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A dhom oi 0\9.3*‘66 kR is bom wii
WGYE Dok

g‘l\{'m_: L‘;) k" ‘Z-‘ar.ox!a.zf. C[k] with Nokice. s
Clk]), = Cyin CLE)E=c

IS nowW in o\eacee 2210,
so shifked down by k

= (an view §c &om:“;jh %o o 9 hom

. C — DULk] _ ecton ™
Abelian geoups which are finilely 9enerated 6r 2l
FACT Finidely gomembed akeliom growps ave classified. -
~ r 2 ned
G=2Z0 Z\/ﬁ“‘ ®- @ 7o i primes (Possikly net
j — = ] isHnC )
free eact el Comke G . dorsion povt

(,ovv\parﬂ ‘HA.‘)& mes.‘onaﬁ vec;\arS/o\c,as/)(‘.eﬂal e V< H:r'\r:olim\/



C ‘\a"\f\ co VVPLC)(CS d\'m\'ﬁn‘l\d or MOUI\*N\) e\omomo‘?l\

DL’(:‘ A CJ"“A“\ COWP(U)‘ (Cy_ ij‘ S ¢ ab.glo_c %éxm,-
with & %\om 0 d“'W SU\J«‘HAO\}F /9°}:O.

0
T\’\U\S: . N+ \

CV\.‘-‘_) Chﬁ CV\ | _ -
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’a,\o fan-f-\:b?
~ "\ane, |w\g
n—chains = elements of Ch I

B N én
Nn-bovadovies n-cycles

NowW considu “¢ycles moddlo bouadaries”
D@_(‘ T\’\Q kOMo\ng 4_ (CA‘/B*) 'S -u\z, 8_( %L. AR
HH(C*,B*) = Kec on

7‘ |m ,a\r\-l—\

ofden abbrewale by My (C)
Two cydes are callled fhomologous f +hey differ by a boundary

Def A chaln may L. (C, 9,) —(C_73.)
5« geaded hom swh Hak [RoD, = ,-0
Exaw\p|a A chan Sv\»covv\p&x C, 8; is a
%(w\.d\ S\A\saf wi, Oy = res*rld\ovx o B o Cu
So ¥ indusion el s (C,ng)H(C& ,}) N a\d/\w\r\mﬁlo-
A|SO %A’ q-\IOHGV\:‘- COM?‘QX ZQL/C*
with 3, [€]=Ca,¢] (well-dekined s F5C o = Lo SC)
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Lxuv\mo\ A chan Moy indwans @ ﬂ\om on ﬁ\,omd(ﬁaf?,
H.;(e\\:‘e\*‘- H+(Cv,9¢.) — H*(C,él)

. ESN > [0 )
Proof- Kor Dn 25 Yer N _
A +— A=) since 2 (Bx)) = Adx) =0
~ AN
‘\‘QQJ\ \m (ar\ — 5 Im 8,\ "I'O Z/QA' \N‘e“'de&h\eﬂk hom ©
Ha(Q) = e g 5 — Fr¥of 5, = Hn(@)
Proof = L (b) = () = D4 € \m (3). QO
R b=3c e Imd

\
The last step \ns a very sivple exarple of a proof by "diogrmen chasing

9r\+\ rar\
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‘L

he —2—73(6)=hoc =2(b) D

M_ (C.\‘,’QJ s exach (or a.cg_o&'C') it H. (=0
So M = a2,
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Easq exatse (o injeddive
(Oa A L,R s C—»O)(:) T surjechve

@ xact B/L(A) ~ C via LbT—T(b)
EY&#\F'@S O — Z i) /4 mo—“> 2/2_ —> 0

inclusion 2

Nole AIC Ao not delemine B

Snake Lemmoa. A SES a-ﬁ chann COW)”&K&S ond  chain raps
flls a Qony exack seqnce (ES) on homelogy -

'—aHr\(A) l_x-> HV\(B) L HV\(C) 8? |"I"\'l (A) —C*‘[—I])"'

L P——

So exact —\~("\amb£4-. Ha(A) — Ha(B) Hy () — Q\O*(A)[-)]
AN Called Connethiny, e
HylC) —
ceA—— B

P_'F Q'\M‘)|I€7 nolihon 10\1 io\w’r\'hina A with L(A)CB: a=i@)°
OAZ 40 = DA
=> Now AQLE E,. wndusion 04— S'uLC«ovv\‘)Zg)( :

O ﬂ(Au\t }94‘3& CB-F/E*) s (C-k//g*) —0

O—)Ar\ﬁ%nﬁcn_)o

l | |

O — Ar\—\ S EV\-—\ — Cv\.-‘ — O
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3b “Jacgﬂl:'ﬁ-an)

| l

dvb —y 2b — =0
Nt to A by exadness



Define §: U, (C) — W, (A) [-1)

(‘i"/P[Cﬂ\.”D b is not in A/
c — b so 9b need ho’\'L&a\.LAr‘;u‘nA)
R_where be1(c)

We\\,AeFineoK? « T (<) Elﬂ—a:aéA}- and ’a(b-(—ob = 3L+%m
cyde —seqde @ 3(3b) = O / bow;stﬂ,f;ﬂ/
boundary — bowndery = 3 B sy o € G,

0 (5 ) \po;nio\;\a.
% Can pick b= ’a(gj‘ Cl/’g
? 9b=79%0p=0 V O
EX”*UIV\@SS ak Hn (C) (exercse @ check exactness at H, A, H,‘B)-.
Need |mT, = ¥Kecr §
< §ML) = 2b =0 Vv
D l\cvdi /noi’neceSSasI/:!lg o\e-| /T*.A-—-O
Jo L =T mle-a)fc
VY J, l /] Oo ’o\):—'aL—aa.::O
,a&/':\ dc=Pb —— b —> © -I'k:;:,;c(e,(_
&SSUMfrh'on §c =0 QH*A

= c¢= T, (b-a)elmT, D
RM\( O—)A-—) BHC—)O SES = Ue ConMCI\\-&WoJlLES\S

§: Ny (C)— R, (M [N

c — (BL\) V bep wit T(b)=c.
{__Qmmo\ T\/\é, UOV\S'I\NU\\or\ 04— g %) nﬂ"]\l(‘a\l (¢ e. an%r\aﬁ\
Eﬁ'o )Pﬁ BT‘-‘C 2 O \Q—y'DL LJ—AC $8Kc="'“‘99L
S £ 8 k) 41 [ o 4] = 7' g9b
o—a LE T8 o fa— g2k 3b — ke = ‘f_q
S3b=5kc = f8c a
Exercise Dedwct Yo LES is notval | so
HH‘A‘%H,B HC 2 H¥ (A > -
c‘kl 3-;]: — e‘\lz

—HA —HE I HE 3, H,‘ (C)-



5 -Lemma.
ASB — C —DdD-oE
2 | z|,r 1Y z|§ SLS exatt = X also 1So.
Psl___,Bl_,a C/ %b’ 3E’ OoWSS
PL exeyese (ACaarmmx dnase) [
Spl&ﬂ:it\% Lemma
Cor 0 oA R ¢ o se5 o} abelian gps
I BKL/C st oy =id  them the SeS sphts : BE=ADC

ay (convesse is obvious)
EE O A—>APC—=Cc — o0
I | L) I
0—>A—-B—C— o D
Exercise |6 A5 B sk podk=id,  then it splits : B =5 A@cC
e ‘ka/\{ A M3

Execise |£ ¢ s o fee abelian yroup (C ’Ege‘)IZ) Henm He sES splits.
Rmk A free 7é> s, e9. 02252 —2, o0

CAN] Rmke Spli’rh‘na Lemma g,weraﬂcses the omk-nvllily Huorem from
Lineonr A%Lm VLW neac mape of veder spaces 2 Tm 3 DKecp =/
E 0O — Ker {), ““"L.'.v * s Im (&ﬁo is SES/ omo\ se@H—s since 1mﬂ> free.

2. - COMPLEXES AND SI\MPLICIAL HoMoloGy

Stomdond An (’on /Jcr\> € RV\H " JLc7/0
V\-—.ﬁN\Q\xx | ZJ(C = |
Z*[:; €

N shandord basis of R

0,92, e, =(1,9,.,0), -
Eyawto.s A ! ( Z
point A" < R e seymenk A R™ @ .
¢ Co
\V \ 6_/+r|fv\a/6.
} 7 e i N<eR’
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th <« ——anykyo
DQ‘F FOT {\r:)l ey \rh} < Rn s k- 9%

“'.’“7’, ==) Va-Vo |K—ﬁ'd\€0\fet3_ kr\WWM
[¥%,--Va] = N-Simplax spanned by Vo, vn
= covex Al ok Vo, Vn

:{Z‘h'\r& - 2o and Z{:C:)}

= |maaaa ojyﬂinew‘ komeofo’: AV\ N &M—k

canonical homesmorphism Glei)= vy

Sy

{
(so\.',x peism: > Wil often b.@ur Mo distnchon bedween
includes insiae Waf 0 and its iMnage

T =loe, -, 6ea]

bt the orAerir\& ""S— Yie vy wi|| be \'N\Oo(-l'an"‘ (so +Hhe map o is

more precise

We encode s exivu data 19\7 0ri2n+ing} the eolges P 5]

—— i C<_)'
Def  d-dimensional fatts [, .., S ) e ey
Examgle O-dim frws vt Mre verka s '\To,»—,‘fn
'FQCL\'S - (n~\\ - dimersionsl facos
A
A = [V, Vi, o, Un) whee we omit v
E‘fo "\f\ ,VL ,\r‘s-l ’ / ) ’

Lvo,v,,v3]
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Exouv\p\e_ Can b\/\\“ n '|‘OrM§ oul oF s\M‘O\\ces
> 41 O- sw%ux each faart
T = A A 'S asso nakd
3 I-sieplices 'ﬁ_' o Jo anothes

7 S(MP\&X/
he :,:v)oh'cd'e; kere { and we
are absiuck Simphias: | ¥ 2 ~§imy denk
don't confuse ‘I'km wiHn l{-kzm‘}\\e:z\e_qu
Wer |M&31.S‘ in T> /

do L fuse the
] L olvo\‘\fvﬂ’ semu UO‘ /Comomc_AQ \/\omeos (A ?Hus—ns\.:lv:)»w

assoca A \o Yhe facrds | with Heir |

in T=quokent space.
for exomple idenk€ ‘F&L&*‘ with . Via, bnear homeo
\0 en 7 4’ \ 0, (O\C'){‘\QV\-\-WI\OV\ PFCSW“;E)
Def A—towplix s o{Q-I-erM\/\JLo\ by date

lr\oLQX\r\g, set I 'CO(" each neN
. choica ej, n - snmp&x 0:(" (y\o\'r\eCQ,SS'ar'llﬁ s-\-o\mo\n\l‘&) for eacd X €T,

. ﬁﬂw'r\g dovr: Lor eadh oL éIn/ O<ign, Asso vkt some (5@(,('.) €L,
. ConS.‘lqu condikon (See loder)
The A——Cowwfby s Y OJUOHQW}' Spancl

X LJ_ O‘ L-H et 4 6' is dentfed wirh o7 (5( )

dé]él Via the ordor—presecvindy Canonicall Linear fromeo
ne

(ﬁuo-}-{em’c topology . (A € X is open & L iptersects " in an open set Vo(,n)
A b—(/om?lcx skt on aL’\‘O‘D.SfD\c,Q Y s a homeo Gom o A-cx X=VY
Exelick  description of Yhe facet idenhficabion
{ZSLW“'}=EWOI—')H“-"]_P [Vo .. U} = {Z—E x)‘c}

- UI
- N
%Mv\—n T E\r"f—'/ U=V
A1 n-| ¢
A — A'\ < Ah

(Soi‘“l Sn—|) — (Sol"'/SJ-IIQ'SW""S"‘")



Nov\—examp\e, X 7 1).'J Vie vordes are not
This dewomposihon 2 A A because: totally ocdered :
for T (s not 1 . . -

a A—'Covv\p\g,;(. 7 vy L<‘)<k<\. —5

COth:‘tuwa.Conﬁ')\‘on

We want +o aola(?-f{amﬂ»oq tmsuce ot eah wink of X Les in the inlerior
o] exacMy one Y

| becawse we womh o avoid unexpecled idenhfiahons.
3 2
E xawyle - & Hem gle o7 = @ Vi 67/,\0'

ey o o—l
X A o? o} a2 et g o ‘

nohee how 0-010.0 gel idewkfzed (n Y vohemt, but we only noke iy 6\“’0‘3’6‘"-'}0 o)
300k 1 7
(‘F You Ny 4o run Hre defninon of simphciald l'\omoe"w

wp — defined fake— You nohiee
He Mfferenhal cannot Saksty B03,=0)
EquiVO\\-MJrQa'. H,\Q {AUH- Q&Iif\g w\w\'os are Compq‘ls‘lp& vades doubet resdnchon :\7’(‘.<J‘
foat denbify '
EVO/--) Vn]‘ ) E‘)'.Ol“'? GJ/"')\’—"} = [w’o,,_./wn_,] M [Wo,-.,’%_u,')wn_‘ ‘\\ldW\‘H‘F‘I
faet L— v A identify fock A ; C%/-'; xn-—l]
0,7 ‘fj:“v‘r"l =~ [2

Z,
-y B ) N [Bo,en 2y ] 7 idenk
. A A
s emsves Uak [v,,. 0, . WV, n ] 15 idenkfed with Y same [xo,.. %n-2]
whether we Kot cesieict 4o t;=0 (omit v:i) or frest resivict o £5z0 (omik u3).

Arother equivalent ondibon ¢ can define the l-th skeleton of A-ox X
Xk = quoRent Space you get by g&n‘na all sinplices of dimevsions <R. Consiskeney is
e condibon Yak Hre loou.nd\a("a. (4 eacl 6‘3 showd Mayp Coh—}fnuaqs'lg_ into X“_'

(in th above Example considar-be ke /A =907) (more precisely , Yhaopological
see focl A) R .. / Ralisaton” of a simpl. co
Rk ( Topology A S\V?\\Wl COWKD( iIs A"Covvy&
ead. d-dim fac is uniqveﬂ

X in vJ\m‘c.L\

9 deleniined by d dishack Vechkees,
A 1’\0‘"\20 from such a Lowy&'x to Xis +f|'an3ve~kaﬂ O’J,X.

NOV\—QXa.W\\olQ v

- v . ‘
7 })o-Hv\ 2- S\M( |\CeS' hque Verhas \J‘,\F,\)'
T*>=A N '
J > N \NI'\Orﬁé‘\.S Tz = [ (s oo +fl‘0\\'\3ves.+?or\.

Sl'mp\n'c.{a\\ gLﬂﬁ,\ comg|ex

M Tor a A—@N\o&x X/ bt Xn= set of n-simplices of X
Cﬁ(X) = fcee aMA‘w\ grovp WA{,\BJ Ha set X,

_ n
B g Z C 0y Cx €7 oand ovx\7 fr'in'v\&\‘] Many) C‘,‘#o}
Lel,




d'\'F-Fean\'\'al'-
"an G;( Z C_‘) (’;(«x ) Qﬁ?\io\

S0 On Vo, Un] = > (- N[ o,,,?/\ sy In] Q"NMQ'}
Wil] Show 3¢ =0, 5082-\— §§N\\'M,°- L\om.o(.og_s H*(x):\,\* ( Ci'a*>

E \ Lales :

Xome &S The (- I) S\Qms hQ.Q_? VY3 4
fa (+ — . of Whethe Hre

'\, Y, o Vv, oriewtalon ﬂf.rﬁer/Maf(us

wiH gﬂamek'\(_ bound
onumtahon, s, ™

\_ \ - / v ﬁverm:'&&g&
7,09, (-Hms) = 4+ (V- \ﬂ)'— (g - o)"'é“' "VO)—'

Ded =0 *Fm|s w[or Zf)k (V\O\’ A—C"W\’&X> )

Lomma (DD = O

b+ D (9 \:\ro,_ f\l) ZC3 O V5,77,

Z( N Y [ R S . V) 3 ks e
\ S\'Jo"f "JJ
+ Z(\)(-\)“ [v.,. ¢ oo¥s ey Vn ]

J)
p— O El o
EXOLMP\G' S QQ AN—cX : X 4 O-swplix + € _eﬁ(l,cﬁzeﬁu,l)
: \~ s\NY&K+e
O— C, — G O

\‘ I\ @Hi (S\) :%Z ¥:O) |
. @)

Ze 2V 0
e — Y-V TO
" L/‘laud‘ Me.SS“}l
EX&MP|Q A cx shvihe on S One con deduce -
pick any verkex

/&A call ¥ais A, MM,A zda;ﬁb’i’ Z *=n

@m @a S _pb uA/ ,\Jag H,S"= iz<?0m> ~Z x=o



Ve
X = —|-—z — fi—
2
Y
Y a) A
(@ J— CL 3 Co——a O
{ |I N
26+24, Ze te,+ 2Ze, v

fi— e e, +e,

e. 62_’63 p——%\r-'\f—:O
{-LH €, €3 te, g

av *=0
b
Hx(TL) = < (Ze\+2e+2e3) /U(e-€y+0) %= freely genealed
2'(4.—1(7_) ¥ =2 L“/ €,€2
@) e e StMA normal foran of 3 .
b PCA 7 | O
0. X =0,2 (l, l.>i’(3%)—">(88)
~ oy =) So after Z-isos o] C7,¢, we
% ofae wt 2*523 @.g—vc«,o,o)

Ramork about ocientabons (see also my B3.2 Geometn of Sodfaces notes)

e veckor Space On oriewtodion i o cl«oiud,}— basis modlo
lineas endomorphsms o} Aot >o
| o

€ right —hand o - r < le£r - hand
Exanple R* ‘ . M abshon <o 4 or i embadion

(Positive) €x (negatve)

fact GL(V\,\R) has 2 pa%—@manev\h <A %ﬁ;fo So can

ad wargo coanuous&, a\Ur,rm o basis 4o anoYher wWithin same orienyaRon

Canonmcal oremtation on R" : € -y Cn  Stomdarh basis & "positive
ocientation’

Exomple [Vy,... Vn] simlex = v, .U Vo s a bosis & veder subspace
V"{Zav\r S Q. :o}g |Q“+\°“

hence oo dnoice 01; or\?/\nh’}“-o"\ o’,f,\/
amd each trans posihion of verhwes Vo,... VA switches Jhe oriemrabon class.




