C3.8 Analytic Number Theory, Michaelmas 2019 Exercises 2

Question 1. Give a simple description of the function ¢ * 1.

Question 2. (i) Recall ¢(n) = #{d < n : ged(d,n) = 1}. Show that

Y, on)n = C(CS(;)I) for Rs > 2.

(ii) Let o(n) = >4, d. Show that 3 o(n)n™* = ((s)¢(s — 1) for Rs > 2.

(iii) Let A(n) be the Liouville function, the completely multiplicative function

equal to —1 on the primes. Show that }° A(n)n™° = CC((2:)) for ®s > 1.

(iv) Let 7(n) = > 4, 4,—n 1 be the number of ways of writing n as a product
of k integers. Show that > 7(n)n=% = ((s)* for Rs > 1.

Question 3. True or false: there is a constant C' such that 7(n) < log® n for
all sufficiently large n. (Do not assume the prime number theorem.)

Question 4. (i) Show that forall Y > 1
1 Y 1
v Z A(n) LEJ =y Z logn.
n>1 nyY

(ii) Show that
Z logn =YlogY 4+ O(Y).

n<Y
(iii) Use part (i) and (ii) to show that
> A <X
X/2<n<X
(Hint: |22/d] —2|2/d] > 0, and is 1 when z < d < 2a.)
Question 5. Let Ay(n) = (u*log")(n) = 34—, 1(d)(loge)*. Show that
(i) —p(n)logn =34, n(d)Ale).

(Hint: Use (i) in subsequent parts!)

Question 6. Give an asymptotic for anx o(n).
(Hint: Using your answer to Question 1, or otherwise, first establish that the
expression to be estimated is 3, u(d) 32, < x/qa™m-)



Question 7. (i) Show that

T(n) = Z 1+ Z 1.

d|n d|n
d§n1/2 d<nl/?

(ii) Deduce that
Yrmy=2 Y % — 2+ 0(x'/?).

n<lz d<zl/2
(iii) Let v be the constant
I U}

1= [

1t ={t})
(Recall {t} =t — |¢t] is the fractional part of ¢.) Show that
1
= Z i logz + O(1/x),
1<d<z

and deduce
Z 7(n) = zlogz + (2y — 1)z + O(x/?).

n<zx

Question 8. The aim of this question is to show that the prime number theorem
implies that M (X) = o(X), where M(X) :=>_  u(n).

(i) Prove that if n # 1 then

() logn = 3~ u(a)(A®) ~ 1).

ab=n

(ii) Deduce that

M < o S| 3 (A0) = 1) +o(X).

a b<X/a

(iii) Assuming the prime number theorem, show that indeed M (X) = o(X).
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