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A13387W1

SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C3.8
Honour School of Mathematics and Computer Science Part C: Paper C3.8
Honour School of Mathematics and Philosophy Part C: Paper C3.8

ANALYTIC NUMBER THEORY

Trinity Term 2018

MONDAY, 4 JUNE 2018, 2.30pm to 4.15pm

You may submit answers to as many questions as you wish but only the best two will count for
the total mark. All questions are worth 25 marks.

You should ensure that you:
e start a new answer booklet for each question which you attempt.

e indicate on the front page of the answer booklet which question you have attempted in that
booklet.

e cross out all rough working and any working you do not want to be marked. If you have used
separate answer booklets for rough work please cross through the front of each such booklet
and attach these answer booklets at the back of your work.

e hand in your answers in numerical order.

If you do not attempt any questions, you should still hand in an answer booklet with the front
sheet completed.

Do not turn this page until you are told that you may do so
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3. (a) [2 marks] Show that

1
<1
(o) <1+ -
for all real o > 1.
(b) [5 marks] Show that if #s > 1 then
ORI
C(2s) ns ’

n=1
where 7(n) denotes the number of divisors of n. [You need not rigorously justify the
convergence of the series, or any rearrangements you make.|

(c) [6 marks] By choosing s =1+ @, or otherwise, show that
Z 7(n)? < Xlog* X
n<X

uniformly for X > 2.

(d) [3 marks] Let W : R — R be smooth with compact support in [1,10] and [, Wdz = 1.
Let 0 > 1. Show that

9 _i o+io0 C(S)4 B ) s

n

[Results about the Mellin transform may be stated without proof, but they should be clearly
stated)|

(e) [6 marks] Show that the residue of ¢(s)*X*W (s)/¢(2s) at s = 1 is ¢X log® X+0(X log? X),
where c is a constant you should specify. [You may use the fact that ((2) = 72/6.]

(f) [3 marks] Very briefly, and without details, explain why one expects that, as X — oo,

ZT(n)zW(n/X) ~cXlog® X.

n
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3. (a) [2 marks] Show that

for all real o > 1.
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(b) [5 marks] Show that if s > 1 then

where 7(n) denotes the number of divisors of n. [You need not rigorously justify the
convergence of the series, or any rearrangements you make.]
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(c) [6 marks] By choosing s =1+ @, or otherwise, show that

Z 7(n)* < X log* X
n<X

uniformly for X > 2.
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(d) [3 marks] Let W : R — R be smooth with compact support in [1,10] and [, Wdz = 1.
Let 0 > 1. Show that

o400 s 4
> r ) W(n/X) = - / - gézl) ()X *ds.

27
n

[Results about the Mellin transform may be stated without proof, but they should be clearly
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(e) [6 marks] Show that the residue of ¢(s)*X*W (s)/¢(2s) at s = 1is ¢X log® X+O(X log? X),
where ¢ is a constant you should specify. [You may use the fact that {(2 72/6.]

(f) [3 marks] Very briefly, and without details, explain why one expects that as X — oo,

ZT(R)QVV<R/X) ~ cX log® X.
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A13387W1

SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C3.8
Honour School of Mathematic and Philosophy Part C: Paper C3.8
Honour School of Mathematics and Statistics Part C: Paper C3.8

ANALYTIC NUMBER THEORY

Trinity Term 2017

MONDAY, 5 JUNE 2017, 9.30am to 11.15am

You may submit answers to as many questions as you wish but only the best two will count for
the total mark. All questions are worth 25 marks.

You should ensure that you:
e start a new answer booklet for each question which you attempt.

e indicate on the front page of the answer booklet which question you have attempted in that
booklet.

e cross out all rough working and any working you do not want to be marked. If you have used
separate answer booklets for rough work please cross through the front of each such booklet
and attach these answer booklets at the back of your work.

e hand in your answers in numerical order.

If you do not attempt any questions, you should still hand in an answer booklet with the front
sheet completed.

Do not turn this page until you are told that you may do so
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2. You may assume that ¢ extends to a meromorphic function, holomorphic except for a simple
pole at 1, and not vanishing at 0. You may assume the Euler product for ¢ and that 3" |p| =2
is finite, where the sum is over all zeros p, trivial and non-trivial, of (. You may use bounds
on the Mellin transform of smooth functions without proof, provided they are stated correctly.

(a) [2 marks] State the partial fraction expansion for ¢’/¢.

(b) [10 marks] Show that ¢’(s)/¢(s) = O(|s|*) uniformly for all s € C with [s| > 2 and at
distance at least 1 from any zero of (.

(c) [3 marks] Show that this bound may be improved to O(1) uniformly for Rs > 2.

(d) [10 marks] Show that ¢”(s)/¢(s) = O(1) uniformly for Rs > 2.
3. You may assume that ¢ extends to a meromorphic function, holomorphic except for a simple
pole at 1, and not vanishing at 0. You may assume the Euler product for ¢ and that 3" |p|~2

is finite, where the sum is over all zeros p, trivial and non-trivial, of (. You may use bounds
on the Mellin transform of smooth functions without proof, provided they are stated correctly.

(a) [2 marks] State the explicit formula, giving an expression for Y A(n)W (%) where W is
a smooth, compactly support function supported on [¢, 00).

(b) [10 marks] Show that {(s) does not vanish on the line Rs = 1.

(c) [13 marks] Suppose we know that ((s) does not vanish on or to the right of the line
Rs = a, for some o € (4, 1]. Show that

S AW (%) =X / W+ o(X9)

as X — oo.



(a) [2 marks| State the partial fraction expansion for ¢’/(.
(b) [10 marks] Show that ¢'(s)/¢(s) = O(|s|*) uniformly for all s € C with |s| > 2 and at
distance at least 1 from any zero of (.
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(c) [3 marks| Show that this bound may be improved to O(1) uniformly for Rs > :
\ s 2

(d) [10 marks| Show that ¢"(s)/¢((s) = O(1) uniformly for Rs > 2.
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3. You may assume that ( extends to a meromorphic function, holomorphic except for a simple
pole at 1, and not vanishing at 0. You may assume the Euler product for { and that ¥ |p| ™2
is finite, where the sum is over all zeros p, trivial and non-trivial, of (. You may use bounds
on the Mellin transform of smooth functions without proof, provided they are stated correctly.

) [2 marks| State the explicit formula, giving an expression for > A(n)W (%) where W is
a smooth, compactly support function supported on ¢, 00).

(b) [10 marks] Show that {(s) does not vanish on the line Rs = 1.
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(¢) [13 marks| Suppose we know that ((s) does not vanish on or to the right of the line
Rs = «, for some o € (] 1]. Show that

AW (% f\/u

as X — oo.
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