IF Vo, Vn€ R" them V=1R" 50 simplax’s orieutakon can be compared wikh R orient”

-
* o'“:, Uy Por\ncn’rZA Jo v, o:a\:wkd

Ji-Vo V=Vo
* No CCLY\oV\\'cJ c&o{u of orienkon ‘for Mbs\-{hcﬁ‘ velor Spoce .
Need dhoose basis Uy Ja then dedore another asis posikvelds oriemked
W M d/\wv% 0} baois wadix Ahas dor >o.

v For \/\v){)efflome HCr™ Wit dhoree 0{— notmal con Aedare_ ociemtalon

."\O(M“\ OI \oﬂlS\.S w|lﬂ n=\ OF H EOSI}\\/Q— \F Y\O(MO\Q/ l;‘l ,w“" |: f’O.SIH\’e-

' AN n
&{ Convenhion “outiiard normed frst IR"-basis
H

Example IJ7 HeRZ> = € posibve basis for H

ool (normel, e )= (5 4),k=+>0
Exanmple AN < @™ Wil normal (1)1,-.,)) is posinvely oriemiA.
VISHOT  For o h"S:Mf\CX Yo - )\)" 1 s |R=“ , eaJA Lot
Kes in a hyperplane  amd have Cavonical choie ol vormal :
owhWardA notmal . Hemee Cactts are @U,\anicql\v onenied.

Example

out ouk
|R D) %‘ in smooth world : [D So oD = @
an Relockunse

AY\.:Q r%q\an 6‘ IR \«}\\\ SwWap Or'lbv\‘l'?\.‘i\On : afler (0 ..|‘) SX)‘—O clockyvise

tXa«mE)e_
V3 ouk refleck V3 RN

A Vo & out <«
&% [\fo, Y 1,/ 3 3 3 X OM.JC \)' —'\J‘o)z\fi
O ; R 0 u.‘\' 01 v, \Ja \y AA‘ Vo r\zaq,\We_ R>-Las\s

Po.s\Jwﬂ IIZ3 basis Vo VWV,

P SHoT ("D; in ("')C[Vom\/f\(,,’\f}l] in defaikon of S\'N\alt'c,(a&a IS
‘H’\Cf'c ‘LO Imsure. Hak orientrafNons A consisient (Cruc:aﬂ for a°3=0)



Lemman. Hf()()’f ® HI(X) where X; ase the path=conmponents of X
PEB L) — X, ®eir— Te, e

L/ Path~conn .

'y CL\aLAlSOMo(‘p‘N\SM Sl M\a S./\'V&/}( 0 : A — X has pm%-canned-@k
lN\OV_ So € X; Some . N

Theortm X has A-cx shche = Hi (X)e @ Z

Pa:i'fn—C.onn.
Pe By lamma, Woa X path-connected Components

vy v o= Vel () 2= . (N=0 = [v]eH(X)
* Veghas vo’\r,eX = ’;}fod{\ Y Gom o 4o v,
=  Can (/voMmLoFe potn so hat %alo\jugq

X "
A S
= ‘6 1S SUMJJ_ |- (,!/\MV\S‘ s-k. ’a\(=d|'\ro

Yo hewy V] € Ho(X) indgpondant of choite f ¥
Ko (X) = < Lv}>
y Ho (XY =<TVvI> 2 s Mjehve ?

hy <« N 5J(P05Q nUy = oc Jormg CéC(X)

conidu~ Hae awgmentaion e\pm‘)

(X =25 G, 55 Z
EY\ g — o ne

JJ

o-simplices — 7 :
nolce conpasikeis 0 s ('—“"’Y“X)= 6,-0, — ([0
0o a\

— n=2¢(nhy)=¢2c=0.
Rmk ¥ top space = podh conn. comporamt < Connwle»\ covponent

sinc path— conn. =3 conneckd. For A-cx, SHiese are same (.S’mC.Q_
Connected + ﬂom% (M\H«-—conr\ = Pau\—wm\euleol)
However for 4op. space Hhey need not betha same e, TOpo(pa..Sl'-r sine Curve

mJ_ | oorme,vkﬁl
{()C s 3 xe (o, ‘]} u Oxlo) ¢ “2 WUV_\ - not path-connected
. not zoca‘b? fﬂH\'Conr\-cckA

0

2 ra-H\—wnn-cowyonzv\ﬁ




3.SINGuULAR HoMologY P
Moth‘i\ov\ N0+ ol Vions ‘\‘LJJ" H,;@ (< ‘FUV\V"O’\KQ A X

Ha fo veally not l :
e S o s S My
Solulon L1 ony allow Simgplicd maps £:x 3y (so Fos smplux Vo)

Solubkon 2 ¢ show Yhak any s tep fixoY canbe a,ppmy\mam acbir (o vy
\/\lUvQ 5'9, /9 Slmf)] M\X (N’v() affer '/mvm%u p.eraformu( bmfviu,r\k\c, subdivision on X,Y
mouyh Kmes. Also any two suda appoximations indutt Har same mop Hi () oY)

Solukon B3 O{MP nead homologit Hy (X) whida allows any cfr mag A X
witt o THIs.  and prove HE(X) = He(X) for D-compliees X. X is any

+top- Sporce

> Y

Q nhnvous
it f

M Sinqular r\—-sbv'r(%( is any- [ cohavovs map N —— X

Stngulo nochatns Ca(X) = fren m%dmgmvygw»\m}dbj5

= z C g CpHE Z
SW)J\N On\~7 -ﬁn'\\-eL, many ca_:ﬁo
n-simplices
> Y- " and 2dend Bngo
C | L~ i-th facet ( %)

(S%o‘ €p— €, k<< )

RM_K Here Av:‘,-‘ - [ 0, )A e'\] is idambRed (—4-“°V“C““3 wikh A € — Cle—| for 51

Will show 3:9=0, 50 ngr S\v\a#}r' komkgg= Ho(X)=H, ( Ci 2.)
Toe A OOWY'&'X >< \'\Q\IQ. \AC@\IS\OV\V‘F S'u‘oCOWY’CO'X C:;—WC;‘_
— induas H O(\_> H Qq Toct - \S‘ON\Orf\V\SW\
(proo€ laker; see cellular HEWz 1)
C\OLMQ—_ H ( ) IS u\o\q)@v\dl!\""b'i. doita rj_ D —cx stuche on X
Lemma -9 =0 L
Proot P (206) = Ve (Tede, ‘)\__,Eeo, e
— _ZL—Q -y w‘[o,/, 3,- Lo en)

20 Ol o 5l

- 177

It
D

=0



anka X = ()0\{\\' = C.(X\=Z - (0"' AV\—-?)( +he conprant W\“f’)

0 g, = 2(1)6“\“_"2(') Op }@ L2225 2% 250

5 'Q | i noeven = £ G
{ v odd /] —) H*(_P'k) {% :lsz

Lemmo\ H*(X} = @ H)‘(X\') where X\ ace P\‘H\-—wwone_v(\j o{_X
E |""“3€ Oj— ks mop AN X s (Dw\’(,\ conn. so lies in some X;.O

Cor |H, (X) = g'? Z —generotors of Co(X)

PL By lemme, wWL0§ X padl-connackd . N=pt—X is oy since C_,(0=¢
Given 2 points X, y€X, a path A= EOIDT X, ¥©)= X, ¥0)=% is also a |-chain !
So x=y=0y ,50 X9 ot homologous. Finally i n-[x]=0 € Ho (X) Yhen
NX =3¢ some ce((X)=gmamitd by paths. Now run Ha avgmentadion
bom.hrick iKe we Atk for HS: n=¢€(nx)=¢%3c =0 a5 £.3=0.0

Na"ivmu'ka— (f&.. f\mclwn'a,c&"‘g—)

LQW\M -F X—-’3 y oovr\\m/ous

/ ’F : C-V(X\) ""’C.\L (Y) A T . X
indw Cedk map L (@) =Fo¢ anol c;(de\ foo H
\!\Cnf)

Q—_f—- O (—C_\L o) = ZC—\)V\-Fao‘ &?‘-l =.F* (Z(-])" O"A,E,,>='F* (’bnd‘) 0

Peoper Res ) Iy 2,2 — (3‘”(:)*: Fe o Fu

2) d, =id
P ) Ged), o= gofor = g, (fo0) = g (80)
) 4,0 = deg =0 vV D
Cor H, ¢ {Wobg«dsmw} {3’”\”\2\’“““&” “VS} s & Avnctor
ch mMaps Gended foms

Cor XV = H.X)= H.(Y)



4.CHAIN HOMOTOPIES AND HOMOTOPY INVARIANCE
A|3€L(‘0L . Chain ]/\ovvw'l\’)piés
'E” 9¥ .. <C+//9¥)_—7(C+)5¥) chain MapSs
Det {4 9, &t dain howotepie if 3 (degeee +1)
'C\OM ‘e\: Co — 6;[|] s.€.
9.8 +ho0=+Ff-2

hoic ol o chain homlopy

G)nSQ‘]\FfN\(.Q_ ":4=9¥‘- H,,(C,,,@,.)——a H»(C,g..) n "‘°"“’\"33
o

P_'F- CV\-H — CV\ —'\)_ C“"_|
Sh
£l 1%
’C\:\-H N—; Z'Jr\ ¥ Cv\.-|

n+\

C CVJL e Cr\
=) -Fv\(c)_ EALC) - ’anﬂo a‘h(c) - e\r\—\ ° B“CC)
——— —~—

Low\okﬂ\f'af (‘)‘
= £)= g, i W(T) D
Theorem o ¢ X— X«T, lbt)=00) hee T=[0)]]
b 2 X—/ X, ¢ (x=(x,1)

Tl L Co (X) = Co (X xT) are harn Wpic.

Keq tdea. Nood “prism gporabor” which cuds A'x T inYo a s T

of G\+|)-S\‘~Y||'c£5 in N'xT : é_w\ka&\‘s'bd&-\’mc?
n q '|~a ‘o
(0 8" —>X) > axid: & xI-XxL 5/5", | tRE— e
ol | —taior

r;‘—_— wm'kgfﬁ—/[\ Pnoc- - / - — ('oo G
Pr-\SM o ’V\ \' Km&
P, D xT 0

Qpvator (G‘XM)OC\ '-AYH"—)X{L hene © is chainhpy




— Non —e&xaminable

P'(:‘ n L./_\r\:ze; XO
T boomdaet A x 0 = [\)'o’_,)\)”n'] c A o) < |RY\+\
dop ek AN x| = [Wo,-wa)
Examples _ oz e X |
n=1 h=2: w
Wo J \z o
é,;‘/*ztzmw ] AN e sl
I{ /// 4 [‘\)—O/\Y\)dl‘l I ! L‘\Fc,l U, ’\rz/ VJ‘ZJ
d‘oC’\p—) v Lo, W, ] Cve, T, vy W}
|

D Now ——— 1, C'\To,bfo,w‘“lfz]

Lejb SC = [_vo,—-)\j},wC,--; \/J‘Y\'}
Clam = The s: cover Dx [o\1) and gt A-cx shuchre on A%T

P St s
o w- — A * tom
ks K +kz>:;" @ = (o, e ,, titse, Sear, oy Sn, Sitt5,)

So gven (xo;—--/xru o) € Anxl_j eqwﬁe amd solve -

_ e e = A=A ip = =X
to_ Ia/..} -t‘:"—xwl s Sva = Xip, -y Sp=Xn, amd, {-L.'.: A —S;
No‘l‘e 1k7’o/ Zxkz |/ ae EO,\] hence j—hkf ZS‘Q.—_ { \/ ‘tz 7/0 for kK< v

Sk 70 for k>¢

e ii;o}‘%{avx;+,+...+xn . Thus & solubon exishs i we pick
W0 x£+xC+,+--- +Xh 7/& L= mCr\{R AT Xyt +xﬂ}

Theee ace mth'p\e solubons (€ W41 = Xigy = 2% =0, byt Maok 15 Gs
xpeed 2 Hhose points of AT belong }o Hie frces of 5¢,Si4,-55 . 0

Det .
r'\ = Z (——l)b SC = Ch+‘ (,AV\X [O)|]> &geomeJn‘a[[.J %,{ ”repl‘lfan',:r“

AT as o Sn‘th‘cid chain

Sl = TTEFEN Cony G oviyoon) ] gntish o

T (rmnh';
< ) A NeT
+ (’\) - 5"'\ S, . \)—c (J\: ) [,J"' = w’\ a(b X
? -JZN‘_ SURR AR ) M J =« T)u(B'x2I)
eXaﬂg\e
Yo > Y, rl: ["-O,WO,UJ:'.S’[\YO,‘)’”D\] " ¢ Yhe Stld&re"

t AL N =000 = Do D) + v, )=, ) 4 £ 1L 07

¥, —r “is O’S, S'qt/ﬂt‘e" "inside facats™ cancef]




Poism o?eraa\c('

P: G (X) — Cniy (X x (0,1])
PCfo*) = (o*xid)¥(rh\
7

Noxid: A"x 1o) = Xx (o)
' X (oxid) (x,%) = () t)

Hhis abbreviafed nohhan means e moyp
D Plo) =(6xd)x(Tn) (.. ) 1 (bt +Ex

(G' X L(J) (’6 rv\) A"

fe; +{;J 0e,, +- -+t e+
+t.ce; +- +tn<re,\ ti+- +{-,.,.)é)(xI

—_— /\
> T ZEY ) [ise, DI ORI
(xid)(~7) | 31 . A~
3@’><Co\)(€‘-/0) + ? JZ> ("3 (-) [boo‘eo, ., l;) L oe . 7\_'0-e Llc‘e'\]
= (0te:),0) )
= (o) (el | ¢ . P
. = UxC O - Qo
@x:o\ﬁ (%) i "o % \ ,
= (oted,) i | {
= ('I(G_) (eC\ L =10 =\ =
From b (205 )/r_
Z(‘)[ Ve WG, ]
how use @ oamd
A\
HOMO‘I‘OP‘Q— nVasriance o= ZG‘) [:G‘e,, 6‘6 _6‘e,\3 0
jcoi'ﬁ" >( — 7

M{o f\_"c, \Nomo'l‘op.lc if 3 conhnuvous NP F:XxEO,\j—)V

st o= Fo g N—called

£=Fol Whomotopy-
ldea Thisk of— Uats a5 & conhnuouns f—amm df Mmaps

£ =F(£):X=Y Gom 4o 4o F,
Exorcise ~ s am vau/ouﬁence o

Homotopic reladive do ASX if F(at)=4(a)=f (=) ol ach
Wete "f~9 cell A"




Def XY \,\omolo.pu', a',quM— spacts £ 3 wmaps
_]C
X <27 uwh

0
R homeo = hpy equivalent
M‘ X conhachble W = pt
eqmivaleatly O(_f;*_,)() ~ (X ﬂ)bpa?mi'é)()
Exavvx(’|4_ . PV~ Flr
Fxt)=1x then £ =0, =04,
o (str-shyped subsets 4 R7) = pt

S~— containg |(ne. sejxm&m)'r
o a SPQUC-F-.'C_ ,Oom" P

WloG, p=0 R wst Same F

-Jw\slql-e

(exawples : D", convex Sets, ...)

