C3.8 Analytic Number Theory, Michaelmas 2019 Exercises 3

Question 1. Let ¢ > 1 be a positive integer. Let e(x) = 2™ 50 e(x/q) is a
well-defined function for x € Z/qZ. For any function f : Z/qZ — C, define the
discrete Fourier transform by
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for a € Z/qZ.
(i) For each integer a, show that

ab q, if ¢ divides a,
(-

herwise.
b1 otherwise

(ii) Deduce the Fourier inversion formula:

fla = Y foe(2).
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(iii) Show Parseval’s formula:
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Question 2. Define functions Fy, Fy : R — R by setting Fy(z) = 1 if |z < 1,
and 0 otherwise; and Fy(z) =1 — |z if |2| < 1, and 0 otherwise.

(i) Calculate F(€) and Fy(€), showing that they make sense for all ¢ € R.

(ii) Show that [ |y (€)|d€ is infinite, but that 1=, | Fy(€)|d¢ is finite.
Question 3. Show that the function ¢’(s)/((s) has

(i) A simple pole at s = p, for every non-trivial zero p of {(s).
(ii) A simple pole at s = —2,—4,...
(iii) A simple pole at s = 1.
(iv) No other poles in the complex plane.

Question 4. Recall from lectures that for R(s) > —2 we have

C(s) = — +;+182$(s+1)(s+2)/100(
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(i) Show, using induction, that for each integer k£ > 2 we have

Jer(S)+s(s+1)...(s+k)/1OO ]:ﬂii)
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in the region R(s) > —k, for some polynomials Q, P with rational
coefficients. Deduce that ((—(2n + 1)) is a rational number of all positive
integers n.

(ii) Show that
0(1/2) = /2.

Deduce from this that T'(1/2 + n) is a rational multiple of 7'/2 for all
integers n.

(iii) Deduce that ¢(2n) is a rational multiple of 72"

for all positive integers n.
Question 5. Let f,g € S(R), the set of Schwarz functions on R.

(i) Show that
|t = [ g

(ii) Let r¢(z) = f(tz) and si(x) = f(z +t). Show that

$u(€) = e f(9).
(iii) Let hy(z) = e/ Show that as t — oo
| f@h@ds s [ fada

and
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(iv) By applying (iii) to s;(x), deduce the Fourier inversion formula for S(R):

f(z) = /_ T et

(v) Deduce Plancherel’s formula

[ wwra= [ iwpea
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Question 6. Let f : R — C be a smooth function such that f(z) is non-zero
only when x € [«, 8] for some finite 0 < o < 8. Define the Mellin Transform
F:C—Chby

F(s):= B =g,

@)= [ st

(i) Show that g,(z) = f(e*)e’® is a function in S(R) and that F(o + it) =
Jo(—t/27).

(ii) Using the Fourier inversion formula (Question 5 part (iv)), deduce the
Mellin Inversion Formula: For any o0 € R

o+i00
f(z) ! / F(s)x™%ds.
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iii) Let hy(x) = f(x/y). Show the Mellin transform satisfies H,(s) = y*F'(s).
Yy y
Deduce that o
= n 1 oo
ffzi‘/ y F(s)((s)ds.
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(iv) It is a fact that ((s) < |s|*%! for R(s) > —100 and |s—1| > 1 (This follows
from the formula in Question 4 (i))

Using this and the Cauchy residue theorem, deduce that

g:lf(Z) =y / " fla)de + Oy ).
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