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SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C3.8
Honour School of Mathematic and Computer Science Part C: Paper C3.8

Honour School of Mathematics and Philosophy Part C: Paper C3.8

ANALYTIC NUMBER THEORY

Trinity Term 2016

TUESDAY, 7 JUNE 2016, 2.30pm to 4.00pm

You may submit answers to as many questions as you wish but only the best two will count for
the total mark.

You must start a new booklet for each question which you attempt. Indicate on the front sheet the
numbers of the questions attempted. A booklet with the front sheet completed must be handed in

even if no question has been attempted.

Do not turn this page until you are told that you may do so
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1. (a) [12 marks]

What does it mean to say that f(n) is a multiplicative arithmetic function?

Suppose f(n) is multiplicative and that the Dirichlet series F (s) =
P1

n=1 f(n)n
�s has �0

as its abscissa of absolute convergence. State and prove the Euler product formula for
F (s).

(b) [8 marks]

If p1, . . . , pk are distinct primes, and e1, . . . , ek are non-negative integers, write down a
formula for

�
�
p
e1
1 . . . p

ek
k

�
,

where �(n) is the sum of the divisors of n, as usual.

Using the Euler product formula, show that

1X

n=1

�(n2)

ns
=

⇣(s)⇣(s� 1)⇣(s� 2)

⇣(2s� 2)

for <(s) > 2.

[You may assume without proof that the series on the left has �0 = 2 as its abscissa of
absolute convergence.]

(c) [5 marks]

Define the function ⌦(n) by

⌦
�
p
e1
1 . . . p

ek
k

�
= e1 + . . .+ ek.

If m 2 N, write down the Euler product for the function

F
(m)(s) =

1X

n=1

m
⌦(n)

n
�s

,

and show that it has abscissa of absolute convergence greater than or equal to (logm)/(log 2).

[You may assume without proof that the function f(n) = k
⌦(n) is multiplicative.]
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SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C3.8
Honour School of Mathematic and Computer Science Part C: Paper C3.8

ANALYTIC NUMBER THEORY

Trinity Term 2015

TUESDAY, 9 JUNE 2015, 2.30pm to 4.00pm

You may submit answers to as many questions as you wish but only the best two will count for
the total mark.

You must start a new booklet for each question which you attempt. Indicate on the front sheet the
numbers of the questions attempted. A booklet with the front sheet completed must be handed in

even if no question has been attempted.

Do not turn this page until you are told that you may do so
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1. (a) [6 marks] Show from first principles that

X

d|n

�(d) = n.

(b) [8 marks] What does it mean to say that an arithmetic function is multiplicative?

Define the Dirichlet convolution of two arithmetic functions.

Show that the function �(n) is multiplicative, and that

�(n) = n

Y

p|n

(1� p
�1)

where p runs over primes. [You may use standard results about multiplicative functions
and Dirichlet convolutions, provided they are formally stated.]

(c) [7 marks] Show that

Y

p6k

(1 + p
�1 + p

�2 + . . .) >
kX

m=1

m
�1 > log k

and deduce that if
nk =

Y

p6k

p

then
�(nk) 6

nk

log k
.

(d) [4 marks] Show that nk 6 k
k and hence that

lim inf
n!1

�(n) log log n

n
6 1.
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SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C9.2a

ANALYTIC NUMBER THEORY

Trinity Term 2014

TUESDAY, 3 JUNE 2014, 2.30pm to 4.00pm

You may submit answers to as many questions as you wish but only the best two will count for
the total mark.

You must start a new booklet for each question which you attempt. Indicate on the front sheet the
numbers of the questions attempted. A booklet with the front sheet completed must be handed in

even if no question has been attempted.

Do not turn this page until you are told that you may do so
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1. (a) [2 marks] Let f(n) and g(n) be arithmetic functions. Define the Dirichlet convolution
(f ⇤ g)(n).

(b) [9 marks] Suppose that the Dirichlet series

F (s) =
1X

n=1

f(n)n�s and G(s) =
1X

n=1

g(n)n�s

are absolutely convergent for <(s) > 1. State and prove a theorem relating the Dirichlet
series for (f ⇤ g)(n) to F (s) and G(s). Use the theorem to show that

1X

n=1

d(n)n�s = ⇣(s)2 (<(s) > 1).

(c) [4 marks] What does it mean to say that an arithmetic function is multiplicative? As-
suming that d(n) is a multiplicative function, show that

d(a)d(b) > d(ab)

for all positive integers a and b.

(d) [3 marks] Deduce that (d ⇤ d)(n) > d
2(n) for all natural numbers n.

(e) [7 marks] By using Dirichlet series with argument s0 = 1 + (log x)�1 show that

X

n6x

d(n)2n�1 6 e
1X

n=1

d(n)2n�s0 6 e(1 + log x)4

for any x > 1.

[You may use without proof the fact that ⇣(�) 6 1 + (� � 1)�1 for � > 1.]

2. Let f(n) be an arithmetic function and let G : [1,1) ! C be a function with a continuous
derivative.

(a) [5 marks] Prove that
X

n6x

f(n)G(n) = S(x)G(x)�
Z x

1
S(t)G0(t) dt,

where
S(t) =

X

n6t

f(n).

(b) [5 marks] Assume now that S(t) remains bounded as t ! 1. Show that if <(s) > 0 then
the sum F (s) =

P1
1 f(n)n�s is convergent, with sum

s

Z 1

1
S(t)t�s�1 dt.

For the remainder of this question you may assume without proof that this defines a
holomorphic function for <(s) > 0.

(c) [10 marks] Suppose now that a prime p is given. Show that the function

f(n) =

⇢
1, p - n,

1� p p | n,
is multiplicative, and give without proof the Euler product for the corresponding Dirichlet
series F (s). Use this to relate F (s) and ⇣(s), and deduce that the function (1� p

1�s)⇣(s)
has an analytic continuation to <(s) > 0 as a holomorphic function.

(d) [5 marks] Where are the zeros of 1�p
1�s ? By using both p = 2 and p = 3 show that ⇣(s)

has an analytic continuation to <(s) > 0 as a meromorphic function regular for s 6= 1.

[You may assume without proof that log 3
log 2 is irrational.]
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