~(‘~o* = ‘ﬁ*_ - H. X — H. Y

Theotm  { v £ —

o

% 'L\‘at - -1£0¥ = E;.CHL - F-F t‘o* (N\'\MF:L\QM.D‘LD\O\?_J )

‘:O,C‘ &S i previous Thmw

= Fe (‘:W"C°-\«)
i = P (3P D)
T = Jo(FeP)+ (FeP)e 2
Fodwin 7 5 2P i duin by koo Fou do hy D)

Cor X =Y = He X = HioY
Pt £,9.74, L Gt =0k, O
Z  x=0

Excorele X comdeackble = Ha X = B, (pb) = { Z =

Cu-e‘l‘\)(b\l KW\K (Wh”—e»\@\dk %\ﬂ,otﬁw\\) Tor nce “I‘OPﬂloa/;CAQ SFQCQ.S &G_\Ige;—ogx‘f;f?i>

i€ XY ae simply connected amd 2 £: XY indvsing. isomarphisms on Hy e
Hem X 2V ore homolopg 2quivalont.




Relakve homologn,

Dok (X,A)  paicobspaces  iF ASX toplgald sibspace
- R=indt A e X indwas a subex Ayt CoA — G X
= C*X/C*A 7\/0{\'&»\/4’ chain cx é-e_&\\ o[*) = CB'JL’D

H,\,_ (X/ A) — H% C C¥X/C¢PY>
relakve boundaries:

|ﬁ.: relahve C‘jd‘:: X L
C € X @ <€ G X
S'.‘t_’ac éCa\:A W chEl DCGCy.HX

¢ Ix=b+a

\y
CxA
= 05 C¥_A__9C¥_>(_—)C,,_X/C¥A___yo SES b 2 &
Coc |- = W (MY = HA () — H,\(x A) £ 1, (A &
K Les forie poirr Sc o
EQANCLO( l'\omoeazz Nee% no+
H*.X H Bj, _g’fn&h'ld JWI’\ Qw Some a€C,A
-2 C ()= - > C, )27 — on v\'\ew
(2N, - P)=Zn; X
avgmentoiion E ‘ =2 (W\p ¢—>X)
€Z Po‘é‘)\_é where allow the

ewmpty simplex @

Pr X#8, H X= Ker HX— Hu(pt)
\/\AA)u.A\.\j X—pt

Exarple H. (R = H,K(IDV‘)’“ A N
Cheek - Ho X = P X x+o0, m\ M X ~H X ®Z  Hor X

. e XY = fu HMX—>H.\<Y & A=g we
Lo (X A) pair = 2 LES enduith A= Z

Lx

. HH(A)—ZHY‘()O——# H (xm— H,_ (A5 — H(XA) -a
E wse Mafw\e,v\-\—e_ak h-ex. amdh Z,2 =0 ()




IR

Com H=\=CX, pt)
P_‘(‘ ’I:‘{J#(PE) =0.

Ha (X)

~J

D
Exanple &5 7,6 5 Ta(0)=0

H}V\QR‘\ [-\—_‘\\ ./ N cn-l ,:'\' gn-!
\D“=s““ Ma(pys™) =7 H(0)5" )= H, (57)

Natvcality of the LES for pairs

el A mopd pairs o spas  (GR) —s (,8)
means ' f:Xx>Y and £(A) EB.

Lemma. - — H A D HOX — KX A — H A

'C.\,.J/ LKJJ L ['&L
e T H_K‘B — H*y_) Ha (\/JB>ﬁH-¢—\B_)-“
and S§m3|0f|-3 {or 'HJ,,_.

PE oG A—TICKY S X /A =0 o claim follows by

f«l +u ], ful '\Q‘Nﬁvlf'}-; ol LES jadveed
0O- CxB—)C*\/ﬁCxY/CaB‘—’O 19‘7 SESs of Chain Cxes. 0
5. EXC\SION THEOREM AND QUOTIENTS (21“":%1‘*_:‘,”_?
(X,A) pair 7| e gt
b{i : X— X \'Cmohon onto A f {F(X\:A
Exmmek A X:éjv Sl = 4wo gg\nercs gfartok ak one poinY v
3 ‘D Y (wedge sum)

r: X—)A\ Mmow Selond Sp)\e_(e ‘o v
EXamele_ )/\ P\C o(— Boower— g\'XQaL ‘)h Y we LV\.QH’ A rehackon \o7 conodichon

Gr r orethackon = 1L Ho X — Ha A sucjedive
incf_*! HeA— HxX inyedsve

& A:d}—X/r_r?A now use H* 'ﬁJnc:)or\'O«Q. A

ida




M X o X Aelormation cedcuwdkion onto A €] © rehmedion
; r=uw, redA

Example X = Mabius shvip @A
A = equator </ X

Lemma 1 def e = /—\ﬂ X is o homotopy equivalence.

mo@,.; O\.Y\A Ty Are ISoS on H¥/ $o H-kA?—: H‘KX

|an
ik A fn(,Qor-zr'f:fo( J roind = r‘|A= id A 0
=

nove

M‘ S \?k« def. Nkﬁd’s +o [D = |ower hew\-\)'p"\(’_r{. \o“D
= S™\¢k = D ‘ sees

=5 SN2 patnks] =D \pt D" \O S/'_\
= S™\12 ey 2 MM '“é’:il‘(‘;
SV\ I h-—l U?B)D _S‘h \

Excision theoem
ECACX sbspaces = (X\E ANE)— (XA) Tadwes ico
mth E < A H, (X\E ANE) Z5 1 (X,A)
Prook Laler.

Example X = jl\/ S‘ - OO > A= K) ONS‘

= Ho(XA) = He(C, 2) = Ho(v',9D) = (S =2

QKC- HAamn. hPy l‘f\VCe. \\so 2- Po ’\\'s

Rephersing. of Excision Thm

o o " d b
X=A0B = [Ho(GA) S HylB ANBY | nclusion 7

(Al% <X SULS(GL(Q,S) (X,Pi) «— (BJ AnB\
"ZERY DB

Pf Take E=X\B so X\E=B and AnB=A\E.Q

ldaa wb\ exusion holds = G, (A+C,(B) — Ce(X) is o l\omo-)of’h' eﬁ]mvodenc.t

N C»‘(P‘\ N Ce(B) = Cx (ANB). |J\Qn_7\C0\n subdivide. dhains in X many
‘hmes andk SMmAll enovgh chains liw eithe (A A or in B (or in both).




QGood pairs and quokents

(X) A) Eo«i; ol
+ Quotiew X p— X equlv- rehafion X~ & 3&:_9_
(X,R)  good /eA~ : Afg/é[ eh
) a\C |
, iA Aosed
* N\ A defocmakon ehamnck of nbhd Vol A
/
Y+
Exorgle Y= 5!y 5' = 2V=)Q 2 A={)=s

X = O points o A ove Idemdhed itk Hhe node
Non-2 le N ane cled
casecone Topugirts e cuve e
{(x sinl)-ie(on]} u Oxloll c g A— hot Gocollly. connedded
——

not Zoc fanx—cnnr\ecko\
Clivad. Rmbe. A
Smook submanifeld S Smoota mam{o\d |s a oo d paic (*"L’“l“‘r o\)

ne 31\bour)’\oa

Cor (X; A) ‘2“04 = (X,p)— (X/A) Pt) indwees iso :.1
|"\-\~ (X/A) — H, (X/A y 'PL') - ’{:4/¥(X/A)

al
n\’l

P£ A —
P£ . L =i\
3-00 = = n Ao( V ‘?— A, amd A Y, V excision
LEs for_—" N\
(

?—%mm% s Ha (X,V) =" Ha ()(\Pr V\A)
2‘%% Quot quo t—l _l Dy =idenkty

BN O A N A A LSRN AT SEAND

caQQ fhws point p Hente afl arcows asre isos D)

Y e qvo‘\eﬁ' m\'s A=
Ex::dvp|e. [D > S ! 8.oool: &S'\—l OlAe:i—;\u\
A TS

= H,( D,S"")g « (D7/sm) "’(_(/ Dy g1 = s™




Recall we proved T*l/ (D", s") = ﬂ;_] (s"') (va LES

H-r.“D "0)
= H (S 3" ! ~ H ?)=§2Z n=k
ndweketly, ( ) ) k—h(// ) eloe
lAsir\a Eme\p\& 2 ?oini'sx

HO(ZP*S)ZZ@Z

Gemaonbor o Wu(SY) = HL(DY/5™) = H, (D",5") =2z

ObSQfo. 3 \nomeo 6“',&“ = D)Y\ (komev/ork)
molmw\g, N-cx shvdvee on SM

20" " =5 el
l:xo\mp|€, ‘gﬁl:’\/\;\sc‘s;( )
~ M\oa/vcbv-
53 Ay 2, pANE Q S
Upshol H (D" S“_): D Les
(h=2) H,\ - (S“") = Z 96" T— for n131, 50 132
H ('D“/SV\-‘) — Z [en] “— \9\1 Cor
/e ceally lives o
EWSQ EQ_(A,” Onother A CX SJH\/'LA\F('C on S (':: ((n;.; s” '2'
QA [ 8 ua/%wwm f)
@AL Cﬂ.”-H“s A, —H\|5 Ao Hn(Sl]\) 2D")
ther. Has" =Z’(A\_Ao and (5 503 = H (D, 'bﬂ)
D—0, > D,
PMO‘HW' remarh abouY oriewalions

Fa_ct {\/\ow\eos AY\ — \Bv\} has 2 pm\'{\—cowwonev\h
Above we. chose a Fo\-HMCom‘ooneM- \0‘9 Cth'NVo‘HAa, Qv‘_
¥ © s any re—HeUI\on in R e @76 is in the other path - componeit

J=H, (",

eq.swap 2 e” \—7+l
wocdinaks in A Q,OI"I > —1

]

—




We will See |ov|-lr ‘a the Course Yk Mais o (ceSponds 4o a choice
of oriemtaton of [DY\ and Sh.

O\AY' Ll'\okl- s wnsiskent with H.e inclusion |DV\-C—)RV\ (wf-\-L\ Hee
fosijn've, (CAnom‘ca.Q) orientabon of- }2“) and  Hre Taclusion

(B eRT) 2, (&, £) e R : ty0, Ttog1)
(‘b=°1’7t"\) — (EJ’)*"‘X ‘

{7:7,0, Z“;:='
EXaMfle, L
L
2
2 g_n?" “ Necwr*
//A - /) ~ /
[_e_o e, e - - / e
1TV e’ t

e, €, poshve R -basis shavdard origwaion
Our choice is also consismt with Hre “nocmal Rrst™ Convenhion

Fof oﬁen'}\'r\g, hy\ouplomes wHh a 8/\'\/% drhoice of norma,q. <

A" < hypeplane { (to,-,%0) : Thj=1} € R normall (4,1,.,1) (o point

C | 4  do @ in posikve qua;thk) 7
=Xamgle - normal
3
A’- ) e: <R hormd, €-Q , e,-8
Y/, 74 4 posii\e R3-Lasis
[ese,e,] X8,
Consislont also W;HA He geomednc \;ow\&c\fj orienwtzhon (o“\“goﬂrﬂ,o\ai‘fomv\ml fl'r‘sl:)
2 2
B = L shamdard
I 0 onentzhon
o o |

A A A
COM(JM.PQ- ’aA: + t%;elj'@[%lellet] +[eolell'e'b]

—

This = [€,8.] is not equal Yo S\‘Na,\r(v haan [e?_/eo] Sine H‘M()’
0t di€frnt Maps Ak we Take éree alehan Frove gememitd by maps
Bul [Rs,2,7) + Ee,_,eo‘g \S L\OMQ\OBQMJ +o 0 (Homework)




'ﬁ_m(’ijfg; (or “smafl simplices thoorem™)
A = {Su\psma; W € XY V:‘)\'\QSQ. Mo cover X -
M C-’- (X) EC«L (X) SULCX éo\nefa.k'_A JDJ n——sIl\\o|\Q5 o withk

o (') €W\, Some i

Theocom |14 (U 2 K, (C.00) = HiX

barycentre of [V, _,Vn)

N f\_“i'T(\yo+ /+7)
Skelch p—f— @ Ea(‘\/cgwk’\'c SULJiviS\'on loar)'cen‘ht dive Je,;ealg,e in2
Nonz-‘cxamm\o\e,
)_ S(A
— 4»

_>C/L\6‘VU\ VV\AYO S C (><>_)C (X> S(,\.Lo(\v\de. -\Le L)Ob(f\dd\.f

0 O‘o N (mdUohve19 by dimenrns: or\) Hen
Mol S (C“) C C W 0((&\/\/ #\e new 'Fﬂ(lf Obf'ﬂ.lr\e—"{ b?
¥/~ ~x ConveX Cowmbinahons mvolvmg -}i\z

Conshuchon of “do ST 5 tndwehve new verkes and fhe bary(_gh-).«{
On lineor sinmplices (-H'\em for mags 0~ Yo ceSkauta]. ) gcame)neﬂf‘g. < :

o S [er) = [©.] e Y
—o+——- S Le]e,]_ [L) 6‘1 EL) e-o] (— [‘b SQE‘CQ Q]J >

€ b <,

L N S[e2,@)="[b S3%2,6]]

° “ G ="[ b, S le, 67_3] [b, S(e,e])+ b SLe,e])

LN, e CLMER TS

+ (E'C’ l5‘oue‘.\ EL’!,L‘o\, eo]) d
So for 0+ Az__,X jou ~ melAc oZ. Ln_
take Sto) = oy, e f'cbb,l,e.) qeomelicellyy : ﬁp
> e

Ol

@ S dain hpie Fo Al
T:C,(X) »C _H(X)

Pl"ﬂ'\'

T(): T NS X _
e DT+ TH = S —Ad =3¢ HX)

A, ()




|dea : S(a)

l /\./\/'\
~ i [Tk
Al r-’,;/' .':-"\:\ 5\‘
. AN ,6,’/,”/“” \‘\\‘\
®\7’ V\"S\Mf\ex OM'A - X/a’f(’l‘) S() QHOM?& 'I'\‘!V‘CS - D
U\n—\%Q d'(ead« Nn- .S‘.mp@e.x of Su,odivis\'o\rﬂguc Some. * Az

YV ocydo ¢, Tn st S (c) € C!(X) ey cle
/7@ Z‘IQA(O — e (X)  sujecht &~
\y (S S2 T} =) by @
V bdey c¢=2b, 3n st. S7(b) € GY(X)
claim: H () — Uy () injechie
suppose. [C)—s O them c=3b for be G (X)
now Shc,S"b e CAIX) for large n
= 95"Lb = s"3b = S"¢  in CHX)
= tc]éS';[c]:[s“cJ: [25"b]) =0 in WA (X) /' 1

Proof of excision Pheorem
E_Anb L+ B = X\E

7N o we W= {A B}

T T —— so CAX) = CUlA) + Ce(®) € CulX)

B
Cx(X\E) = C.(8) = C.(B) = C (X
- C, (A\E) /*@"\B\ m\C*{B}\ %x (A)

na . .
L H. (X\NE, A\E) 27 isomerehisem
= COMPM LES s 1L ¢—by A\ooVQiSoS; foc groves

MalB — Ha (X — ML (CEX /0 A) — Hao(R) — H,_EX)
| |om\i4-al'2-‘ lfSo b7 S-levme. || |oco.|:-l-al ~=
HolA) —Hy (X)) — Hy (X /e, A) = Haoy(A) —H, LX)
|

are wsine, nahurals LES s
(oSt ) .



C. Mﬁ\/m ~V\ETOR\S SEQUENCE «— |(ev~9_ C-ova:\H-M-\'ov\aQ ~+oof

X=Aubd «t. X = A°L B f\/E/’\

A NS
ony Sv spaces \___\/\__‘ X
MV Theorem 3 LES -

A
oo H (A B) 25 HUB@HB) — H(X) o H,_(An®) 2

WH)

& same. holds for ’):l; ?nov\‘dll A(\Bif¢- /\L:{A/B}
PE SES 0— Cu(AnB)— G (A) ®G(R)—> Ch(X)—>0
o ) } (O‘) —0")

(X, (3) ——> o +[3
= inducts He LES (U\s‘w\} Qo(wuy H,\:X?—: H.X» -
EXertise Qonnedrir\a, Mmap is §: H+(X) — H, (A nB)
[AtA) —> [ox] = - 19¢)

=S BT e 2
s! - —| By <"

Ang ~ St
— Hyphau, Q*)%st — H(5) — H <°+)@“ (P -
O emL'[Z % O
Cyxarcise Cowmpvie  Hu S" _{% il o wsiny My
o Se
ExaMp\e wwg.zsum ol X y )(vyz X x Y
u|+k|oasepa nts '1- ‘}w ﬂ
5" 5"~ QYD A= (YN 8= 2D aap= 2\ Y
~S" v ~ pt
O%Z(-DZﬁH,\ X) >O—).--—>O—?Z—>Z€BZ—>H(X)—>O
= L — (1,-)) X~z

Simi\ar|3. He (XvY)= H*(X)@ He(Y) dor x#o| ¥ T condmchble nbhds
of xe X ,0f BeY.




