ω = 1
|Ω|

∫
Ω
u dx be the

average of u and ū = u − [u]Ω so that ū ∈ W
1,2

(Ω).

By (c)(i),

‖ū‖Lq(Ω) ≤ C‖ū‖
6−q
2q

L2(Ω)‖Du‖
3(q−2)

2q

L2(Ω) .

Applying Young’s inequality with p = 2q
3(q−2)

, we obtain

‖ū‖Lq(Ω) ≤ ε‖Du‖L2(Ω) + Cε‖ū‖L2(Ω).

By triangle inequality,

‖u‖Lq(Ω) ≤ ε‖Du‖L2(Ω) + Cε‖ū‖L2(Ω) + C |uΩ|︸︷︷︸
≤C‖u‖L2(Ω)

≤ ε‖Du‖L2(Ω) + Cε‖u‖L2(Ω).
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