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reduce d e\omcreo'aj H. s’c{
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|. ALGEBRAIC PRELIMINARIES : CHAIN CoMPLEXES

Geaded abelian gcoups

])_d. A Z—M aLeliM\ Wuf C is an abeliam o 0up -Log.r”w‘
Wi, o dieck sum Aﬂcowroﬁkon

C - @ Cn

neZ K| pkelian 20Up

Con\rm’}iovxf a\wap 9@\.&4 L>7 2 vmﬂ;s: S‘a7 ovhornuise
A 9-@)\1}\ AL.Z\(- A s a a(AM SdLg{ ej,C ]{; .su‘ozf

c AnE Can .
A homomorphism £:C— D s} gx.aL.mos s fom o gps s
I (G)E Da
A fom ’I— o\ﬂ.zree R is hom wit
WhGYE Dk
gkiﬁ: L‘J k. Z~2u~.a&>.zf. CLk] witk Nokice -
= C C[k]o:Ck
CLk), e+ 5 novi o i\fﬁ"'x@?’

= Can view 4. e\omaimj k 4o a e fom
h. C— Dk]
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= i Z/n ®... @2 el
6 Z4® 4,“ ®.-- @ /ﬁ:,‘"' Y;?;epn'mer (Ppsfi\dz_?oat

AC%)
free eact - callod Comk G m;;on vt

(,OM{)W‘C 'H/\.lk “Mws{o/\aﬁ VC(;L‘FS/AC,QS/'L.JA \E V= H:r;\r: olim\/



C ‘\a"\f\ co VVPLC)(CS d\'m\'ﬁn‘l\d or MOUI\*N\) e\omomo‘?l\

DL’(:‘ A CJ"“A“\ COWP(U)‘ (Cy_ ij‘ S ¢ ab.glo_c %éxm,-
with & %\om 0 d“'W SU\J«‘HAO\}F /9°}:O.

0
T\’\U\S: . N+ \

CV\.‘-‘_) Chﬁ CV\ | _ -

~
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B N én
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HH(C*,B*) = Kec on

7‘ |m ,a\r\-l—\

ofden abbrewale by My (C)
Two cydes are callled fhomologous f +hey differ by a boundary

Def A chaln may L. (C, 9,) —(C_73.)
5« geaded hom swh Hak [RoD, = ,-0
Exaw\p|a A chan Sv\»covv\p&x C, 8; is a
%(w\.d\ S\A\saf wi, Oy = res*rld\ovx o B o Cu
So ¥ indusion el s (C,ng)H(C& ,}) N a\d/\w\r\mﬁlo-
A|SO %A’ q-\IOHGV\:‘- COM?‘QX ZQL/C*
with 3, [€]=Ca,¢] (well-dekined s F5C o = Lo SC)

A\

c Yo 9,
[




Lxuv\mo\ A chan Moy indwans @ ﬂ\om on ﬁ\,omd(ﬁaf?,
H.;(e\\:‘e\*‘- H+(Cv,9¢.) — H*(a,fé’;)

EAR s [ )
Pr‘oo—p- \CQJ"?r\ S Kef ’/5(\

hom

x — A=)

Need  |m Pn — Im D,

Since %,(e\(.x\\ = 2\(:32() =O
N

+o 9,0' w€||—o{e&i(\€vk hom

O

Ha(Q) = ¥r 957 5 — ¥ 243, = HalC)

= NQ,Q,D{ 4(b) = /5(Some‘Hn§A}> .
'\\oow\(ko\(\a, b="2c

Proo lo‘é llo\;&amm ol,\qs;f\a“

9{\-(-\

On

- — C, — Ch — Gy ™ -
l | | By
— Cna — rC“ — a_l —
a|f\-l—| 3,\
c 24 dc=b
KJ, ) P
he =273 (6)=hde =2(b) D

M‘ (C.\‘,?*B s exach (or a.cgaatc.) it H, (O)=o0

So \M '5,\_(_(

= ¥~ 2,

|Y\ ger\eroi 2Lxact ch'WnUL MeaAnS

”)Y"\<\>r€\ﬂous map)= Ker (Nex+t M«PY\

A shoct exack Sequimce

(SES) s an omd sequina
N

OﬁA’%B > C >0




Easq exatse (o injeddive
(Oa A L,R s C—»O)(:) T surjechve

@ xact B/L(A) ~ C via LbT—T(b)
EY&#\F'@S O — Z i) /4 mo—“> 2/2_ —> 0

inclusion 2

Nole AIC Ao not delemine B

Snake Lemmoa. A SES a-ﬁ chann COW)”&K&S ond  chain raps
flls a Qony exack seqnce (ES) on homelogy -

'—aHr\(A) l_x-> HV\(B) L HV\(C) 8? |"I"\'l (A) —C*‘[—I])"'

L P——

So exact —\~("\amb£4-. Ha(A) — Ha(B) Hy () — Q\O*(A)[-)]
AN Called Connethiny, e
HylC) —
ceA—— B

P_'F Q'\M‘)|I€7 nolihon 10\1 io\w’r\'hina A with L(A)CB: a=i@)°
OAZ 40 = DA
=> Now AQLE E,. wndusion 04— S'uLC«ovv\‘)Zg)( :

O ﬂ(Au\t }94‘3& CB-F/E*) s (C-k//g*) —0

O—)Ar\ﬁ%nﬁcn_)o

l | |

O — Ar\—\ S EV\-—\ — Cv\.-‘ — O

SWry -
3b “Jacgﬂl:'ﬁ-an)

| l

dvb —y 2b — =0
Nt to A by exadness



Define § - U (C) — R, (A =N (+ypically b is votin A

c — b so 9b need ho’\'L&a\.LAr‘;/u‘nA)
R_where be1(c)

Well-defined? « T (c)={bta:acA} and Ab+a) = b +2a
cyhe —seqde © 3(3b)= 0 V bow;stﬂ,f;ﬂ/
boundary — bowndory = 3B 2y € G,

l

a (b ) Lo::/nioxf"a-

=) Can pick L,_—_’a(sf

C=3X
U
= ob= '&3@:0 Vv @)
Exactness af Ha (C) (exercse @ check exactness at H, A, H,‘B)-.
Need |mT, = ¥Kecr §
' cycle ot necessarily cyele | A=
D % K lo/" n él<e?-67 ./T A=o
—c=T,b TY’FUo’oL) =c
VY J, l /] Oo ’o\):—'aL—aa.::O
Paz dc=Pb—— b — © Faus cycle !
&SSUMfrh'on Sc =0 éH‘FA

= c¢= T, (b-a)elmT, D
Rk, O—)A—°> BLC—)O SES = He c.onmk\-&ww\_poiLES\'s

6 H*(C)ﬁ H*(A)D]

c — i (2b) V bep wi. T(b)=c.