Cone.s ar\ol suspensions

(XX [O Y)> /(7( s) ~ (g, ) HF eqva,Q oC

~ ot s=t=\
é ZX (XX [O YB} /(D( 5) ~ (g, L) HF quoQ
Examgle CS"= D™, ZS" = S ORI

Lamma Ha‘(zx):—tﬁ X

\,
A =R (AN ANBE X now apply MV, 0O

LES

Rmk A <X = 'PT¥(XUCA) 2 Hy(XyCA, CA) = H, (X,8)
Conneclth sum  idikfy acACX it (2, 0) € CA
M’”éﬁi‘:ﬁ:ﬁﬁﬁ - MH#N= (M\ AT o (NNl )
IA&A-I\F Yballs vie a homes

(=)D

Fact Compact connecfed orientsble surfaces are homeo to 5 o w
and /7 7 non-orientadle ones @ IRP# ... #RP™. 3"\0\4‘\{ 9. = # cofies

ccn-\\e_& Zg_

—

EXeise (Homework) TFor~ M,N compact connecled

By MV, [H (M#N) = H,(MOH,(N) % 1cxen-z| |HlEN=Z

Since conaecied

£ Mor N orientable : % =n—1 also works e i
1€ both non-orieatable: %= n-1 ong of Z/, Summonds” becomes Z Z or O
’2_ for N even T %e.\re
COF I)X (M#'\j) = X(M) -+ X(NB - / Jr odd L{;'T'rq\%“
4 X=o0 \’V_\J e .
2 Z = 2y — see |ater in
) H ( 93&9{ nos & {%_ :\;-:-:‘2_ ’X(.S") ( course )



3. DEGREE OF MAPS OF SPHERES
f.,s"_,s" = an : H“S“—}HV\S“

r— T
= R, o F, 5™ s dea(d)-d Ly M) €7

Propertes ) (id) =)

2) dug (£o9) = )uzng - dg g

) -F/:? =>0\a§4:ﬂuf9— igm depemds o

4) £ ~ const = £ =0 /(h;m;z e e
oriaw\-nc\\‘on-PreJuv{Aa

b) 'P hOVY\QOMOI‘P"\.{SW\ :> o{ea.F — __tl

P_'€ or reversmg.
Cd\*_:‘t(l} (‘Foa)_v_: 'F* °%-\r./ 'F'la =>—F-‘r-= 9.\«.) COV\SJC‘,_':O/ + homeo=)-(ln iso. O
g%a.W\pLeJ A sinea S pt— S {adlors

So H"‘S“—vH:"‘(pH—) H"

\ Sh= Nxi v Kx 0 <—call this 4, a8

) s (b)) ~ (b)) i# bedD " a
recol HnSn - Z.CAl’-Ao\) Aﬁo @
refadcon: r+ S"— 57, r(X,t) = (x, |- +)
SO QOH Al SwV{oeo( L‘J r, So Q(Alpﬁo): _CAIFAGD
= dgg (r)= - +

2> antipodal map -1k ST ST Viewip SMS R
= o\eg (k)= )

P_'(: —A.OK = (HI, >o (I—\ >o ... © (l o ) c:—:;'w:ey;l;:h;itac\,\
° ' - homeotepic 4o . [
3) Ae On = A: S SM= o(egAzolQ*A éZiﬂJ
P£ fact SO(n) is Pﬂ%—wnnecka( so AeSO(n) is ~ id so oQ,gA=JM‘A= +1
The other paH.-componemt ofF O) s o O(n) where (s any ceflekonD

’4) £ not surjehve — Aep £ =0

PEIE ydimE = HA(SY) Fa )/th (s")

1C“‘\I—\V\(S"\:;) = H,(RY) =0 O




APP'CW\\'OA '|° vedor &JAS on Sy\ ()
B ‘I‘a\r\ €n+ 2

AT SV\ |Kv\+\ “\"ﬂ R \fe-(rl-of— —Q(I,on on SV\ SPG-CL xt< R

So v(x) L x )
S

Cor Hairv'u ball feoremw [T nowhee 220 v.€. on ST E N\ o
(COLSE n=2%": ”yout cannot comb a ball of haic wiH\oud' c.remkna o tu{—'t“)
PE Suppose V(X)) #Fo Vsl

%Ley ~:5"x (o)) — 3"
F (1) = ms(f-\:) % o4 sia () (X)

= FE =, Ff=xa weol
n )
P
gor' n o&& = \r('i-): (’7(2_17(\ ) 77) '—Izlz, “XZQ-A D

Cudval Romoske  Adams in 1362 proved usin Foplopy
(Mo # poinhise. Linearty indsptimdent veclo - E(LUA om S™)= 2% 4 Q4|

wkere_ Y\+\=?_'+“'+\°-(OJ0( numLe,r), 05L$3, aLl]oéN} n> .

Loc] «h&m : g"
¥ s = fny
@Suppose_ Pom‘\'s#—'x_ near > deo not+ may to Y

Frbnds xelh,yeV sk (U UNY 5 (V V\y)

D" [DV\ Q ‘
= (L), ¢ Halw, ung) 5, vy ;:”J‘L“S fl,
e ol map akx
exase /;f S 5 \x
S™ WU ”l \'L
HnS“ pt
> 2

T a:z:



]_,Q,W\(Y\G‘\. -g:: Sn__) Sv\

@1%1

pL

Hogn he

O[uOLew{"
Hi (S S™ 07, ) 255
exc.SM\V uil =
D],.)x

@ HalU UNL) 7 Ha(V,V\g)

bed) 157 lezz Mt 2z

\|/

(1-,1) € Q:)Z TA%.E ?Z

—\l\ — Q&n ‘t “n\h|
= 3F('—2H \%—r (

hpy is continvouws ak oo since Aa2"

Ha (ST
lquokw-l'

H, (Sﬂ/ ™\ ‘&\

Lexc. S™MV

Polwmwe

an nse same V

{or ol 10‘}'\‘&\4\'/\3,
\/ =QOV.
g {"(v
\ Hhe 2 Squares Lommu){)

ASt, quohemt s natV
2™ o xeision is Natall

[:]
an¥+0
¢ et

n
AnL + Ry 2 t--ta, aiel
/

(WL\e.re.. view CP‘:CEuoo = SL)

S-kreoa-a»fwt- Perc.oHon

-+t G
Hhis woundd Far? if

- - = dominaks oluriams : £-1(CP '\ K) Youtried 4o homolape
r° An2 “Mk F 'F =CP'\\(some cowQadﬁ Vco(w\pac.t' K. t(aa") +a,\_,::£ Lo
N=\ 21\-|'k
deg £ = Aﬂg(m ) Lemina Z sz,(r an2. W =en

= 0\28-(@-6 oj, Hre ?°\‘& ?

Cor@:mdﬁme“hkﬂ"m of P‘\%\““q NY1= P has a root
PE pYHOYV=8= fYo)=¢ = o\zgqﬂ:o Z O

Colbd Bk For smooth £:57— 5"

OUJ')C (H\!. hUMLU‘O'I,fFCm\mJAY
aj aﬁmc point.

(l-Q Q.QMOS'-I— anv point Wol'l(.s)

W N oriewt” prestrnnd

=\ Whowmeo '\2—9\" Wl

\holowloqohic_
MmaLs art
a||.Ja'7S‘

orientplion
Presecw ng
& Nor“r\ Pol e

4’" Sovia fo\e..

Emmle S —}S
rotale \o:) 28 obout \I?/I\('J\
AXIS
ES 0\9.3 = ok = A& prcima.s,u oﬁ a Poinf’
61%4- it Pic\: NoHa /South f°\€.



8. CELULAR HoMoloGY
Det CU wm!ole.x X s Seguence yﬁ X—'CYCX c X’c .

S & X% is any set

—e labelled by

- - e Some 1ndx t
nSkz(Lhn XV\: Xn lz__: L] UD;\L o n seL. T,
n éI“ L — h-1
Im R, ID‘,« ,/",(,/1«:’(‘7’(; % QE-ML. — X
7 o/ Qa ing mup
X"‘l (ﬁi conhaveuy mo“oj)
often ot rn‘)‘ecﬁve

=) >< U>< 'I'D‘O-Spacﬁ il wmk’k@(oz‘z :

n>0
U <X open & UNn X" < X" open V.
(&= UnD] <D open in,)

Gl X n-dimensionad £ X =X"  and +his is +he least such n.

Exampl "= (°uiD") / (p°m~ o™ . mk‘ _s

Examp! o .
=Xample X = |K§> __ % BOW\ANDS =2D
|Do identfied wit o

X = o =
X'=« ¥y=5s'= (DU [DI)/(- ~ kpl(x,\\ ,raﬂ)I:So:{oz]}Tg?Xo: *
X*= (Y u(l])) /g 2 o @ s around O)

D=5 _ ! 2
=(Xum) /e atesis g

'Fac,'t \.G. we \,\omo+o‘oe, (_€°<) We ng' \'\OW‘O')'O(‘7 Q,quula,aln'\' SpA-CL
Example [f use another degree 2. map ¢, above gek X = RP™.

X is pq{‘Jn'Hovxeol as a set by inkeciors of n-ctlls € =Image(D3X)
><V\ — Y\ LJ e

O(GIO(, S~ KMK

L) 6 ( o 52 er\or »=mn
( ol L_J € w OKLG—)Izeb( Ll .-

«eT oLeT, So e —e,,(




ltne

EYamf)l eS el Ve Sfal
f("’ @d; [ \'R? S / ZZ_ ad;'\on b-7 + bd) & S.?_
ﬂ! X =RPS induchvely so X ~ = =

4 X EXMTo e bl ¢ ST X = RS 5"y
Complex projechii- Space ! * Lx)=l-x]

n w41 XNAX c
CP =( ¢ CCCV\M‘S a(.-lxon\oj’AIol) G hesed

X°= X'z ot = ¢

Po 2 \ €'~ ©NS7_
X*=Xx>= X°ve'=cf k(S—aJ)é‘/ R oo
v :XS: queq':dff’ T 53—>(l:|9— S-/(g(‘-a.d\on)

> | > [x] = EAx] wNE S
2_” 'Z.V\—Z, ZY\ n -'5 __ XZY\ Z_ @Pn_
— = CP ?
>< ¢ / Lf ? C‘X.:]

[n coor‘olmmles CP"={ [20+--:2,] nohlﬁa cCare 0 and [(2)~LAz) Vye"
Con tesade o that Tlzjl*=I So zesu‘ ' amd fz#é with resaaling by Aé.f'cc“
G:Ph— NXn 7._.{[‘2_ 2, O‘J}CCP =X"  and r‘hoj;tg—%:\s-lg #M
Zn |D —{(O/ ,"‘/n-i) ZI |1<|}HX Vi [Wo "':wn—|:VI_I|“!)'|z] Sn-tx= 9D
=0-:(X° =) — °
Observe : For X CW complex  for i 107 "° %}i-};% 7))
n-i i e—/Since T nbhd o D" Hat
()( X ) s & ?,oook paic (s éz%rmqﬁm ?ifmlzh%v -
—

N o = n / Sh= D, 20Dy
X/X“ | _«¥§ % x </
:Aev\k(\eolh a Pann'\"'

Def C@_/@M&(‘ COMP‘&.X —fo,- X a CW cx,

CMx)=H, (X" X™) = Ha (XVx™)
” Leee abelear o g by He n-alls e)

/
since. Az PN (" XM — Diyfpn =S7 sonumie
\I\”QQ bW'Qo( CQQW NMRA ol/ prove alook :Oj I\as usual we use

the standara
rientatio
S gt [HY OO = Ho(C0), ) SRR




- > N, N1 [now describe Hhe coefticents &) € Z

d e“ (BELn o{d(‘ e-(s and N"‘U ot is a fnte Sum. =t
W w
d g Cf\ 3 C:-—|

“ S S
H, (x" x"7) H, (X)) — H,_(x" ")
. -1 . -

i A et

n M-l n-

S| 7(9|D“«—>%(5 )) — de@ eq ‘

Dy —ef X"

Recall LES
D% X
H n-—i n Q
¥ (>< ) H;(X ) Lﬁ Xr\—n
e

n
=) Sas
H. (X" x™ here it is im()or'\'an'\' Hhat We dhose ihenkEicatons
XX ) AV =", SN = D Hpn compakbly wilth orientabions,
. Nn-)
T'r\erC-Fore_ : Quokemt L%I\n/_ |\S(b

n o _ OQL 5"‘" bt n—I L} n-—| ~ n—| l n-|
0{‘3((5 8'( I n% X X /Xy\—z —I\/ S Hn_“sll )
? Dac Dy, /3 By

@ 0“"‘3 Rniley mang. o(:(; #0 (for fixed o<) beawse @y 9

are onknuous amd Sh—\w“’\(“‘fl'/ s0 8‘L+ o cowpack image
in \/S“"/ Wherefore cannot surject onto co ANy S(:‘".

(>
Lomma dod =0 N 2ol F dont surjed Hhan deg=0

N—|

—_ n—{ r5) " —
Pd, =l -8 4O bylLES
[ —
- n_'z_ Y\‘_\ o N-—1 o N
dﬁ—-\ o AY\ - Gly\-—2 ° gn__‘ 1n_' gf\ D

Cor [ramk H(X) < # n-alls
PE #nclls = ramk Cf,w()() > ramk Ker wa 7 rank Hf‘w(X) 0




Ewav\o\c_ IxT T=_[oy] {'DI”'E’l 1}
arrous here R us how we tap [-1,17) - edge

€' x| ~N / - (0 oriembkion)
0
OXQI /—)’*‘////// é\lxe ]::.ﬁ—_.q O-—Cdes |
7 X :* a6
o' %o e'xl
e Oxe'
y——e l .
) _ X /x° — o ‘\7\4\‘0 04— s
X% = ’*//////‘/28?“ /x° = gf%{z;s-b ory emt
.+.

4’\ dageee —| becavse Jop edae

Z
e Sz iAo )(l = &
> X T 4\1\/\ Maps o
+ bg AN OF;QV\'\'D\,HOV\——TCV%\‘I\J_
359 > _ ' l _ l I .
ﬁ e = +é¢exo + — e x| oxe ome.omor\olmsm.
(: (fael) X e_' — e‘ X (83') < \Wwe Come. Lack to Hnhis |0¢|-0r>

Exaw\olt [RPY\ recall: 4 <l in e da JAM/ ¢ Sk — X\l= HZPk
. @A X — [+x]
_— | Q

O, ‘1 . L/’b@

. 7 IR/PM = & dego
0D, y-dld)  dey= ()"

k _ 2 k enen
%Ao{_go kodd

cw

k=n \2 ‘F n &M\ k= @) -4

0

O 4 odd 2 P
o]
= |

X P aLo x=n f OJA

)’
Se



E.xav\o\e, Sn; CEW(S">‘~ n,2: O —‘,Z-ID"—O) O — - =207 -’50
n=; - 0 5ZD 2zp —o

2[2 e = HCW (_SV\) = )7 *=0° Y\’\ H,(S',Pi’)i Holpt) -1y H.(e%, 2)
L Ali({_o v B oo ! (B'=01)25") —— 34~
”) 0 \ ! 0= quokent-ons| =pt —pt

‘FmWorK with =pt-e
Qiﬁem\ﬁlr-n::'doﬁ-akons s ~°
E)(aw"\(le 2 AVE ’atolll‘:[l]-—[o]apoanf
2 o So degvee = 41—|=o
HKmus 9 q,"" Lo\h\oka(' Y io\en‘)w'&‘c_akons
Suckace a,barb..aba'l
b__, | B T b\ az caa 9
L NoheL all verhws are identsFed
e vertex v

aq\.;—_ J--V =0
dbs =V -V=0

O HZLZUO‘?%OZHO

n In I
20D Z 4“«,"\,—7“9,'997 2
D+ —a—b+a +b, +- —ag-bytay+by=0
=~ \Z X =0 2. KSi §: Lomparl
H v (S%) 22% %= / ng“ori%'\'f-\*on
O e e with ankclockiyise

orientshon of 2D
Lemma X A-~cx chvde = Induces CW-cx shuchure on X onnd

(CSK),d™) = (C4(x) 42)
= | HY(X) = HE (X)
P_'F Xv\ = Ur\-s‘\w\f\\'ca»j X Ar\ol J\e,a.rees N t| olp_p&,\,\\‘na on or;an(.“

't |g'r\ So can idembkfy d“and 45 0O
EK“!! ﬁ\e X et +f f&v\g& p— A?_
¥ (SR
o= : N ! _ 2
Vor *V (Lﬁpo ék :O? X/X°— %
| . 2
Xo X| Xz Adﬂ’z - 0(*{50: * / d%ﬂlz 1
= d%« = f, - B+, = AV = d®x VD




Theoremn X QW x or A-ox) = | K (X) = H, (X)

= Hi, \—\Cf ' ndepemderdof o\,\o\‘ao'i— CW—ex/DN-cx shvetvre.

