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Read Chapter 1 and prove the few statements whose proofs were left out as exercises. (Not to
be handed in.)

Do:

Ql.

Q2.

Q3.

Q4.

Let £ C R" be measurable and f;, f : £ — R be measurable.
(i) Prove that if f; — f a.e. in F and if E has finite measure, then f; — f in measure
in F.

(ii) Prove that if f; — f in measure in E, then there is a subsequence f;, such that
fi. — fae in K.

(iii) Prove that if f; — f in LP(E) for some 1 < p < oo, then f; — f in measure.

For what 1 < p < 0o and measurable F C R, can LP(E) with its standard norm be made
a Hilbert space?

Prove Young’s convolution inequality || f * g||r@®n) < || f|l o) ||9l| Lagny when 1 < p,q, 7 <
oo satisfy 1 = }—17 + % — 1. [For f,g >0 and p,q,7 < oo, write

(f * g)(x) = /n[f(y)fg(w — ) ) [f ) lglz —y)' 7] dy

and apply Hélder’s inequality for three functions with suitable exponents.]

(i) Let E C R™ be a measurable set of finite measure. Show that, for every A > 0, the set
Ey :={\zx : z € E} is measurable and |E\| = \"|E|. [You may want to consider first
the cases E is a cube, an open set or a compact set, before considering the general
case.|

(i) Let h € L*(R™). By approximating h by simple functions, or otherwise, show that,
for every A > 0,

/ h(Ax)dx = % h(x) dx.

R

(iii) Let f € LP(R™) for some 1 < p < co. For A > 0, define f\(z) = f(Az). Show that
fr € LP(R™) for every A > 0 and

1‘ — P n)y — .
lim || fy = fllzocary = 0



Q5. (i) By considering the family {x (o) }ic(0,1), or otherwise, show that L>°(0,1) is not sepa-
rable.

(ii) Show that L'(0,1) is a proper subspace of (L>(0,1))*.
Q6. Let Q2 be a bounded domain in R™.

(i) Show that, for every 1 < p < oo, C°(2) is dense in LP(£2).
(i) Is C°(2) dense in L>(2)?