Lerma fne conshworion o} € is nabonl  (ie fnchorial)

_%O AR Es c—0 oo
£ 8l 2]

_&c

L’—? C Se\c_ = Th\sgb
R ~ = 7' 99b

O—i,&l—'l—)-g.l—)alﬁo 'Fa—)aaL SL—)?\C = fa
Exercise Dedwct Yo LES is notval | so =

f8c 0
s HASHE M e S5 H A > -

6l 3-;]4 _ e\u\l, Ll

AH*'&,_)H“'B‘ T_*) H;’C\Ji} H)‘—-\(E)_)"-



5 -Lemma.
ASB — C —DdD-oE
2 | z|,r 1Y z|§ SLS exatt = X also 1So.
Psl___,Bl_,a C/ %b’ 3E’ OoWSS
PL exeyese (ACaarmmx dnase) [
Spl&ﬂ:it\% Lemma
Cor 0 oA R ¢ o se5 o} abelian gps
I BKL/C st oy =id  them the SeS sphts : BE=ADC

ay (convesse is obvious)
EE O A-APC—Cc — o0
I | L) I
0—-A—>SR— C— o D
Exercise |6 A B st ook =0d,  Hhen it splis B =, A@c
e ‘ka/\{ A M3

Execise |£ ¢ s o fee abelian yroup (C ’Ege‘)IZ) Henm He sES splits.
Rmk A free 7é> s, e9. 02252 —2, o0

CAN] Rmke Spli’rh‘na Lemma g,weraﬂcses the omk-nvllily Huorem from
Lineonr A%Lm VLW neac mape of veder spaces 2 Tm 3 DKecp =/
E 0O — Ker {), “‘CL:V * s Im (&ﬁo is SES/ omo\ se@H—s since 1mﬂ> free.

2. - COMPLEXES AND SI\MPLICIAL HoMoloGy

Stomdond An (’on /Jcr\> € RV\H " JLc7/0
V\-—.ﬁN\Q\xx | ZJ(C = |
Z*[:; €

N shandord basis of R

0,92, e, =(1,9,.,0), -
Eyawto.s A ! ( Z
point A" < R e seymenk A R™ @ .
¢ Co
\V \ 6_/+r|fv\a/6.
} 7 e i N<eR’
o LA o




th <« ——anykyo
DQ‘F FOT {\r:)l ey \rh} < Rn s k- 9%

“'.’“7’, ==) Va-Vo |K—ﬁ'd\€0\fet3_ kr\WWM
[¥%,--Va] = N-Simplax spanned by Vo, vn
= covex Al ok Vo, Vn

:{Z‘h'\r& - 2o and Z{:C:)}

= |maaaa ojyﬂinew‘ komeofo’: AV\ N &M—k

canonical homesmorphism Glei)= vy

Sy

{
(so\.',x peism: > Wil often b.@ur Mo distnchon bedween
includes insiae Waf 0 and its iMnage

T =loe, -, 6ea]

bt the orAerir\& ""S— Yie vy wi|| be \'N\Oo(-l'an"‘ (so +Hhe map o is

more precise

We encode s exivu data 19\7 0ri2n+ing} the eolges P 5]

—— i C<_)'
Def  d-dimensional fatts [, .., S ) e ey
Examgle O-dim frws vt Mre verka s '\To,»—,‘fn
'FQCL\'S - (n~\\ - dimersionsl facos
A
A = [V, Vi, o, Un) whee we omit v
E‘fo "\f\ ,VL ,\r‘s-l ’ / ) ’

Lvo,v,,v3]

: Ahh:-\ . |RV\+‘Q

é%z
w<
T
_
é M
o
q 0
> M
1 O
i S
3

&

|

\
\{-Ee&"-“:k:o}



Exouv\p\e_ Can b\/\.\“ a Torus out oF s{M‘O\ices

S 40$\?’YXU)< l

-]—L _ each —Fa‘u,{.'
= R A 1 e gelices s asso nakd
/7 Sieyolt 'ﬁ_° do another

s\mPl-e.x
) oLo(\o\ we
™ . | evd\
2 2 S\VV\\M them \mear|7

= \‘WVH’ spacl GTV\ Cononi cal \/\omeos
| e e td’ u v assocaA ‘o Yhe facets

for exomple idon¥€q frak ‘ R e
r exomple denhty %47\” a-,_%i V‘arenh‘l\o"‘ P‘f—e-;ow"\eﬂ
def A (pw(Q)( 5 delermintd by date

. IMLQX\"Q— Set l_ @or Q,&o‘/\ neN

CL\O|CL t:q, n- snmp&x O:(h (V\O" Y\ECQSSEU‘IH S‘W&) {or ea.oL\ o(él_n
" 0L &n
The A——(,owyofby s e Oluoﬁe\/\)r Sponer :

Ll o

neN

- fead af. 6‘ is idenhfed wivh o (5( L)
Vi -H\e_ oro\Qf‘—frereruma C-arvom@& QA\W e\omeo
ol b’(ﬂmPltx shvdvee on & Hop. 5Pl X s a homes Kom

o A-cwmplox to X.
Exelick o\e$Cr({>+ion of Yhe facet idenhRcaton

{ZSLWC}=EWO,_-)wH-l]ﬁ E\YO h] pomnd {Z‘E \"\TL }
-\ U| |
6, ) 0, [ SoTo 4 et Se Ve, 45V g+ tS,_,
%ﬂb’\ﬂ = E\ro""/ GC /=" \J—nj
h-\ n-\ v
N — N N