oM X = B (XA ) = HlySY) 2 QRS

=0 & &#n )i\/ejint(yru,r\
LES for (X X™) = H,(X"") =5 Ho(X") iso for & <ne
X 2> n
@) for k<nt Mu(X") = He(X™) = H, (X"*) = .. = H,(X)
by (@ L7 Cowpa()mrj eah Sing- chadn
[ lards ja XN somenN
(D) for *>n: H*(X“) =H, (x™) = Ky (x"7*)= . = HulX =0
@ LES: -3 W, (x"7) — Hn()(")-——) H A (X",XM)——J-»
I 1a
. o B
:) Cfn if\jeolw\/t Y n
NI Sv\+| /@
Ores Iy XY I A xN) — H, ()= 0
upbsdoT M (X) ,Ci_) H, (X™)
/"C-i-> Mo (XM /0 im S:f\‘
1750 +am (D) n+l
= (N H M) /i qn e S0E = HEYK)
i k'\n’\_/
i 97, —
exadness —— ) ®
L n-| 2
ES Z—U_Sn — KU‘ qn_’ogn B
N~ ———~
|.|dcﬂw

vk by () |He not afleded i atbach (k+2)-alls or Wghir

l°3® lncdusion X" —3 X sadwees so Hy (X))o HUX) o x<n

COT_ X n'd:ﬂ\%wsio(\c\ﬂ, CQIQ X == H*(_X) =0 ~(o¢— X >n



AXiorhS {o(' l'\omo|°ga3£ E:fu\Lexa-S'l'eznroo( a.xioms
It was no accdomt thab  HP, US” Hu ol apeeed.
Def A generalised homology Heeory (GHT)

Category of pairs
IS a ‘ch‘vf' F= TOFPGG(‘S:(OF sgz,%,?ﬂfol )ﬁ Graded Alae,lcm\&ps
maps o LS
wit, & nabod demvlemakon § < F(X,A) — F,_(X,8) saksfying :
N ‘ F
|) homo‘»on tavwionce @ f <9 = Fif) = F(9) ablbreviated: F,_ (X)
2) exadness: 3 LES [ EA) D B 0O RKA S (A

L Flathoy)  Flinds (0 4) (X A))
3} additwvity - (X)ﬁ) =LJ(X:,A) , adds - (X5,A) — &,A)

Yhonm S Flind) © @ F(%,B) = F(XA

4) €Xeision : FESASX = F(X\E/A\EB% B (X,A)
Fiad)
Remark (L{) e X= Ao v Boj tined :(B, A(\B)—a(X/A>
Yo | Flind) : F(B,ANB) =5 F(XA)
EB=X\E, E =X\8 nokdvxa,w (X\EY v A® =X o,
E = A\B nokdng fak E S A\B < AR = A 0 000,
Rmle. |n (3)} -H\e,%polo% on the digoint union L] (XA} s defined
by @ UE U (X, A) open & Un X S Xi open Ve
FACT Theorem
0‘) (ESF\,(Gch) GHTS, A:F—=§ & natral Framsocmabon Comm\rkma, WEHSF‘SG
Such Kok O(Poi,\-\— . F((’O‘n‘\'\—} G(poin{:) 1S an \'so/ Haern < is am iso .

b) £ (I:,SF) GHT sakskies (5) dimensiow: | (Poiat)= i_oz J:Lio

Thenm 3 natval iso F = Ha_ (such an F is ca%dae\omoeo” Haoy)

Rk |n (b) i eequice B, (paat) =G  an abelian geovp (instead of 2Z)
= F(X,A) 2 H (X A; G) =(homelogy with coefbsients in G) ok in



(Ce, 2 hain ox sk C, fee Z-modile
b_e@ V\-Cookw‘ms C" = Howm (C“' Z)

Coboundory may 3. .
is s he dwal of 9 - n " "
('\’\’\S s the x-A 4— ) > (¢) = %°9n+l ¢l 'a*¢:¢o'a
Nokw O is Aﬂ-}r& +1 Ma.p (_r\a'\‘ —1) a2

M m e cocycles Yo d= o‘ao3=:0
C ) =2 / ?( P92
H ( %) 4\ /,_bm—l Co bovalon€s

| wn

KV“_K H\" ule V\ngm\rf. 0“0\3,} (C—T 9—¥) IS a (.I'\W\v\ @mv\no\og\}

SO Mmany resulfs from H, caccy over +to H*. So abusively write
H*(Ck/g*) — H:\c( HOM CC;UZ)) ’9¥)

Narning: A cochain geéc"' takes valwes ({(c\ €Z on chains ce G-
HoweJer the cohomology dass oL = [¢Je€ H* does not have a well-defined
valve on c = Tyl=Cy+2%Y)) and (‘f + V() = () + $(2,0) - ¢ cis
o Cyo&, Se <=0 Hen ()= @pee) is well —defined S0 2 paicing H* % H;Z

Remaorks abou} dualisation Hhis 15 dhe dual
n — . . . $ A basis:
How (Z y Z) ~7 aner‘a}c& lo\g. Projeckon wops Oj—W;:e‘;""-Q;%l

T (X, X)) =K € —0, ki
X122 2" = Hom(2" 2) Sodd Hom(Z",2)  *g=gdont
A+ A-x X
7\ 1l [l
no m
mxn matrix 2" < Hanspose (A) 2
DLP >< Space = sir\gu\ar COL\DMOI% H *Oq = \'\*(C\‘(X),Dx)
S\'Mi\qu"] define HZ) HEw dualise C¥~: C_\( x)

\ 3r cw 5 .
Exargle R?": CJ(RP): 052 25 25 2 25520
duaice - CX(RF): 02 & 72X 2 =2 —o0
H* ) ~ 4% 3\ — 4 X—‘-—‘OI’B
(R?)— ch("@ ) 2/, *=12 < noh HI([}Z?°°)'E‘_Z/7_
o oboe has movtd 4o 5»1‘«:/1\‘:3 2.



Funcloriali

,F X — Y = L . C.X—C.Y /CaHeo( pull-back
. - £, .G .
= C“><<F C*Y is dval = |[#*¢ =g oL,

Lemma £% is a cochain wop (MQO\V\;Na— Dol = £%o ")

= [ BYY —=H X
PR (%6 (#) = 2% (8- 4,)
= (¢°'C-\<3°3
= (¢o2)o{¥ as ﬂ‘ chavn map
= £% (g42)
= % (2*¢)
= (£234(g)

Croparkes . K =id
. ({02))‘ = 8¥ o f noXee ocha~!

== H*" TOP — C\(‘MUP(LG;@ ConNavarianr fonclor

Exercise HO(X px 7 whee TLX = {fWH,\—c.oMPonen‘\'S a‘;_X}

HOMolvp\a- InVananc

Lo,mma 4 3 Cx chain \'\pl‘c = —zea* L U C MG
K'-Free.
E {V._g’v__ © o ‘B\ + ‘E\o 0 some P Cy — 5)«-[']

AN

0D+ Do h" - dul B*: T — C*[]

(no'\\'w Al&({j, _1/ "‘"\'-H) G.

oo =

Def A* caled cochatn bomclopy
Cor

freg:X—Y — =g :HY— H*X a



A\V\-m : dwal oj, SES

Lomma O— A 25 B Jye >0 .e_xad'l A,B,C free

- O« A* & B“JC)“% @) exact <—— (C“€+">: ol Remark
- @Z :r_] ZJ‘.
PE C e 3 golidha lsc jes=u nen
pick Petimagls be for basis ec 6§ C, then s(el)=bs: (Baer 1937)
~ $0 A® BYC" are not
= ApC =B £ree unless A,B,C
dﬂkﬂ (@S have A‘nﬂ-'-r'ow\JKS
= P\*@ CV.AI:; B\g and S* o:)*_—_ \A Rk invere is
™ & ~
of Sy P Sips (o2 A0,
« e e +— U (b-s(b) @ j(b)
= O<c— A" «— B %c &—o
S

. &

where 0= (joi)¥= *oi* S0 Imj* € Kec ¥
prove 27 (¥L =g 45 b - j¥*b € ker O Al ¥ {o}

= b :-_J*s"),e\w\")“' S.'Jt\\u. Ksi;gc%sé*@s*
= (o * :\W\J* 0 s¥j« =i
Lrecall Ca (X A)= Co(X)/Ca (A)

Relative dohowwlo
22 ond homs C"’O/Q(A) — Z

Hx(X/P‘) = H¥ (Hom (C'k.(x: P’)/Z)\) orespoad pregisely 4o homs Gu (X)SZ
. . . which vanish on Ce(A) .
Excision, LES’, Mayver-Vietoris So lahve cocydes art oydes on X

which Vanish on chains in A.
33 Prtvions Lewmo de“-Q resAts: vemish hains o A
Excision B S ASX = HHX\E,AN\EVG HY(X A)

éi 1%+ X . “
LES forpaic () 1TH X m) A E ) e
MV X= ALR = e H (X )e—H (A 0B) e~ H MBH™(B) «c— H¥(X) ..

¥ .
@ -~ (g JA Q);

Shere )R Lahgn et Ha duious mops
) 5 A
‘g B s

Axioms for Col\ow\o\ng'}_ These are analojous Fo +Hre axions for L\om::(.om

excopt We reverse all arous, amd W change axiom (3): Minskadd @
additvity - (X, A) = LJ (X B)) , iad: : (X:,A) — OGR)
Hom | [T F (indi): [F (K P) SE-F (A




0- CUP PRODUCT
N [‘SF&Q @ @
Theoem HY(X) &5 unided goodtd- mmviabive ring vie
U HR(O x RI) — HR (X)) dedermined by

CR(X) x CtX) — C**¢(X)
(¢ J kP) (0) = ?{(0’ [eo,---/e_k]\ ' kl/{r|fE_La,"yeh+2]\

®» 1c C(X) astant foadion = | v g =¢pvi=4¢g

@ ¢u\[’ = (’|)M2¢J23_+ y/ufls

Weeol bk 1£ X i A-cx | C2 (X)'95% (,(X), 50 Cla (X) EX" 1)
amd can defne cup prodk on CR (X) So Haak : Foind <«——| @

HE(<) % H2(X) 25 HO(X) o— at chain leve)
= Tg' (¢\J\P) (EV°1-7VV\-D = ¢(E\f0,--—,\rk]) * \P(CU—K, ) \7“3)

L\ S

He (%) ¥ Hx(X) = Ha(X) Yok
S0 Yow cawn oompwk. wp P:OJU\(J'S on H‘(X) bj p\‘clé‘w& .s:~\0| 1wl coa,(ﬂe rtrreSCn\"A{\VC{ :)

J
so debne vales on M S\'««f\fo\‘,aﬂ Jdraing o\c.};m‘,\z Yo D-cx skt , and use
?moc- o‘c ’f\\zo €m

3 (Bu )@ =@ut)os)
= (¢UHP) Z(_DL 0—|f€o,_..}€;1_]enlj/\h=k+£

) :L—(kéf‘)\‘ ¢ (G— [e"/‘??‘:l") ehﬂ‘])l \P(J\|[e\l+u'7e""}
) . - . — ik, Je=i
+ gh(—\) # (O_|[€o,—;€k}\ W (€|E€km 2 en) w
= ((Fg)v ¥(a) + ()" gudy ‘
Indwee s [¢]u [‘-I’]—"; f¢u+l: ,0 L0

Well- Aefined ¢ » cydosyeyde = (Pu ) = (38)u + Bu(ay)=o,
e [ =[P +ox] so need [G)u ¢ ] =0
(Qa)oy = D(xuw) V' (using 9¥=0)
* Swiarly ()0 (93] =0
bilinear, assouabivt Astributive: e ab chain lovel



Unital : (31) (o) :1_(0‘|[€J} _ 1(01[,30]) = |-l =0

(L0317 4 (egy) H{elee, e ) = (o) (P1=p siled
%{qotnd\-'wmm- sketely erooF‘ €é— non-examinable n(nty)
let ¢ XV GK), rlo)=5,F whee: £.560) ~
— _ e vre orde— vehiens:
and 0 | Cvo, — v“]—€ | [\I“;'--/ Vol s Pmdud-g‘_ N+ '(3?\’—“)4‘---+\-\(‘0\r\5()o.s‘;)!\'0f\s
—

\ ‘ n(na) /o
(|& t ead '\W/\S(;os}ﬁ\‘o‘/\ S a Hon t- "\‘7{’”({“"\{; So “QWSU)
oCientzion d]_ .s\‘rty—emx/ So inSest £ 1o CWV\a?/V\SoJfQ

one cb\ecks: v  chaa o

. Y'¥x€ J r*~f) = Y‘*(\\) Yy L()
2%

> T
\ k¢
d\(\fﬁl‘ L)‘Q 6")
r~/d so can drop ~=id on w"‘”“"”lﬂb
(r-co\ = Po+2F wiXs i u; ke dor >
D

- / peism oPQ/‘A"O
Pr=5S&Y' ¢ . (-1
Z n-u (/' | Cv’)"'l\{'/wy‘l'“/ W3 ]

levml\'lna 01 v gﬂdnd— projechon AT 5 " =

LCM_N F:XH\/ =) ¥¥ : \’\*7’——9 H* X ‘f\or\m 01, umitad rin%

PE £%@ o)) = (¢ o b)(teo)

Le(’[*dl[eo,,,ehj) ¥ ({*‘rl[ek,_.,e.ﬂ \

= (0ohe) v (vo £y) (o)

o v £%%) (o)

wnital = [*(1) = 1of, =1 D

VPSHoT H‘x : Top %{Gmﬂo\- Commutniue \m‘\\-aQ rif\zA\J

with 8{»@1«! uniyad Ciny PomS

coninvaniomt {oncter.
\/\W—'\if\‘} An (iso)morphism H¥(Y) —s H*(X) of ups will also preserve the
(a9 stwihre if £4 s 1aducad bl? A map of Spaces X—Y (L» above Lamma) .

= &or The excision Mot iso on Whomology 15 am iso of (1Aga.

Howavt~ e connechng from in MV or LES cannot possidly be a ring fhom
Siace i+ dops deadings by | (8(avb) amd §) v §(b) have diflecent 30\,1;/\3[)




Examyle H (T x H'(T

z)ﬁH?—(TZ) bilinear 0m 2% x 2% Z with mabeix (2 +|)
PE recall: T2
X Haf-(Tl) H*(T?) where
L AL e 10T
| | 2% | 20©Zb | Zd+2V" —>— b a
2|1 Z | 2D Z-D* 1 a” L; D* are dual basis in H
|olem+\53, H TZ H (T) So akdxomr\ lovel : e X=T*
o CXY 7 b Ccy 7z DHCH 57
= = >
=7 U‘(C\ = # ainlseds C wunied a (c)— — # b inkseds ¢
C. wits orientation Sigms ch covntet with Sigms.
45,1

Fact Same, e\olés
Whidh toveredtk o

“rcr Smoo stma\,(ou— |—o‘rw'ms
tansvesely \Idoo}\“—) \echors

- NI > T*

APV
ﬁa +1

Othecrwise ¢ ~ ACEACA &Ml( & and ’\J(C & art LNA

¢ not smooth

o.,C nok -I-r‘amsva(‘se. (tangomey)

i need st prck homoﬁosou\s toresentntive which is smool &
hnsuu'se_ by wnhv\uousb) dc(ofrmnfa. Yoo chain  flonknvous may =

Aeﬁrm \j\ <

)

So id on H,(

\ &
/
,_o

E Xawyle \f
Claim o U\o _

Fe

~V

AW/& (aub (D+D) = @Bl b Ol

Nancz we art u.sm

g

“Usefol Tepck" (S+ar+ Sec.40)

R both ases : a*(E) =0

SAME
+

fed,
I|
+

L\OMe\DDoWS ‘o D

%

= & (@) b*(b) + a*(b) b* @
We view D as the Simplivol cycle DitD, - = |
GFM.QJ"COMW\ . => L) VA, =—'D y a— Of '—("DI'IO\-KUg So =O, S\'M|L~a \:u\::o_ D
Mﬂ ) J'u,st\— counts (S\‘ameo\) ?&omdﬁ'c nkoeon

Why “aaa=0"?

# o} cocresponding curves.
Con debcam a Yo male ix Aigyoint fom a



EXe rese NMOVEL'\.MA & bdries

@wé S W@ J\Z{) “

Make Life simplar : daform gqtmambors -

@ =

\

H’K(Zz,) H*(fz)
o|Z | 2t 2.1
| | Z% ZQ\‘PZL,‘* Za.LJrZL?_ Z <oy ‘0 “L15L> (-—Aﬂa& Lo\S\S
212 2D Z'D* S\Wr\co& count

Noke on C(5) + a) =- #(lm indesedts ¢ )
¥ (o) dils # 4)

— . e )
EX:Q/'C\SQ Q&:.' U ‘oJ = S D = = L *
hiak s D is NI S0 Same as
ho mologous (L medcic intuze hon
to -HnQ_ swv\azi o #) Nuwmby ¥ aJ,
+ 4rion ]
Qast P\\d’ur?_ Q‘\: v ﬁ‘: = L:é v \:;- =0 J con-espnglly Corves.

(orientatonsigns)
Cuﬂ\;(—d Rmk on W -M\n_o(‘-7 (lY\WSe—C'{"O’\T\"%r‘a'/D\'FFW‘)\qQ To'oolog'?,)
indd,
f“}\ orignied mommfd = Ho() 5 0, (M) e pelate
CM ggg';\i’&)\ h -dim svbmfd = [NJ [N._\ s
Wit Syoms
N,H also smooth (See. D‘%m‘"‘,‘“’lh = Wy E_H (M\ counts #[m\-(‘.r‘sechons with N

Geameal(p covUrs
Can always' l\oMo*opQ N (orN,) b0 achieve franswersalite and class 3w, does ok change if homd\'oee)

V\z_ m t(-\'ke_ mdps ionmaog)
N, N csomwsgﬁf ?&Ler:\\\cds - Zl\.)n Ny is Zsowaf octentable méd of J-:'r\“jnrl\_.::\,_-m
2 N, v — wN\(\ N, € H (™M)

omok -Iunsvcrse (= at every peNN
the -\'anglm-\- spaces +o N, Ny ok p span

tanogmt space 4o M aj- " .
gimr 5f rany. s‘:g, means the best

Fact (Thom1954) R T PN o
Notall aeHI(MY arise as Wo for connecled compact ociented. codim=j smooth submfd N

But 3 NeN 54, N-a does acise. They do arise for H*(M; R) KW (1, R, H*(M; 2/)

In parhcu\ar iF n,+n-,_ m, and M wnneck& them
H™"MY2 2 st. Wy o uo.:z —> # (N\n M;_) €2
In non-orieatable case, this all holds i¢ work ovecr 2/2




ll- KINNETH FoRMULA AND PRODUCT SPACES
AL ‘oﬂ\- -\'CnSo(' pnoolMU\S €e.3. 0\’°W°\M aoves = Z -mods

R jf,\g, ( comm. with 1) /'—/ VeGer spacts /ip = = —mods

Def A, B R-modvlee = Temsor produdk is R-modite
A®B <(q \o} aeh, be B>/r€,\ockons n1 lg{)\'neo\n'*"]&rucwoxng
(or A®B> %Z:‘r’zﬁd w“.\{ a,@L for ik OQQSS

bilinewily : (,+a,)® b = q @ + a®b (Eéﬁr::i
AR (lo +b ) = o\@'o 4+ a® LL ® Symby|
'{L'Q:“a_" (0\® L’X r“)®\o = a® (rb) Yrer

So gl liment Looks Bke T a,® by (Fakesor)  lor
*Don't wnfuse witk AxB: eg. 6®b =0 Yb
RmK Can delne R®B adso lay a unvosal grperty ¢ Lar all R-mods C,

Hom (A@B c)

{ R- bilyaear mops AxB—C)

na-l'v\rae

Ms:r\a above descNpion of AQBR: @ — (AxB —C, (o, b)— p(a® b))

Exavpe R=F) VW vs./F = VoW vs/rf— basis V@
bas s'\r l)"\S S U‘ d\m \/ O{\N\V OKI\N\ W

|F
Exervise VW finide dimpr = V¥Q W = Hom (V,W)
H\M"F Vo F, e W, fewi— (VHW v £(v): w’)

E Yawples e3- (IR")*® R™ 2 Mot myn(R) = Hom (R", R™)
(K: Z) 2" X ZM = ™" eree; <—»m:-}ﬁ')?)/§.“m+2\ A.,bo—“\’\odse
Zn ® 2 =~ I/ —2a:@b: (ZQL)‘@I

24 @ D/3 = O <+— 1®x = 30X =I®3x=0

ZA 5~ é/q = 2/ —— el = @1 = 1®3

EXaMfles A@B B®A I@Z“T\@l_o
ence Nnow kr\ow
. (O A )@(@B ) @@ (A:i®B) [ A@B %or any +a.

. A@ R = A (fo ®R fkoes V\o'\‘ln\r\'a,) R-mods A B

- A® R = Afa RmK (Z/n) fm 24
for example Z/y ® Zyy = (/%) /221y = 2/ (_Zﬁgcac/mnyn)
More_g—u\emlly iR/I @é R/:)_ = R/(I'l'a_) {or' |JQO\JS IIC_ R

A& R/ = Ag.p



\/Jarni/\} ‘®A oH—Qr\n_o{' an exact ﬁmdvrl v-¢. does not Presene ex“‘k“"imm

indeed it con tuin injectiviby: 02 2232 now YaKe -®Z, g2k 022,24, .

Fack [  OR amd @R are exacd fundors on 2 -mods  |—Hort genemlly
2 2
Q@ Frac (R)

QX_M‘L]L A £ 9- 2-mod DA=7"® Z/AQ @ -Z/dh Some d;#0 i.s:e_xao{; on
! ~mMods
=AQ=0" =|r=rank A = dim a(A®G.) where FracR i
orolary Rank- ity 4w bolds for 2 -modules iF use rvaK. nshtad o dim ‘;’f\‘;""a‘q‘“f‘*

PE 0 A B—9C—> o exad =5 - ARB— BRO.—2C®B -0 exac+ am integral domain

KC:"Q imy = Ain(CRR) +dim CA®G) \d\m B@A). n l%wl.rﬁid.\on i an
rank-nhullihy o [exact functo M

Temsor PW 01, C)/‘AM Cxes B~veclor spaces.
C-\:—, &;. chovn <xes — (C-b ® Z/ )n — @ C ® CL)

2

of R - meods Ll =0
”| eibni
P (x0 p) = (e y + (N @B |TRET
“n'\\n\ﬂ () QS an Operator deg = ~| S\ne 9 Jw\ar OM‘JC
advxj &:5— o€t P 4 7 oM (_\)Agg'a deg X
reall 2,=K 9

=Cycles

Evogose Qoo =O < ol d il wWivhouK .ng—vx L/B iD= botaries
~ Z:® B
2,07 2,,(CoL) and 58 f} C B (GO0
Cor- 3 nabad Maps H (Cx)® H; ng) %HHJCC"@Z')
- 2. [ck]QEE] \ > 2 @]

A_Lk“““'e'\"‘-n\m /-?s\) (ecincipa 1dead domain)
C*_)H (C) £. 9. @-ee R mods (no assumphion on C‘-v.)

=@ HlG) @ H; (&) W, (C.®C,) | vim

I.+)

'ALQKLM. Eu.lnar charachrishc more gemenlly ¢ R-mod
C ‘Rm\-{,l,\g gememM 3{3(0(9_4 a.balna-r\ ?p (So Z-—MOOD for PID R

Def Evler chamckrishc  X(C) = Y (-1F ramk C,
EXGLM{|L/N0%'\/Q'HOA X fnite CW-cx then take C—— VXY o gek

X (X)= #(O-ce“s)— #((-cells) +#(2—cglls)_ .
Lemma. 1f Co £g.dwin ex = | K(C) = K (Ha(C)) | (23 () cank )

%




fo~ R- mods,
PE Albrviate 1Gil= rank ¢ (Edimg (C: @ Q) o 4 (& @F)

B‘ﬂ Pevious Com\W‘J about rﬂw\kfnvnl'F‘a d (R mkafﬁa;w.,}\
[Grollacy sHIl holds, same proof )

0= 2:— C: 25 By 0 = |G \=12]+1Bia] 1 =B
: . i : = |C|=1H:| =18\ | -18;
O— B, — 2:> H¢ 20 = |HJ|=[|Z|-1IB;| (- \ \

= X(G)=X(He) = T (0Bl =T 0 18} = T (Y (-18: ] +18:])=0. ©
Gr X spae 2 [A(X)= T @) mmk Hi(X) [« i fnte ramb H ()
= I ok Cof )() —if finde ramk C (X)

So X(X) 15 invaciant vp Jo ‘\f‘g 2qv Jqlgncg_l. Exam E(QX(P\Q-}vr“c) 'X(S'L) 2
Product spaces

XY CW-cxes = KoY CW-cx witke alls e xe s atadiing maps
AN

Lo e o @D X )D(s\ ‘\Sabj))(b)(% v ﬁ)*:\gaf/s)

Lor | X (X ><>/) ="X(X) -X(Y) O(Xo ul 7"’ L 76(3‘
f Fnite CW-cxes XY * w X

PE 3 A"k HEV(XAY) W \/) )

= T() ik C,T(XxY) =<2 () Pk CEX). e GV (Y)

Lemmo d(Cix€;> = (J&eo()*e(g + ()" el x(o\e(,>>
7

() hence |C O (xxY) = CEY0O0 ® CEM0Y)
Hm% i H(Y) fee Hen by Kinneth H(XxY) 2 H(X) © H(Y).

Example  «|H, (5" x| Hal8)®Hals') = Ha (S' x §') & orus
| o A=z o Ao M = 2
| B =2Z (| (h®B) @ (ReA) = Z°
7~ 2| o 2 R B ==
B gnemied by

‘A,_.,—B o Hoahvxlmi-cr\‘s . WrrFH-L (o")e Z("\'O)



P—-€ (DID;‘))(DJ XH 7‘) _)xﬂ \/J i+ -2 (-
A ¥ xo\ /}’) j- N 7)

Tw ook
Nor\s e‘.’xamm:\ole, @ || —easy chaucle
><\"7- y\) U XLIY‘)I
X T o.. /N
‘)= 5’ }ww-ﬁomaﬁh&\\aw\a\ag
Y Y |1>, )/ -

Xc-\x 7) — X‘—LX7J y xyi*I (’bp X Db« u/)
=) @ = (U}L-' b’ )/ boundaries ”

— [Dl-\
/ . s Vv

@ DDy — Dx D ‘) v
© % ( ¥ |
. — ) /Hra amj{.;f‘}e -
) ‘ : N
[Db’ : j I.DK ™ '44 .
. &'bl'D;- -l AN\Q 2’
D [D(5 Pes.

(’b)D,,Z)x \b;, ?dXiL/ BD const o\&/u\a. ca,Q ﬂlotr(ej‘ Now W&
See We gef - degree = =d , for s .

s\m\\o\rlg = }U— condibution (oteo()xe(3 V4

: : . |
D. x 3Dy e, D.. %ﬁ = degee (=) dos
| f\/fo axk (—)) e,g X 0{6‘.°
(——))t caused by oriemtatons - _ : \
oudd reordar faclors : Dy xDy T Dy <Dy by (§TY)
whose det = (—-l)t‘; . Themw ’b\bg xﬂ)‘,(C — IDSJ"x)D;-(/bWD 9gives Aagrea db’&-

Swap fkecs D'k, b (54,59, det= ) Tohl sipap)!



EXQVV\O\C_ EQ_C“M Q'H—(/' A(Hn‘\\\'av\ 01_ ch Wwe L\DLOl meﬂe __[XI :

e x| arcows here R\ us \,\pw we tma [—l N e
\' h/ (s‘o ofl&v\‘l'h‘ﬂin\ Jﬁx

e.

// %elz +€xo -+ — e'x\ —oxe'

0 Ql é~ xg

X /"’*//// | = eV x e' — elx(3€'> \/
/

e‘ <o . C_\)A\N\ e
A drkher comment on orewtalon sgm (- 1)

(oMY = AS > oo
Dix B = A * A\\ — viewed in R' R’

(o, projeck R — R
Vo -3 Vi) 7 (to, 51 H['l: t.)

'&(IJ)CHDS) = 90 A U A“x%{}i

I
_ K N _ k N
2 (D s Vi, oy ] N DN K SRA A )
UOUQA be. calTeC{— oriewtalon S\a’\ 'FOF bﬂ--s'\S' bJ' ('J\) /("Z\ -7("'5'—("% b\/\i_

ad\m“\;, we have (vo,-, V) x [uSo,-, %, kW) S IR x IRY
omd (1) tR is the  orgntabon sign for the besyis
—
\5-| \YO/ = \rs —\ro/ ('J-I"’J-o /== wYL- o/ ).’Jo
'(’\or Mo \N){JQ/TJLOW\Q in RETOH! c.ov\)-wi\m'(\a
= need (-1) 4o Gx ontmtaton 5(7\«-

7_
EXO\WYJ\Q
|
OCR® AxN =
CDJ' N-IIU-'L}
= %L < IR*
- “ out
N oui-wwé\
: o t, U=V J, W,
\ O, < (F, Oul, U=Vo, uJy
E\TOI\Y\]X [Uo’wll(prz'] -:’. l is “EE !.\,Ql \Kg -—);as\'s

\/\/\_/

A out ow\'l W, -~ ( ‘|
'ﬁ&:‘“’\ S Po“ﬁ-;\le, |RZ’L“\.S.|S < aL\'['RI‘ At o (’)),l::\'



Projeckons Xy Y fx 2 X

R CW ¢x
FACT Py ho conditons on X avtomahc if use
! o .
& Y field coefRcents

Kinneth Thaorem 1 H, (V) Finilely gomenked  free  ¥n
Ha (X x7)= @ HOO@H(Y) | Hi(x«Y) = @ H (NS H(Y)

(+)=n N N L+ =N
[ P\/lo <—a®b |
7 1\ amd extend [inearly

Reonl c 4 e i . . .
%eds 10“16 aejfg:ﬁff; %:T(?haiz?cvel) This is lf\o': ol rmg\i\ I-F‘lag\se. 'F"”:Mf\g. 'omcb,;\c:{'
e_;xe;;H e:;®e?'b (@b (@ L):(q\) Y (aum)@(\ovb)

. 5 ain
M Hhink DI’IJ' as {x&g\,\g;%’ 0(259.!"4 \o}au

An indicedk proof Hae Thm is 4o wrike down o genemlised coomologe Yheories
FOOR) = HX (M@ H¥(Y) and GOGAY= H¥ (XY, AxY) , amd Consider H
nalval ‘)V'ow\sformnkon {L:FQ g-l'\l&/\ by. @ ) noh2 for 35:__\0; both F,G g/&ve H¥(\/)

Example X:Sh, Y=5" nem
H, (s"xs") = {7-7 % =0, m i o (N gM) e

O else o va =a.t = dwal (e')
H Ny SN ~ Z x=0,2n = p*(S"y¢ S"
¥ Kg‘ X S ) ZZ ¥ = njegeng_- as\‘j q‘tng) ) &(:u Q‘:\)—; Okzn
O el an®  18an (buk @l 5 af) o)
n-torus S'x..xS' . Lo
Cor jQ( ‘N~ AR R aarma
— HAT ) = N [3(\,.,3 'xnl = feee abeliam FP- O Goms,
where *; :?*@uﬂni H‘(S')) 'Qoteaxczl {XC./\""’\XCK : C\<---<Ck}
‘P‘:: T“——a S‘ Projld%'\i .L, 'Fnc“‘ors' . C So vromK = (f‘;)

produck is "A’ using He rule
AN i) = —)C'I\xc

E |<(/'mr\el'L g on(z\)(;\\'on (T“zTh"xsl) n
compPo. ade —Comma ahvi
FACT ONTS fr‘ook'ud' Q‘fuq.Q/; COvv\oo.S‘\")\'OY\ ( *" N ?(A:}' cup Ftsz;I?)
L) ® WIX) — HU () £y B
@y?‘ X) ® (A’F: x)/._> (D x5 XX) A= disgornal map

A
‘ .-f/ 0,X03 X x
xKnor product Al / x: (-:c,jz()




IZ. (AN'V%AL Cong\ClE'JTS T“Eo@m MOTIVATION : What is difference

beh,:evzr\ E‘(HO(MC(. Z%)
. . an om (H,
Proof is Non -examinable. For (C.g ’94,) Chain Cx - il

Gmilarly : H, (GRG) vs. HIBG .
= 00— ?¥=Vﬂr9¥ ‘iQ) C. L* B_k_,— \m O,_,—> O s SES
03 =o 2 =T I
Z _modvle = abelian 3P
FACT: Submodulles "4— a. Hee T-modvle are freo o free means: &) 7

indexin
. ¢
_ . \ Set
Km_kw same bolds f R-mods if Ris PID P\\(Plb— pCincapal ideal domain
ASSUMQ C* frﬁe Z—MOA X

= m’r@amﬂa\.omw/\ R s.k.