<Sol-“l Sh—l) = (So,.__’ SC—IIQ’S‘:/ 7 3n |)

n



MOY\—C.)(O‘-M(J\E,

\\4
<

Vi
verhees are not
-\-O’\'A”‘-) 0 hered :
>

L < ) k< }
mo (P RY 9] ob
/ (P{aﬁj“:\.r’\s o\r\’%l of f\: "1'“??6 COVY&I)C>
Romark A sirplicial complax is o A-cowplex in which
ecu}\ d - din -@ao& S U.Y\io]vd7 o\el-ermi/\eo( 1o3 ol o\‘.s-lﬁ:\c\' \Ierkce,s

A homeo fom such a C.OWY'eb;c Yo X isr & H.‘angve«.'\-\'ot\ oj,X i
Non — QXa.W\\a\Q_

\Y

T*= A

SN
lr7

Qoﬂnfame_ Part A %(’0\"3'3 Coulse ©

v

A\

SN

N bo+h 2—S§M(|\'Ce$ hq\lq Verkes VAR

J

WV

whereas T2 =

[ l.S o %;Qh")ve.a.'{'\'or\.

Simplicial QLDJA COM_pleX

Def Tor a A-covplox K,
Cﬁ (X» — 'FN.Q aL&@{aw\

o set X,

g awfuk»\ X’J
of n»swy{/\m

:EZC“'O; . €2 }

el

fan I = ZC_‘)t-

on'y %niJ&\‘) many C 0

a,, . and
{5(“ ) Qxl%nol
9 [ 0, v\} — ZC D [~ o - \. ”_7\)—'\] Q/\I\erqf}

S0

We pill show 3950, 50 52t simplical L\OW\D@_:
5N 5
H*(x) - HX—( C"na"‘>




Lades:

The [-1)" S1gms kogy Ik
of w\'\e;\'{f\m" Hre
orientalon “f-rfer/Maa@rezs
Wik giamek'\t Louné\o\r»’
onutakon, s,

CA (\ﬁ\ = +\V{- 1 - 7 . ﬁverws D@-—g}

7,09, (HZ;) = 4+ (Vp-v) = (V%) + (v, —w) =0

3=0 fails for AR (hov D-cowplex) L

Lo mmna 22 =0
bE D (9 \:\ro,_ \r,\]> iC3 Oy [V, 0%,

= TV O B A b
)< ¥ Swa—f \.,J
-+ Z (- ) (__\).) ‘ [Vo, ™Y ,ee J ) rxl
J)\.
=0 0
Exaw\\o\e_ S'= QQ IN—cowplanc 0
v X : 4 O-simplx  * =e
o (S(l,o) (01)

a A \S‘"Y&K+€‘
O- C‘%COHO

W I H#CS)=%Z :/.Ei,l
0

/ but messy |
EX&MPlQ A cx shvive on SV\' One Con deduce -
= N . R . . |// pick any verkx
@w@ S =2 V4 g2 H S"={ &<point? =Z x=o
8@,\ ///,, A, call ¥ais A, I\Mm Ag Z(&,— Abg 7 *=n

O Use



Ve
X = —|-—z — fi—
2
Y
Y a) A
(@ J— CL 3 Co——a O
{ |I N
26+24, Ze te,+ 2Ze, v

fi— e e, +e,

e. 62_’63 p——%\r-'\f—:O
{-LH €, €3 te, g

av *=0
b
Hx(TL) = < (Ze\+2e+2e3) /U(e-€y+0) %= freely genealed
2'(4.—1(7_) ¥ =2 L“/ €,€2
@) e e StMA normal foran of 3 .
b PCA 7 | O
0. X =0,2 (l, l.>i’(3%)—">(88)
~ oy =) So after Z-isos o] C7,¢, we
% ofae wt 2*523 @.g—vc«,o,o)

Ramork about ocientabons (see also my B3.2 Geometn of Sodfaces notes)

e veckor Space On oriewtodion i o cl«oiud,}— basis modlo
lineas endomorphsms o} Aot >o
| o

€ right —hand o - r < le£r - hand
Exanple R* ‘ . M abshon <o 4 or i embadion

(Positive) €x (negatve)

fact GL(V\,\R) has 2 pa%—@manev\h <A %ﬁ;fo So can

ad wargo coanuous&, a\Ur,rm o basis 4o anoYher wWithin same orienyaRon

Canonmcal oremtation on R" : € -y Cn  Stomdarh basis & "positive
ocientation’

Exomple [Vy,... Vn] simlex = v, .U Vo s a bosis & veder subspace
V"{Zav\r S Q. :o}g |Q“+\°“

hence oo dnoice 01; or\?/\nh’}“-o"\ o’,f,\/
amd each trans posihion of verhwes Vo,... VA switches Jhe oriemrabon class.




IF Vo, Vn€ R" them V=1R" 50 simplax’s orieutakon can be compared wikh R orient”

-
* o'“:, Uy Por\ncn’rZA Jo v, o:a\:wkd

Ji-Vo V=Vo
* No CCLY\oV\\'cJ c&o{u of orienkon ‘for Mbs\-{hcﬁ‘ velor Spoce .
Need dhoose basis Uy Ja then dedore another asis posikvelds oriemked
W M d/\wv% 0} baois wadix Ahas dor >o.

v For \/\v){)efflome HCr™ Wit dhoree 0{— notmal con Aedare_ ociemtalon

."\O(M“\ OI \oﬂlS\.S w|lﬂ n=\ OF H EOSI}\\/Q— \F Y\O(MO\Q/ l;‘l ,w“" |: f’O.SIH\’e-

' AN n
&{ Convenhion “outiiard normed frst IR"-basis
H

Example IJ7 HeRZ> = € posibve basis for H

ool (normel, e )= (5 4),k=+>0
Exanmple AN < @™ Wil normal (1)1,-.,)) is posinvely oriemiA.
VISHOT  For o h"S:Mf\CX Yo - )\)" 1 s |R=“ , eaJA Lot
Kes in a hyperplane  amd have Cavonical choie ol vormal :
owhWardA notmal . Hemee Cactts are @U,\anicql\v onenied.