EAcT every el = R-a Some
= 2, B, free (as Icqra Tm?d ame _s‘u,leao(J‘ 4C¥) recal just
CK Preimoges
g‘) SES splits, choose splibhing C**s By, So o5 = dk/lﬁ'hafsﬁ 3?:(022?
\ \l\(ﬂ, o ¥ =1 ‘l“e— (/Q - E""’
Anal ¢ * 2 o) No in restnc Z+
SES O % C = s B o O Sin \ALQ ¢ 2 lr\dl B¥_’Z
Q& 2" e— " P BVH E— O [Rmk Althongh 3*=0:B"=8"
T§=o T's T 2=90 He map 2%: "L, " reed not =0
O 3™ e— C7 L2 " <o B, o2 3
2 T ' =02 : Ca— B, 5572
Conneikng map

e N S L BEN

Zx , )
LeS N 5 . gh .
? 2" e— He & R &
(H*B:BjH*C:C sine D —_-O) ¢\Bn_‘H ¢

= o Ker §h e WC o BYus™ o

Kee 8" =1 #€ 2", $(B,)=0) — sor # %2
N
= HOW\ (HV\ (C.v) ) Z) 2"/Bn —_ H,\(C,‘)
@ Anivesal Coeffocients Thwm:

O—) BnyImgh-iﬁ Hn(C) — HOM (Hh(C,), Z)Ho 1S SES

S et ey z) (9] (¢ H(GYT2)  and natural
and. SES sphits (but not natvaally) : B ., Q_ HhE) St =il

= H"(€) = Hom(Ha(C), Z)DExt' (Ha-(C),2) e 905 =40 )

=5id =(205)*=5%2"



Lemma  Exk'(H

i(C); Z) = B /T

canoncall yE

&&Lm Lmkg-rwml on Extension gwovps Ex-l:;(M ;2)

W case
M R-modula , R ring (Comm.wil—(ﬂi)
= 3 feee resoﬁukov\ :

P P e, Y9 0 exedk
P Heﬂ-mmb

(P‘\Ck 8»0"\5 A for M =5 P, = @R—}I"\ €+
b I/ jﬂ ‘Qf' k—Qf"-eaé-P @K_;K_Q/‘(ea/e_ H\jﬁ

OUNT (Carl

Hy\—-\ (C*) Z——Yv\ool

O E),\_‘L—-’ 2/» | Hn-|(c) -0
1 [ |
Pl Po M

V\*\r\\le_ IAoL\lo"\\l*e(g) (5 ?
&

* ¢
00— HOM(P0;2> L()—') Hom (P, .2) =
IS cochain Cowylex bub not exact
= tanke Co)r\omof_oaﬂj Frovps

def  En(M2) = ker g

F}E . Ex’c.‘. (M;2) = Ker e/ Imgy
EKaMp&‘l Ext’ (N 2Z) ~ Hom(f’l,—?’)
P2y R Yoy
\ J,Sd “Aesaomds + ™M B (¢ m)

Z M\Io\njml st ¢(\<er\€ y=0
EX&MP&Z Ext' (N:Z) = e

{ }/M“’P\,H}

052 ' —-B"'—o

Proof of Lemma

By Ex«.mpez 2,
Ex%l (Hn-u(C~),‘Z) —

o0— B, _ -2
{ ¢\l, ?Vv\odw‘%

Hiose OLF\Sma from resicichon

{ 0— Bpo — Zn- |\J

|B \#
Thwos B/ Im

8“". 0

Rmk (¢ R m_b, them Ker (P, M) is e (sinca Submod of &ee mod Po)

KerGumit) | Bam0 for k72 = EXX(W,2)=0 k72



(Co)homologs wida coeffictents in a ring /field/module.

Mohvalion I
VP hom .
So fuc we had (C-v 2.) chain ¢x of abelian groups }”\ geadad sense

= H.\c (C«) = K«fa/\m'a* abelian %yrovp (Sine K o, J a9 wﬂ)
We cannot use a than x a{, (nOnfoJaekam) Geovps, Le carse
I 9¥ needk not be & normal .Su\aamd‘o oJ_ Ker 9, .

HOWCVU' O\Ld(a\v\ ?{‘oups can be -quu_ye\/r o(— as 'Z—-Moob\leuj

Hen given any  abeliam grovp G, oke%r\e fwrno&m with coeffs in Q

/‘W\\’L\ohf-k V\‘V&
H&(Ci‘;é) — Har- (C#@GQ fa ®,£;

Deb Xspawe = [H,(46) =Ha(GKXRE)

Exelanation:

Cr(X) fee Z-mod = @Z = Ck(X\@)G @G just replace Z by G (5 2@-= )
Wh‘,’L Cort 2 \We l~°P€ to g,d: Mo&/v\eu WnWWartonts of S‘mc,c_s

EXa»mele, X =Rp* > . " Al ¥ C (TRP G\
£ \/ bA b 0 | GVDG oy

& ' Ga@Gb®Ge
LA S 2 | 6y 94,

frG=2,: 052,02, 52,02,02 25 Z 01,

(R

= H,(RP%Z 72 iz/z *=0 Compare : HJIRP’-};{Z % =0

2 #=) =1
Z/?p: =2 (G=Z case) %2' :\se
‘ o else
Focm co dronn Covv\o\ey U\_S\'r\% HOW\Z(,G) (: }mgré"’"‘s) In péw,,j,Hom(,Z)

H9(C.;G) = H, (HomyCo,aN 1 55255,

X space | H“ (X 6) = H (Homz(c (X); Gﬂ o H (Ca(X); G)
Umversal coefbuents Ham (S(kme ?mo{: vsing Homz( 6\)

O — Extl,(Ha (G, &) = H(C,,6) — Homp(H, (G, 6 ) — 0
[LPJ — ((F Hh(C,,)ﬁG)




Example X=RP* , Q=24  apply Hom, (-, G) to e complox in
previous ex le /al 30
awp O(_ZA@Z/2<—Z/Z®Z/L@Z/Z<— Zz_@?éf_o

[l I

(1) (5 )

= H*(&EPZ;’Z/Z)EiZ/z £=0  compare: I—\*(mpﬂziz %=o
Z/z_ K= | O

Z5 x-2 (G=2Z case)
) else

Cam 9&'\6(6\’165(’, Porbher

Ce=chain Cx of ... coeﬁ(:io:enl—; N

a\be—l"m’\ %’PS (Z" W‘OAS) a.Le\\‘av\r\ %p G (Z-—moo‘\ H“ (C*;G) = |"'| ;,.(C.\:@G)
R - modul R-module ™ Cy:-M)=H.(Cs\®M
er\g— Cceasmm.w.'u\ 1) Ha (Cee;™) ( R )

‘ ‘ , _ . 2 (’a is R-Ii
Rwml H, (C; M) will be om R—mode- since ker 3, I3 2 nom Eyﬁgﬁ:rl;*"w\y

X spaw = Cp(%R)= CR(X)%)R ~ %R jusk replace Z by R(4s2@- = )

o \ust ceplace
5 [Ha0GM) = Hy (G (XR), M) = Ha(GRIOM) | o dis T
in C, (X)
Focr codnoin complex using Homp (-, M)(% £Z095) in place o om(,2)

d’/_»\/i»}'f\ A fectnhad ’a*=
H*(C«;M) = H, (Hom,(Cx,M)) _ YP=pe0,

SO:
X space _LHY (X, M)=H"(Homg (C.04R), M) ¢ H*(C,(x,R),M)
RmK These are R—mods. I we use M=R, then they are also rings vio Cup product

Univesel Coeflctents Thwn G R any PID , C chain ex of R-mods,

O 5;7%;( H,(G) s M= HY(C M Homg(H (), M) = 0 s ses)
Bn—‘/l‘m §" working over R [(P ] — ((F H’\(CA - M)

USif\a. Noms o M

$ame Fmoﬁ
and Lthe SES sphits but the splithay is not natuml.  |vsing Hom (,1))
EXaWple R=F £l = CA‘,H*,H* are veclorspaces [

Rmk ol = mods (i.e. ved-orS()qu_s/“-_-) ace free F-mods >~ @ Fb.
Up Yo iso they are delsmined by dine = cardinality of basis. basis b;




yk—dwal v.s.:

’—“(H Cﬁ) HOM( G, F)

PL Pler any) basis Vi for F-v.s. Bn- o1, exdend e abasis vy (,J‘ aj, 2
(abo works }an oo din case).

= Con -QXR/V\)\ W“J \F-—lw\Uf'v\pYo \/4 Bh-— —)[F' Jo ¢ 2 ___),’F
jost Pk ang vabves B(G)EF ey gluj) =0

= B Vims"'=0 so H'(GuF)— Hom(mc.v; F) s

_—~duod v.s.
G | HY(X.F) = H, ()% for any Feld F .
Cor

H™ (X M)” ZN(X-M)% MR (% M)

Gor Ge=chain cx of IF-vedor spaces=| H"™ (¢ ;

F )("-C\,J X e X=D-cx

|‘. . r'\(l"'o"\‘AL
PE Cor Wolds for Logry - el
LI oIS Iho o o ha SoS are no\-‘)\lmﬂ. . P

The  vavtrsal coeff. Han SES is natval . So  result holds |ﬂ7 5-lemma. . O

Algtber :_stdhve tom fr £g. abehon goups and R-mods
Fac,H_A-FOé aLIL’Mﬂ = A= 'Z @l./“@ @2

Z o,
ke 0, €2 prime (reed pok be diskech)  fon it F e
Also rk P V\\_ are Unique (uf>+° reonhrw\b et Yorsion gy T

Examgle Z/4 = 2/ ¥ 2/, 92/,
24 =

Zs, ® 2 (Chinese Romainder Thm)
0
Fﬂi —l_ = ’Z/Al@@ Z/JR J‘\AL\|Ak (O‘C&GN W““l"e')
[~ % L g 1=
Exanyple Z/l@Z/Z'l@Z/g ~ Z40 Z, . d,=2

dq =\
Facdt3 M 'poat R—MO({/ R Pid

’ then -
M~ FO®T é/»r'eN um'olve_/uﬁﬁa.o\ cank of T
Fx~ R </——-1’;612 primes, PN unigque up to ocdering & moAt by
T = Bn@-0k Lo di |- [dy nen-zeco, not inerklle
= R/Al@ R/d €B - @ R/A d: cald  invariemt fackers

Umﬂlue up to mufeh La mv@:“sea, elewants
K—E; +i
KMK T= {mer’\ ¥mMm=0 Some v Fo eR}J +oction elements if R=Z
FzM/T




Torsion shift
E =
E;:JZI(/:SQ. EX&R(@M\’E\{N‘))EDOEK%‘:{M‘/N‘)) 4

L - |
Upshot To compuie Exty(MR) $o- M= R @ R/O{‘@ f-—J\iS:' need :

L—ANY R-mods Mc,NJ'

—— sine ‘0‘-)R‘-'-‘> R=o0
Exte( R ; R) =09 7 AR/

EYJG:(( R ; R) = R/d f'\s::\cao—ii-a R R0
1 /d Rm\fo thor "J— B )eR

= EX*K(M ,R) = Torsion(“’\) M"ab;(n [ (onming feornn
2R 5o g0)=d- )

Execises 112,/%, cab

’ Exk(p_ (Z/n ;Z/m) = Z/?Cd("":"} ,/d#o

. quelfangfﬁExk‘z(Z;é)ZO amal EXPZ(Z/MG)’E G/o\-G
¢ R anv ring (Comm.with 1) {neN:i-Y\:‘O} *=0
X &R not 20 divisorr = EX{::( R/(xy j M,QR_MT_J {N/T“-N *=)

o o else

Cor  |f Hn(x,' K) —ﬁg R-mod Vn} R Pip,

= Hn (X,RB = Rr“ ® T, (fee & torsion far-l—s\)
= Hn (XIR) = an S Tn—\
4“ $— Hdorsion moves u‘o‘.
hot ho\'\'\)m.Q

P_'(l 0— T, — Hn(XJ-KE — Hom(ﬁr"@Tn‘U. R) =0
HON\ ( an®—r -1 j R) f_.—\' (HOM(R‘)R))rne HO"'\('T‘\“}-K>
2 ~——

| > X . iR (R S {n'\tgf‘o\\ domain,, J\
X delsmines Yo hom S© No torsion elts iO\

. YV U ¢
—) O - Tv\—lﬁ H (X, R) )B‘:-’)O 50 not Canonaal
feee, so can splik the SES (pick £iFts of basis). O

Exarple | H, (ReY) H* (k9>
o % Z
| /2 e O
VA @) \ZZ/Z “\‘Or‘550n moves up
3 Z Z




Universal coefcients Theorem in ‘erMoQo%_\a (r&mﬂ@ GO M)=Ha (0, M)
FACT  Theotm Cy dhain cx of free RZmods , M R-modwle
=156 0= H,(CHQM — H, (C8M) — Tor"(H,_,(¢,);M)—0

[€I@m +— Cc@m) \_ defined elow.
The SES splits, but the splithag s not natuml.

Torsion qoups - A, B R-mods (R comm. ving Witk | ) /fx"‘)f Sequincg

Pe fee E-mojs
F;(_K e —3 PLQ% P, ﬁ)Po do A5 0 feee resoluFon
= v —P®WB —P®E 5P ®B -0 not exack
h\g?@)g ° ¢.®id ¢,®id buk is chain ex
AGE  Tory (AB) = Hy (s corplex) ok indepurdunt of

Rmk R PID= Ker g, fee =5 can pick P=Yery, P,=0 for k32

= O“\‘7 TOQ,K ,Tor$ Con be non-¥M

M TO(_AZ‘(Z/Q)Z/b> =?

4’«"{'®Z/b’\ °—2 % Z%‘“Za O fee el
0P Z/®Z/b = 00— ZL)H Z/bﬁ O (since ché TG any Q)
- Toy (Zn,24)= (2, )A-Z/b“f Z/ea by S Z/ocd (a0) = Z/a ®Z
T&rla(z/q;Z/b) = {xe 2y X = OB o~ Z/%ca((a,lo)
recks Torf (A 8) = Po@B A (qouy Sp@E v B st

'TbF_E(A,B) = Tor‘i(_B/A)
Erecise Tocf (@M, @) = OO Torl(A;B)
J TorR(AR)=0 foraz) £ A or B is fee (wse M@R=H)

2 TorR(R/u.MB ~ M/wr’\ *=0
dedwa Tor (A M) * / 7 ~Focs, -—{ N:ux=o} %x=|
for £.n. Rom ti-fﬁ wéR not 2eco divisor MCM\_ xe
rk &PIOD R any rinaa_(romm,w(\i\l) 0 else

2 QX Z 2/
Examele Hx.(IRPZ; %)g{%ﬁ *=| He(RPHY® 2, = {%/z@Z/?. = { Zo/i
% =2

Kianneth Thm ~Z caused by TorZ(H (Re%);2/)=Tor, (g/2 2,)= 2
B o et 102 @ HUCIOH ()= Ha (GO @Torck (H, 0 H o)

(Cas odﬂ( -7 iehzn el
Dx v ch- X R-mods ) j
omd ¥he SES Splits L\A'\'”\O—Sf\i'\""\‘!’\} is not natvead.. Example R-':‘Rdo\,{-k%-\‘kis):o,




3. MAN|FOLDS : POINCARE-LEFSCHETZ DUALITY

._M Y\—M.'FA 'S HMSAO(‘P‘F -|-0(aalof{@,Q space st. Vpéf'\
opQ/\r\ \r\-@uzlr\L)Ouxr‘e\oooA MP ‘V\ b\oMQoN\Dr.O"\nc '\~° \2

’_ C—|R ({_0\\)\\!6\|2n\'\3 to an opem
LAM oC a\n\’ 0pom set ‘A R )
One also requires M second covnlmbt@ e 3 c,oun\m\o?x- basts oj.ope/v\sds

@ M is coveced Yy C.o\Jn}nHy many SKMJ:\ U?;

Sexerise { Xe R™: X,%0Y
A s“b"‘am..'@u NCM is o mfd s4. indusion NoM . '”
is an embu\dma (i-e. o \"omeomorphlsm ondo its (mage) R I>|<||2;o

- M h—mfd wikh Bovnobrlg._ £ also allow U\rg u((mrM-Fn

Such p ove g A Low\olmr'a, Powl;s_ Pr+—o0
-H\e.\y forn Hhe bovadary DM which 7\
15 an (n=1)—mfA without boundaty .

’* I *

FACT (collar wbhd H/\m oM € M has an ofen nbgﬂx\oovrl\oo& = 9Mx (0,1]
M —oMx|

M 'S closeal W cow‘0a6-|- without !ooumkq('a. :
Rmk For manifelds, connected womponents = path componeats. M@D}M

(since \om"?’_‘: disc, so locally path-connected, so @an. & Pat-cona)
(V)

QQU{\/ : ﬁY\g,
o pern hb’-\d o% oe,.H’\

EXamp|es
dosed mfds © S™IRP™ -r"‘— s'x-xS', €P", O, SW(n)

/

hOA—CoNYac+-M€ds: IEV‘J Mo\‘l'mx“?:‘ |'RM“ GL[V\ )R)

mbds with bdeg: N D' « S'= (), Mébivs bond = .TZ\OP;Q @
FACT (HCQ{\or \959) An\a wéd i \'\OMohpy qu{vaﬂm{— o aa CW - cx
‘Ga._ct £ ™M is a COW\PULC-\— mownifold  Hem fol"\\ ore ‘Fin“’d“') a«tr\erwknk

Rk M driangdaMe i M2 simplicial cx.
Not o2 whds are diangulable, but mogk of bhose we encoumler are.