Example

out ouk
|R D) %‘ in smooth world : [D So oD = @
an Relockunse

AY\.:Q r%q\an 6‘ IR \«}\\\ SwWap Or'lbv\‘l'?\.‘i\On : afler (0 ..|‘) SX)‘—O clockyvise

tXa«mE)e_
V3 ouk refleck V3 RN

A Vo & out <«
&% [\fo, Y 1,/ 3 3 3 X OM.JC \)' —'\J‘o)z\fi
O ; R 0 u.‘\' 01 v, \Ja \y AA‘ Vo r\zaq,\We_ R>-Las\s

Po.s\Jwﬂ IIZ3 basis Vo VWV,

P SHoT ("D; in ("')C[Vom\/f\(,,’\f}l] in defaikon of S\'N\alt'c,(a&a IS
‘H’\Cf'c ‘LO Imsure. Hak orientrafNons A consisient (Cruc:aﬂ for a°3=0)



Lemman. Hf()()’f ® HI(X) where X; ase the path=conmponents of X
PEB L) — X, ®eir— Te, e

L/ Path~conn .

'y CL\aLAlSOMo(‘p‘N\SM Sl M\a S./\'V&/}( 0 : A — X has pm%-canned-@k
lN\OV_ So € X; Some . N

Theortm X has A-cx shche = Hi (X)e @ Z

Pa:i'fn—C.onn.
Pe By lamma, Woa X path-connected Components

vy v o= Vel () 2= . (N=0 = [v]eH(X)
* Veghas vo’\r,eX = ’;}fod{\ Y Gom o 4o v,
=  Can (/voMmLoFe potn so hat %alo\jugq

\ -
w V l (Con‘)"om/ou,_glj de-[o{'m)
/ LF T; = ¥ is sum 4 1= ains sk Y=YV

Jo
hewy IV € Ho(X) iadgpondant of choite f
Ho (XY = < [v>
y Ho(X) =< V> &Z s ijekve ?
WY <« N Svppese nV = Dc Jonng Céc()()

conidu~ Hae awgmentaion e\pm‘)

(X =25 G, 55 Z
EY\ g — o ne

JJ

o-simplices — 7 :
nolce conpasikeis 0 s ('—“"’Y“X)= 6,-0, — ([0
0o a\

— n=2¢(nhy)=¢2c=0.
Rmk ¥ top space = podh conn. comporamt < Connwle»\ covponent

sinc path— conn. =3 conneckd. For A-cx, SHiese are same (.S’mC.Q_
Connected + ﬂom% (M\H«-—conr\ = Pau\—wm\euleol)
However for 4op. space Hhey need not betha same e, TOpo(pa..Sl'-r sine Curve

mJ_ | oorme,vkﬁl
{()C s 3 xe (o, ‘]} u Oxlo) ¢ “2 WUV_\ - not path-connected
. not zoca‘b? fﬂH\'Conr\-cckA

0

2 ra-H\—wnn-cowyonzv\ﬁ




3.SINGuULAR HoMologY P
Moth‘i\ov\ N0+ ol Vions ‘\‘LJJ" H,;@ (< ‘FUV\V"O’\KQ A X

H fo G really wot l :

e Lt G
Solulon L1 ony allow Simgplicd maps £:x 3y (so Fos smplux Vo)
Solvulon 2 & sho thak any cfs tep £ XY an be a,ppmx\/v\a\'d arbi(ac
\/\lUvQ 5'9, /9 Slmf)] M\X (N’v() affer '/mvm%u p.eraformu( bmfviu,r\k\c, subdivision on X,Y
mouyh Kmes. Also any two suda appoximations indutt Har same mop Hi () oY)
Soluhon3 3 dovelop neas Vromatogs Hi(X) whidn allows any ¢t map 84" X
witt o THIs.  and prove HE(X) = He(X) for D-compliees X. X is any

+top- Sporce

M Sinqular r\—-sbv'r(%( is any- [ cohavovs map N —— X

Stngulo nochatns Ca(X) = fren m%dmgmvygw»\m}dbj5

> Y

Q nhnvous
it f

= z C g CpHE Z
SW)J\N On\~7 -ﬁn'\\-eL, many ca_:ﬁo
n-simplices
> Y- and 2xlond Bogor
C |A L~ i-th facet ( %)

We \,J\'\\ Show 'on:O, So 3&-\— s\v\a!bggr ow&ob_
H (X)=H,( Cx,2.)
To A OOWY'&'X >< \'\Q\IQ. \AC@\IS\OV\V‘Y’ S'u\ow“i-y’@?‘ C:;—WC;‘_
N Tact - isomoph

= indvas HOO) == R K)o ot e )
CL\V“Q; H (X ) 'S u\o\ep@wo{zn’rd_ dwoitn rj, N —cx stuchve on)(

Lomma @-.2=0 L

Proof Dy, (On cj— Dot (ia—wg D) e e

= ZL—O (-—\) O~‘[:Ol/7 J, /e\ _76“-3

e el o o o

- 177

It
D
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anka X = ()0\{\\' = C.(X\=Z - (0"' AV\—-?)( +he conprant W\“f’)

0 g, = 2(1)6“\“_"2(') Op }@ L2225 2% 250

5 'Q | i noeven = £ G
{ v odd /] —) H*(_P'k) {% :lsz

Lemmo\ H*(X} = @ H)‘(X\') where X\ ace P\‘H\-—wwone_v(\j o{_X
E |""“3€ Oj— ks mop AN X s (Dw\’(,\ conn. so lies in some X;.O

Cor |H, (X) = g'? Z —generotors of Co(X)

PL By lemme, wWL0§ X padl-connackd . N=pt—X is oy since C_,(0=¢
Given 2 points X, y€X, a path A= EOIDT X, ¥©)= X, ¥0)=% is also a |-chain !
So x=y=0y ,50 X9 ot homologous. Finally i n-[x]=0 € Ho (X) Yhen
NX =3¢ some ce((X)=gmamitd by paths. Now run Ha avgmentadion
bom.hrick iKe we Atk for HS: n=¢€(nx)=¢%3c =0 a5 £.3=0.0

Na"ivmu'ka— (f&.. f\mclwn'a,c&"‘g—)