Compack manifelds have {.q. ‘\ow\om L Non- examinab\ e proof-

@ X space is a E uclidean nevshbovhood redcack if

3 embedding j:X— R” some N, s.b. ((X) is o redack o o nbhd V<R
K (homeo onto image)

@ X is weakb; f.o(au'a cow‘fud\'\»el. v nbhd DCGUQ.)(J ] nb\r\o\ xeVel
s.k. /s ondmekble tnstde .
TACT Cowvad' X<CR"is @ S X s @

RK 1 we find nbhd Vs in () wikh tladkon V L X Hem any smalle~ nbhd V'’
also redcads U\Sl‘/\g, -F|V' V' — X .S.‘m\'\a\f‘,y n@V'cV is Lowkackble : resteich Hhe L\Pta

Lemma A X compact & D = X is Hhe re-lmd'% o finte simpheiad ex
eE (XY CRr" Compack =5 e inside somt lage h-sinplex N R" &
Poply baryambic sbdivision vakl sinplices hawe diamebr< dist (X,2V) .
Simpl.Cx.= U{SvLS‘IW}o“&S whidh inferseck X using the restackion ‘{01 cebeuthon VX, p
RL\( Also dedoce X has (.'.%. ?wma@om sSnd etk are SwJ‘eUf\'\/e on Hx .
(O 2 —H, (Bt simpl. ) B U, (X) 0 gtk Surjethion from fre Z-mod, 50 £9.)
Lemma B M compact mfd = M embeds into I?\'\j some N

PE "Jusk do it proof “:<€
V Fel"l} = homeo [DV\%P V\Ll'w{(\oér’\)

P A b . = ") - L=
R \\:" Nncow; o % 4 N é)ﬂ%(m) S = hk R ()
. o: ~cn n a(l.f-\ e ; :
k’,{'c : M 5D ﬁ‘D/alD“:S < R™ ne LLJL.«; (‘II""-’*"‘) =R

F\‘nmjl"y use : a conhinvous Lijedhon from o Cow{)a-c'i- space to & HawvsdorfF spae is =

Kk Same wores £ ™ has .Lou.m}mrb , Just considker its dodle M oM _

and apply Hue Lamme do the dovlle . e L

Lo M conpad W\@el (possibly with bdry) => M has £.4. hom ology.
PE Mol saksty @ sinu Lowally ball & pt. M embeds in R™ by Lemaa B-
D holds Lg. FACT. Done by Lammo. A . O



Local ociemtalons and oriemvability
Def A Local ocientaion of ) ak xe M &5 o choice 4 e oo

excise Complement gl wbhd Vo = ID”
\/CL\O\'C@_ t7r_

I~ n n homeo
/' Ha (M, 1N = B UDH’ m“’“\\fx Gontead !
(fee. Sechon 5 \— = H n (S ) a‘D"‘zs'\—‘
of fhese notes ~ Z
% i ocientmdion oj, M s a lﬂ(aﬂ} consislent choice )U——)/LA,_
W\Mn'\fxa"f /-V'x_'-::' Ib"‘e:p{:
v, Ha (M, M\ Vi) 3 a
= ~ <« quoh nt mops
M /_ _\‘ guohe P / \
Ha (M, M) HaM Ny e

b_aﬁ M orientable 3 orientakon on Y\

Ocien¥ed . We chose an onentalon

Examples  S™ R", CP" orientall sufuaes Ty, RP"Sodd

=

A
) oY Y
7

Now - exo\mpla [RPQ' = Ma)pius \oo\nA u/
)

\Z
/RN / 2N

by Locall consisknc
\s C,lv\ mMove Adisc L
/\M/\’—a
@ conhnvously~ ﬂv\o\
PCLsRrves oriembmion

Chot'ce 01, //\x_ (5 choicy Oj—-

ofiewinton 4. bouno\o\f‘j Rrcha
o] snalll Aisc Conrmpning discs are d\'ﬁfuﬁv\\‘lq
orenied
= contadicts

RP* ; A
= RP" vt ocientable focal consisknoy.



The foadamental cfass [M]

FACT
Theotn  For M clogsed n—mfd -

M ortev\%\e = Hn (f"\) ~

Connethed neturad

= 3 [Me— M

onc2 We Choose

Ha (M, M\%) = Z

an onentaton rQ CAM {MMM&MI"AL Jass

(if Swayp ontemtaRon: for —Mx gt ~[M])

M V\o‘\'o(l‘ewl'zyue. - Hn(l"\)=o
Conneckd Ho(M; Y=/ =R/

(Mxdxem

Constwchion o (MY M has A ——cow\'o\e.xskvo\vrb

S~ for any keld 4 )
characirishc 2

M Lowy)ac|- = ‘p\l\\'k # Y\’S\‘M@HQ’.J X’/"' XN

M ociented = P\‘CK orientaNons U’J— Y1 ¥ o

5 5\ aga.(*ea With %{vw Or?@m"‘k"\'o\’\ Oj, M : I/‘Fof' Iéhrd’(b’.‘)

Mx X

= UV\],_: E?fc sakskes 9 (M) =0V

(each facet arises twice Wik ofgosile signs)

HalM) — H, (M,M\ ) 55 Hn(zrc,m\x\

M) P —— W

\_/

Not difhiwlt 4o cee Mk HE (M) =22-[M),

More %nemll-a :

[(M):=2 £Y;
where $i9ns J come. frorm
Hin (M,M\X) =5 H A (¥:5,\%)
M — Ly,

S0 (OMpare OCientarown
% wWith ofientaon of 5‘5

:>=>H“(M)'z Hin (M, M\)

[M) — Mx

Alse 2 = 5Z-[M) since Cnii(My=0 (ﬁ(\nﬂ)—simoh‘ces S\‘nu_dimM=r\)
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/



A JA)
J LT JAR
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e bvies RV,
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ouMad normal festr ~ L

out
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X
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N2

\rl'—\YQ ) \YL/'\}-O PDS\\\'UQ Kz"LASt‘S
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Vg OV, VT,
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A -cx Shepvre ((pvw\on‘\\'\g\e, W STde \‘a\o\,\-{{[\‘cc\,kons_l)_-
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Il s;M(,uw ¥ howe Vo= Gl of folvam

oC WOY\,{T + A" X
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= ¢ gy
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LR} =0 € C*w(\ﬁ?", F,) sine 2=0in
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Degcee
be(— M, N onented closed conneded n,mMg £ M—-N

£ H.(M) — H, (N)
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Sz

Local dupcee
Lomma 1€ §7'(Y) Faide, /zmcw Lke in cagker F
then ds (£)=2 deg ( ),

*ef(y)
o
M) e Ham) == H.(W) > [N]

| L
® Halh M) —25 H, (N NNy > M)

gL xefly)

Opy (ZN?@*) )/“‘; O
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2) Z‘;biv qu%w%qu =2,
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\IJ' rotmhon
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CUQ‘I\)(«Q Rmk
For M N § smooth | the dogf = #‘(Qrﬁa‘mﬂj‘}.s‘ of o gimeric point of N)
1dQon : OU-%F s Yo how many Kmes You cover N- (4|nnojs\+ all points workK)
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FACT Theocem TFoe M closed nowmfd

R TN ol Rl i
o HOM) = H (M)

M non-onenled =) Same holds WiM, W, cotfRciamts
Skekch proof wWhem M s & S'(I"\‘p'\‘c\'al complex K (Non- examinakle)

S(K\ = \,,avv,amk\‘c. Subdivision

—
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6‘4 ,,\T
\) ,s\mplcx T \4 K wih €™ V Verkex q, S(K\

bary cendet
arm ' @H

2) k(o) = (hyight o v) = ow 6 °
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) o i 7 %v N
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TeS(K) 5
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veg;cg S(K) Simplices o} SIK) having V" as aFm\




"Polga-omﬁ“cow\o&;j
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UPSHOT ¢ s Chain o 5o get o -
L) & Ha (De,22) 2 14
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vm\versa,Q colff. Yhm. PO\AM JW\AL‘I'}

(K(M — o - LL + oo+ Lo{'-mr’\._( - dimM

\Kf,/
equal. )

( Potncard —)Lefschete dualily.

/ﬂl\eowvv\ (M ) (M aM)
M ompact oriented n-mfd / Le HoM [M aM]eH (M2M)
n- MM witl boundar y \ re\w\we fondamentud closs

He (M) = H (M, o0
Non-onented = same holds With K, coefcionts.
e_"lc' LM(CA“\) Same. Qas PO?/\C.W'{./ O{NM&}?— O

Lo M compact comecked, DMEFG => H" (M) = H, (MoMy =0

g)(aLW\alu
1
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RmK nohwe g, cﬂf H, (A) .s@ wh\df\ m\br.Seo'lfs Y. < H, (A BA) onc Wansvecsely .
¥ = |
X T2 & gl/v\log

(R 0 n
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|
) <D
2) "ﬂnnV{UJ’C[R Z ’-EHA
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4 def.
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else CMM)



What M,fp&ns in $e non-tompack case’l

Locally finde homolony (Borel-Hoore)

nerzhors =t Ca(X)
Cé‘F(X) allow infinfe sums S n{&o{/az

SA. Ve any compadd subsek KEX
#{Vic:ﬁo : Knlm 6 #—¢_} < oo

Exanyles |<
7 e
. CHE(R) 3 Yo LI - I
me4
= P& cyele [IR) éH(G(IR) o T2 [mm+1)er
6, 02
S (R)3 [poi]s2 (556, ) s o bootory - ——26
eacse HE(R) ={'OZ dee (3 HTHR))
rAcr Thoem ™ ocionta e nenbd = ¥ ~ 0
- (PoSsiUgno\"waad—) H (M) = Hn—as(M)
wl\oMolo?-? W\Hq Gompa (¢ sor{or{:s H: ()() /de(aml.s on &
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Example ¢ €, (X) = @ ()= signed # inlesechions
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= PeCe(X) sina B (<) =0 if X< X\Im(<)
Thm M ornemtable n-méd _. ~ n—¥.
T (possbly et omyedt) He (M) = HT (M)

Wacning H,%f/ H%: ace not ['\OVV\o'I"OPa invariomh  (ind@ed now-tavial for IR™)

Cavsed bewwse Hhay are not funddorial . They are howevtr finclorial for propec mops
Maer-Viekoris holds for HE but not for HY (

ajcwa\o(

Prﬁimﬁg.es 14, owpact
setz ace wwpact
FQ_C"T H: (X) = L\_ﬂ’: H*[X’ X\K) where compacts K €K, Fve HY”,M\KO% H‘(M,M\ k)
Direck bimit Lim G; Via maps Gc 3G means L G;/i&%k&faé&c with ik imnages

. g - . v those maps
(’]’\,\9. indids &ee paRally ordered & diceckd - ¥/

L, RYG) So cam compart 64,65 inside G
Foct Um &5 an exact functor. e (VTZ GG, GG




Ca? ?mdnd’ and  Poincard o{ualii-g, revisited (omc%N\U w”{{)
X Spove k}ﬂ «

a:C, (0 x CHX) — Cug(X)  copproduct
O & =X) n (Frq)~2) = ¢[f|feo o) T
2]

‘EQQI__7 e’

—
(©53) Properhes e, et
. N bilinear €Z €C, (X)

2 *
“o (€h¢) = (_—\) (96‘(\¢ — N0 ¢)
e Neocycke is ey te
bOUAMv 06007(,(1
Uwde o coboundory

= |n: Hk(X) X HQ(X) — Hh_e (X) L\‘.\iMoJ"

Theorem (Poin car€ dualidy) The wayp ¢ — [MIng ?{ve:;follow:na iSos
D Sor M closed orenbed n-

[MIne s HY M) == H . _, (M)
@FOF M novx-—compac{* of\@v\'|-€o\ n—-w\}«ok

[Mne = H¥M) —=— H, _, (M) ®

[M)ae = H¥M) —=— HE, (M)

Sketeh, PF of @) {for smooth mfds (Non- examinable)
£ M smocth = 3 //2000( wve ™ U dj, ™M Memm‘rxa_ opr oV S.b.

ot boundanes

?CT &w{ vy W = R
2LrMAannian me
('>Lo“;\\v€xmne9;ﬁbowl\oods) \AC‘O-—--N \Ack?"— IRY\ or ¢

Ther compute W (m:{?g =1 amd @ hdds £ BT
= K holds ¥ U;
= by nabally of @ omd o Maye-Vielers 3ur & foc Uu

= ® (or M wWhidhis @) . D Nuge S-lemmn



Genecal P€ of Potnco€ dmp,-{} &— Non-e¢xaminable
S"’Q{ i - l’\oldS Lo R"

OHR (R = (DY S™) = 00 ki = M (R
1 ) =19 &t 1 (R)

con wake K lr\/?u-b\j pickins K= ea/‘al badf_
then  Hl(RNRMNK) & HR(K,2K)

Pick A-cx shvdvre for R™ So [RM) =2 £G; &Sum oves N-simplices.
Swg 3 singlex o7 : AN R™ . Define @i CE(RY) > 2, ¢(c~)= +l ®
= S¢:O K dim veasons s:vfhu.s)_
ER“] O ¢ = Z¢(Z‘_’o’;):¢(‘_l’(f°)=| (Pick Sigm in @)
SkeZ  holds for A 8,ANB = holds - AUR
PE Mager Viekss for He , nakicabily  S- lemma v
S-l-_?{ 3 l/\ol&s for A: y ond AlgAlgAs_C__._ % L\our 'Lv- VA,
£ Btg wwlvmxa @ : boly skt \{; PN 1% commule Wil fimily V/
SYep 4 holds or opem subsebs in R”
P;(— E\Ie_ry sucdh Sek is a unalon J:]_ LONVRX  opém sek (C-g-La”s)
B‘g Ster 3 Q/V\odff/\ Yo consider CASe ﬁ» FHate vaton. W
—
BU indchon on  F owvex opem sett . fx pew p %

U— R

1 nvetx set U= R™ via o Proper L\nvvxeov\f\orp\MS'\f\, X — '-"-_“L+ "
NoW USe S-kF 1V i‘\itgpm%?l-ox

2 conRX sefs - KEY TRICK ConvX set N convex set is convex in I'Rv‘!
= use Skey 2 L previows case

k| Convex sels: A= Ui&rsl— k. convex se,l-s} R = |ast convex .s:zj-}ﬁ use Skf&
= ANB S B IS & uaion of k convx sebs Induiive

SHeS  hdds for mfA M hpohesis
Covsida~ opery sebs A M {or Whidh iF Liolds.

B\& X 2orn's Lamana acgumenk we g,u— e moximal  open subsed U \thee holds.
£ WM pik pem\NU amd nbd V=R o} p . Then holds for UV, UnV
(nele UnV SV R"opem, so Steply apphes) so by Slep2 holls for WVV
Condahids maximality. v/ D
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Recll Here s a ch\-A(é;MA enolvodion o] U —clagses on H, -
any cefmszvxh\‘VQ

<‘l'> : Hh(n,'R\Cg HK(MJR) — R ,[ cocy Sa o forol
c @ e > e, x> = (ple)
E“S‘& LXeTse e C} o(u(5> = <cnd, (5 D any o(l(‘;€H¥/ ceH,

Cono\\o\na 4 Poincart o!»n“-a-_
M Covv\oauk ociented n—W%j F Rdd.

= |H*(n;F) @ H " =(M;F) B¢ hene g
oL @ [ , LM, aup 5| KO
IS o HOV\-stfxquN‘ loi,\'(\eaf'}ﬁorm_ ’f’(H i miF))

PE. By axeese, < M), o > = < [M)na, A2 = <PDE), B )
So He ﬁollow%bg A/v&&rm commutes « 0\691‘“«40’\"1—3&Cﬁ_’;w
HR (1. F) @ HY (1M, F) __ paiciny ®

\)

PD s iso
Nz, hgw ’El PD& F
Coeffivamts - Hn,R(M; )® H (M; F) / 3K

By unwersad w%‘dwv"s) H¥(M}F3 = Hom ( H,,(M,.FXIF) Vi B—<p,
heme IS 0 non-Auiuie Lilinear parring.
Hemu so ts Hea pw\f‘il\i B i~ dre a('wugnwv\. Q
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— s =
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¢#—'X qct s® oowYmo{- subset st
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Aefarmaton eraQ,\—S do X
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Alexander d;dmm"t (1'\ fact, enou Joacsume,)

wikh loouv\o\N'a_
Theoem ﬂ;(X) = PrF SN\ X)
PE Jak-
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Proot Alexandsm dvaldy  Abbeviake N =NO (44X

Yi= S™MIN = s\ X
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Hrox=r () = we*gy)
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MJ}ABAe(n-\ X
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Lef. =0 '_“S“:IR“\JOO
Sinw ead, (PO\'H\-) conntiled \§j * oo
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