LQW\M -F X—-’3 y oovr\\m/ous

/ ’F : C-V(X\) ""’C.\L (Y) A T . X
indw Cedk map L (@) =Fo¢ anol c;(de\ foo H
\!\Cnf)

Q—_f—- O (—C_\L o) = ZC—\)V\-Fao‘ &?‘-l =.F* (Z(-])" O"A,E,,>='F* (’bnd‘) 0

Peoper Res ) Iy 2,2 — (3‘”(:)*: Fe o Fu

2) d, =id
P ) Ged), o= gofor = g, (fo0) = g (80)
) 4,0 = deg =0 vV D
Cor H, ¢ {Wobg«dsmw} {3’”\”\2\’“““&” “VS} s & Avnctor
ch mMaps Gended foms

Cor XV = H.X)= H.(Y)



4.CHAIN HOMOTOPIES AND HOMOTOPY INVARIANCE
A|3€L(‘0L . Chain ]/\ovvw'l\’)piés
'E” 9¥ .. <C+//9¥)_—7(C+)5¥) chain MapSs
Det {4 9, &t dain howotepie if 3 (degeee +1)
'C\OM ‘e\: Co — 6;[|] s.€.
9.8 +ho0=+Ff-2

hoic ol o chain homlopy

G)nSQ‘]\FfN\(.Q_ ":4=9¥‘- H,,(C,,,@,.)——a H»(C,g..) n "‘°"“’\"33
o

P_'F- CV\-H — CV\ —'\)_ C“"_|
Sh
£l 1%
’C\:\-H N—; Z'Jr\ ¥ Cv\.-|

n+\

C CVJL e Cr\
=) -Fv\(c)_ EALC) - ’anﬂo a‘h(c) - e\r\—\ ° B“CC)
——— —~—

Low\okﬂ\f'af (‘)‘
= £)= g, i W(T) D
ﬂ\.e_ofem lo ¢ X — XXII Co('ﬂ):(d,o} whee I:[O,I]
L 2 X— XTI, ¢ = (o)

Tl L Co (X) = Co (X xT) are harn Wpic.

Keq tdea. Nood “prism gporabor” which cuds A'x T inYo a s T

of G\+|)-S\‘~Y||'c£5 in N'xT : é_w\ka&\‘s'bd&-\’mc?
n n q ‘I‘a ‘o
(0-113 —>X)l——5 axid: o x T-XxL 7 PRE— i

77
/ prd _P o’ao—
/"‘9 / ~ n-=\
r“T Pnoc- - 7 - — Coo G
P{'-Sm A - = \)‘.o“"‘&u
! P, D xT 0

sides
Qpvator (G‘XM)OC\ '-AYH"—)X{L hene © is chainhpy




— Non —e&xaminable

P'(:‘ n L./_\r\:ze; XO
T boomdaet A x 0 = [\)'o’_,)\)”n'] c A o) < |RY\+\
dop ek AN x| = [Wo,-wa)
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D Now ——— 1, C'\To,bfo,w‘“lfz]

Lejb SC = [_vo,—-)\j},wC,--; \/J‘Y\'}
Clam = The s: cover Dx [o\1) and gt A-cx shuchre on A%T

P St s
o w- — A * tom
ks K +kz>:;" @ = (o, e ,, titse, Sear, oy Sn, Sitt5,)
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Peism operator

P: C (X)) — Cn(XxCO\\F))
P(ﬁo‘) = (O‘xid);é(r,ﬁ
f/ \

O N — X axid: A" x [oy) = Xx (o)1)
(oxid) (%) = (c6x) t)

3 Ple) = D (xid)elln) = (exid) (27

]F_' i Z(‘l) (——1)5 [b ﬁ‘eo /71 AL e)\,‘Ge 6'6,\]
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now use @ amd
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M Xc\/ \r\°M°|°,“7 eﬂ')u\'\b_w Spaces 3 naps
f y
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© 0 Fog =~
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bi[' X con-k‘acklo\-t X = ?‘c
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Relakve homologn,

Dok (X,A)  paicobspaces  iF ASX toplgald sibspace
- R=indt A e X indwas a subex Ayt CoA — G X
> CXfep qrokent dhain o [ec 3[x) = [3x])

H,\,_ (X/ A) — H% C C¥X/C¢PY>
relakve boundaries:
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C € X @ <€ G X
S'.‘t_’ac éCa\:A W chEl DCGCy.HX

LS ox=b +a

e A
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NG LES forHe (a,\h . Sc 96
Someaec*ﬁ
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ewmpty simplex
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Check - H‘\,_ X = Hi X x+o, a\no\ HX"’HX@Z

Lesneran (XA) pair = 3 LES

Lx
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E H¥CX/ P't)
PE Helpt)=0.

IR
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D
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H}V\QR‘\ [-\—_‘\\ ./ N cn-l ,:'\' gn-!
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Natvcality of the LES for pairs

el A mopd pairs o spas  (GR) —s (,8)
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N L], l )
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5. EXC\SION THEOREM AND QUOTIENTS

(X/A) Po\.\‘(_
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Example X = Mabius shvip @A
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P ATSX inder=r zidy , reind=r[y=idsx 0O
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QGood pairs and quokents

(X) A) Eo«i; ol
+ Quotiew X p— X equlv- rehafion X~ & 3&:_9_
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) a\C |
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{(x sinl)-ie(on]} u Oxloll c g A— hot Gocollly. connedded
——

not Zoc fanx—cnnr\ecko\
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(
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(me LES
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— ’1/{0
o X =UWU | |
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g (A'\) < \A; Some |
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A S
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A SN
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T I 0o S (;nd_uohve12 by dimenns: Or\) +hen

wmd s(G)e e e foes ol b
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Mot o (eadh n-simplx of subdivision) < L; Ssome ¢
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= "L = s"2b = S"¢  in CAX)
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3. DEGREE OF MAPS OF SPHERES
f.,s"_,s" = an : H“S“—}HV\S“

o r— T
= R, o F, 5™ s dea(d)-d Ly M) €7
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8. CELULAR HoMoloGY
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maps o Al CS
wik & nalvad dwslarmakon § - E[XIA) — E“_‘(xl¢) Sa\']x‘.ﬁcyina :
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ll- KINNETH FoRMULA AND PRODUCT SPACES
AL ‘oﬂ\- '\'CnSo(' pnoJMU\S €e.3. 0\’°W°\M aoves = Z -mods
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Product spaces
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12. ANIVERSAL  CoEFFICIENTS THEOREM This proof- is

C+,2)) chain | o~ Non-examinable
= 00— ;,7*:\(1.7'9* ﬁ% C# L B_k_,: \M'B*_\% o Is SES
U3 =0 » =o(_T"

Z-modvle = aLe,hom 8,9
FACT - SMLW\OJA}&—S O“- a &*ee. anr\odvle ol -fpee_a— ‘F"le mu“:‘gl—) Z
. "N cx'ma
- .. D) Sek
Km_kw same holds fc R-mods if Ris PID P\\(l’l‘): ?rinolpal 1d2ol doman
Assume. C, free Z7-mod

= inteacad domain R s.X.
FACT

A « évery Weal = R-a Some &
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NN x ndl* w DY ¥—1 nole : in(ﬂ-¥= reshrict to 2y
bl 0t 2Bt 2 g o el St
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: ) N By
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t,.' — ¢ x K _ .~ ¢\B_H ¢
(H B=b H'C=C"sine 97=0) pal

=) O e— Kar §" «— H'C <« %“"/\Mg"" «— O

Ker Sr\ = E ¢é zh: ¢(Bf\):0} # So: ¢ : Zn_')z
N
= Hom (Hn (C_,))Z) 2,\/Bh—_—H,\(CA

@ U\mver:chl Coeflbcients Tam :
O— B“/Imngﬁ H(c) — Hom (Hh(C‘), z)ﬁo is Ses

See  __|

r‘_\-eez\;a \’EX'P{H:-KC»Z) [(P ] — ((€ H,\(Cv)"’" Z)
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m S”

= H (€)= Hom(Hn(©), Z)YDEx (Har(0),2) Sine Jos =idk )

=id =(205)*=5%2



Lemma  Exk'(H

i(C); Z) = B /T

canoncall yE

&&Lm Lmkg-rwml on Extension gwovps Ex-l:;(M ;2)

W case
M R-modula , R ring (Comm.wil—(ﬂi)
= 3 feee resoﬁukov\ :

P P e, Y9 0 exedk
P Heﬂ-mmb

(P‘\Ck 8»0"\5 A for M =5 P, = @R—}I"\ €+
b I/ jﬂ ‘Qf' k—Qf"-eaé-P @K_;K_Q/‘(ea/e_ H\jﬁ

OUNT (Carl

Hy\—-\ (C*) Z——Yv\ool

O E),\_‘L—-’ 2/» | Hn-|(c) -0
1 [ |
Pl Po M

V\*\r\\le_ IAoL\lo"\\l*e(g) (5 ?
&

* ¢
00— HOM(P0;2> L()—') Hom (P, .2) =
IS cochain Cowylex bub not exact
= tanke Co)r\omof_oaﬂj Frovps

def  En(M2) = ker g

F}E . Ex’c.‘. (;2) = Ker e/ Imgy
EKaMp&‘l Ext’ (N 2Z) ~ Hom(f’l,—?’)
P2y R Yoy
\ J,Sd “Aesaomds + ™M B (¢ m)

Z M\Io\njml st ¢(\<er\€ y=0
EX&MP&Z Ext' (N:Z) = e

{ }/M“’P\,H}

- n-—\
0+ R'—2 —o

Proof of Lemma

By Ex«.mpez 2,
Ex%l (Hn-u(C~),‘Z) —

o0— B, _ -2
{ ¢\l, ?Vv\odw‘%

Hiose OLF\Sma from resicichon

{ 0— Bpo — Zn- |\J

|B \#
Thwos B/ Im

8“". 0

Rmk (¢ R m_b, them Ker (P, M) is e (sinca Submod of &ee mod Po)

KerGumit) | Bam0 for k72 = EXX(W,2)=0 k72



(Co)homologs wida coeffictents in a ring /field/module.

Mohvalion I
VP hom .
So fuc we had (C-v 2.) chain ¢x of abelian groups }”\ geadad sense

= H.\c (C«) = K«fa/\m'a* abelian %yrovp (Sine K o, J a9 wﬂ)
We cannot use a than x a{, (nOnfoJaekam) Geovps, Le carse
I 9¥ needk not be & normal .Su\aamd‘o oJ_ Ker 9, .

HOWCVU' O\Ld(a\v\ ?{‘oups can be -quu_ye\/r o(— as 'Z—-Moob\leuj

Hen given any  abeliam grovp G, oke%r\e fwrno&m with coeffs in Q

/‘W\\’L\ohf-k V\‘V&
H&(Ci‘;é) — Har- (C#@GQ fa ®,£;

Deb Xspawe = [H,(46) =Ha(GKXRE)

Exelanation:

Cr(X) fee Z-mod = @Z = Ck(X\@)G @G just replace Z by G (5 2@-= )
Wh‘,’L Cort 2 \We l~°P€ to g,d: Mo&/v\eu WnWWartonts of S‘mc,c_s

EXa»mele, X =Rp* > . " Al ¥ C (TRP G\
£ \/ bA b 0 | GVDG oy

& ' Ga@Gb®Ge
LA S 2 | 6y 94,

frG=2,: 052,02, 52,02,02 25 Z 01,

(R

= H,(RP%Z 72 iz/z *=0 Compare : HJIRP’-};{Z % =0

2 #=) =1
Z/?p: =2 (G=Z case) %2' :\se
‘ o else
Focm co dronn Covv\o\ey U\_S\'r\% HOW\Z(,G) (: }mgré"’"‘s) In péw,,j,Hom(,Z)

H9(C.;G) = H, (HomyCo,aN 1 55255,

X space | H“ (X 6) = H (Homz(c (X); Gﬂ o H (Ca(X); G)
Umversal coefbuents Ham (S(kme ?mo{: vsing Homz( 6\)

O — Extl,(Ha (G, &) = H(C,,6) — Homp(H, (G, 6 ) — 0
[LPJ — ((F Hh(C,,)ﬁG)




Example X=RP* , Q=24  apply Hom, (-, G) to e complox in
previous ex le /al 30
awp O(_ZA@Z/2<—Z/Z®Z/L@Z/Z<— Zz_@?éf_o

[l I

(1) (5 )

= H*(&EPZ;’Z/Z)EiZ/z £=0  compare: I—\*(mpﬂziz *=o
Z/z_ K= | O ¥

Z5 x-2 (G=2Z case)
) else

Cam 9&'\6(6\’165(’, Porbher

Ce=chain Cx of ... coeﬁ(:io:enl—; N

a\be—l"m’\ %’PS (Z" W‘OAS) a.Le\\‘av\r\ %p G (Z-—moo‘\ H“ (C*;G) = |"'| ;,.(C.\:@G)
R - modul R-module ™ Cy:-M)=H.(Cs\®M
er\g— Cceasmm.w.'u\ 1) Ha (Cee;™) ( R )

Rwmk H, (C; M) will be om R—modle- since. ker 2, I ar ('3* is R-linear A

hom b\/aﬂw\ p-Ho

X spaw = Cp(%R)= CR(X)%)R ~ %R jusk replace Z by R(4s2@- = )

o \ust ceplace
5 [Ha0GM) = Hy (G (XR), M) = Ha(GRIOM) | o dis T
in C, (X)
Focr codnoin complex using Homp (-, M)(% £Z095) in place o om(,2)

d’/_»\/i»}'f\ A fectnhad ’a*=
H*(C«;M) = H, (Hom,(Cx,M)) _ YP=pe0,

SO:
X space _LHY (X, M)=H"(Homg (C.04R), M) ¢ H*(C,(x,R),M)
RmK These are R—mods. I we use M=R, then they are also rings vio Cup product

Univesel Coeflctents Thwn G R any PID , C chain ex of R-mods,

o——pgxlc;z(i-lh_‘(g) ; M) BN, M= Homg(H,(C),M)— 0 is SEs
"/

B""/;mg"" WorKing over R [(P ] — ((F H,\(GB - M)

USif\a. Noms o M

$ame Fmoﬁ
and Lthe SES sphits but the splithay is not natuml.  |vsing Hom (,1))
EXaWple R=F £l = CA‘,H*,H* are veclorspaces [

Rmk ol = mods (i.e. ved-orS()qu_s/“-_-) ace free F-mods >~ @ Fb.
Up Yo iso they are delsmined by dine = cardinality of basis. basis b;




. N ‘ O(A)d "
Co_r CX-:C‘I\OU’\ X Of' IF—\/eclof' Spaes = H (Cﬂ' ‘F)": (Hh (C».\)* kHom (H:(G‘)' ‘F)
F /

E Plek any) basis vi for F-vs. Ba-1, exdend it + a basis S aj, 2
Cal:o worKs N oo dwn C_a.S&).

= can exbmh ong F-linw oo Y B, —F 4o g1z, —F
just Pl any valves ¢(u;-)éF e9. ¢/w;-):o.
= B"/im§"'=0  so H'(GuF)— Hom (HJG)F) 50 D
_—duol v.s.
Cor | HN(XGIFY = Hoy ()T for any Feld F.
Cor H™ (M) 2 HE, (x,-M)'f MY (% M)

?F X'.\-'C\,J-—CX s X’).‘A-—cx

i-2. r\C'LOF\‘AL
PL o holds Lor o : “ :I.tf;:-m s
UL olds Iho o p_ oA the iSos are nalal i

The  vavtrsal coeff. Han SES is natval . So  result holds |ﬂ7 5-lemma. . O
Aiy“)m, : Stwihe thm for 'F; adelhan o pups and R-mods

Fa_(k'.\_ A 'F%aLlﬂ,W«‘P‘o — AKE'ZY\Q Z/“‘@..,@—Z/

l Ne

dhace p:€Z prime (reed nok e ATKech)  fam st P e
Also rk p. nc ae vaique (up to reorduing) Yorsion pary T

EXawlq_ zZ/h = Z/Z’- ?—/: 2/y @Z/Z_.
2/ = 2@ 2y, (Chinese Romainder Thim)

dle wil 0!\\0!1\|Ak (d: eN um‘cluL)

A L g d,:
Brarge  ZL0Z,02 = 240 2, 7,
Fack 3 M 'p%. R— mod y R PId , then :

~ +F®T
M —~ r ,FéN um'olvelmﬁﬁm\ cank ¢n
F‘ = R —— | E— ‘ |
~ R R R, & 0{1 | - |Ak non - 2ero , not inver hble
= /0\» ® /0‘2_6 @ ék di cald  invariamt facters

Unique up to Mot by invekble elements
1 P d €.q.LI

Rmk T= {Mér\ ¥ M=0 Some v Fo ¢ RB.—_-I-ocnof\ elements e R=Z
FzM/T




Torsion shift
E =
E;:JZI(/:SQ. EX&R(@M\’E\{N‘))EDOEK%‘:{M‘/N‘)) 4

L - |
Upshot To compuie Exty(MR) $o- M= R @ R/O{‘@ f-—J\iS:' need :

L—ANY R-mods Mc,NJ'

—— sine ‘0‘-)R‘-'-‘> R=o0
Exte( R ; R) =09 7 AR/

EYJG:(( R ; R) = R/d f'\s::\cao—ii-a R R0
1 /d Rm\fo thor "J— B )eR

= EX*K(M ,R) = Torsion(“’\) M"ab;(n [ (onming feornn
2R 5o g0)=d- )

Execises 112,/%, cab

’ Exk(p_ (Z/n ;Z/m) = Z/?Cd("":"} ,/d#o

. quelfangfﬁExk‘z(Z;é)ZO amal EXPZ(Z/MG)’E G/o\-G
¢ R anv ring (Comm.with 1) {neN:i-Y\:‘O} *=0
X &R not 20 divisorr = EX{::( R/(xy j M,QR_MT_J {N/T“-N *=)

o o else

Cor  |f Hn(x,' K) —ﬁg R-mod Vn} R Pip,

= Hn (X,RB = Rr“ ® T, (fee & torsion far-l—s\)
= Hn (XIR) = an S Tn—\
4“ $— Hdorsion moves u‘o‘.
hot ho\'\'\)m.Q

P_'(l 0— T, — Hn(XJ-KE — Hom(ﬁr"@Tn‘U. R) =0
HON\ ( an®—r -1 j R) f_.—\' (HOM(R‘)R))rne HO"'\('T‘\“}-K>
2 ~——

| > X . iR (R S {n'\tgf‘o\\ domain,, J\
X delsmines Yo hom S© No torsion elts iO\

. YV U ¢
—) O - Tv\—lﬁ H (X, R) )B‘:-’)O 50 not Canonaal
feee, so can splik the SES (pick £iFts of basis). O

Exarple | H, (ReY) H* (k9>
o % Z
| /2 e O
VA @) \ZZ/Z “\‘Or‘550n moves up
3 Z Z




Universal coefRcients theorem in kow\oQoan;,

e PID

FACT  Theotm Ci cdhain cx of fee R-mods = M R-module
= [SES O — HJ(Q@RM_;HA‘(C*Q‘@{M)ﬁTOr\R (C*_”_M)—m

[€I@m +— Cc@m) N defired below.
The SES splits, but the splithag s not natuml.

. . . : ok ven
Torsion qcoups - A, B R-mods (R comm. cing witk | /ﬁfme?mﬁ

F;CK rem = P')_,QL> P, ﬁ’ Po —%Z’Aﬁ O Heee resoluhon
= v —P®WB —P®E 5P ®B -0 not exack
+a\eeF.®P_> ¢,®id @®id but is chadn ex
i R : - \
omitAQB be'h (A,B) = Hle. ( Hais Complex) %kﬁ%ﬁg?ﬂ,‘:i}

Rmk R PID= Ker g, fee =5 can pick P=Yery, P,=0 for k32

=) 0:\\7 ”I"o(‘oR /Tor$ Con bq, non -0

M TO(_AZ‘(Z/Q)Z/b> =?

‘l’«k{‘@Z/ ~ O— 2 L Z %f—za — O £ee cesolukon
Arop Z/MZ = 0= 7% 7,0 (sine. 286G =G ang G)
a TOCZ—(Z/a)Z/Q-_- (Z/b )/Q-Z/b’—: Z/g.cA (o, ‘o) = Z/a@) Z/E

Toe2(n;2/,)= {xe 20" 0% =0] = Z/eions
Focks  TorR(AR) = Po®Bf (,04) = A®B
'TbF_E(A,B) = Tor‘i(_B/Pf)
Execcise Torf(@A;/@BJ) = ©® Tor-i(A\-lB)-)
\Z TorR(ARY=0 foruy WA o B s kee (use M%Rgr\)
Tor S ( R/, M) = M/um  *=0

dedwca TocR(a M) s 3 R S

for £.9. Romods A o b [ ustersion(My={xeniwe=o) =]
~epiD AL 'S else

2Z = 0 z ®Z/L 2/2-

M— Hx-(lRP"; %)’:‘:’{2/& *=| Hye (RP )@Z/ZE{%&@ZA_}: ZO/L

2ty %=2 _
Kanneth Thm L caused by TorZ(H, (RY);2/,)=Ter(Z4,2,)= &

R PI® = nabural SES [n_. ‘ R
(C*_&g ch- L:. Q-Modﬂ( _a 0 zgt?“Ht(Cd)® HJ(:D,,)_)Hn (Cx@Dh\_t{_@;I?:( (H;(C),HJ(D))_)O
Dy any ch- X. R-mods ) J LS

omd Yhe SES Splibs but Hae splithng is not natveal.. Example R=Ffield, themthis?=o.




3. MAN|FOLDS : POINCARE-LEFSCHETZ DUALITY

._M Y\—M'FA (S HMSAO(‘F‘F “l"O()olDf\@vQ- space st. Vyéf'\
opQ/\r\ \r\-@uzlr\L)Ouxr‘e\oooA MP ‘V\ b\oMQoN\Dr.O"\nc '\~° \2

| CIR* (&qvwﬁ|2n\'\3 o an open
' LoiQ oF any opom set 'a R )
One also requires M second covnlmbt@ e 3 c,oun\m\o?!- basis o open sets

<% M is covered v c.our\}n]ply many SKMJ:\ U?;

Sexerise { Xe R": x,p,o)
A submanilld NCM is o mfd st. iadusion NoM !
is an embddma (i.e. \"omeomorphusm onto its imagRr) IR X |R;O

- M h—mfd wikh Bovnobrlg._ £ also allow (Arrvu(ps;r“krl"_l

Such p ove g A Low\olar'} Powl;s_ Pr+—o0
-H\e.\y forn Hhe bovadary DM which 7\
15 an (n=1)—mfA without boundaty .

’N I ==

FACT (collar wbhd 4{/\m ) M € M has an open neighbovrhood = M x (0,1]

QQU{\/ : ﬁY\g,
opern nbhd of 6 e "

oM —oMx |
M ¥y GIOSeJ },F. COVV\OO\C'I‘ wa«oUH- loouno\M'a, D
™ =M
EXa«W\Hes n-4orv

closed mfds = S™IRPY, TP = sheexs!, €P, O, SW(n)

/

hOA—CoNYac+-M€ds: IEV‘J Mo\‘l'mx“?:‘ |'RM“ GL[V\ )R)

mbds with bdeg: N D' « S'= (), Mébivs bond = .TZ\OP;Q @
FACT (HCQ{\or \959) An\a wéd i \'\OMohpy cquwaﬂo.m{— o aa CW - cx
‘Ga._ct £ ™M is a COW\PULC-\— mownifold  Hem fol"\\ ore ‘Fin“’d“') a«tr\erwknk

Rmik M -\-n'omgveq.w. i M simplicaal cx.
Not o2 whds are diangulable, but mogk of bhose we encoumler are.




Compack manifelds have {.q. ‘\ow\om L Non- examinab\ e proof-

@ X space is a E uclidean nevshbovhood redcack if

3 embedding ;i X— RY some N, sk, ((X)is a redmck o a nbhd VR
K (homes o:dv image)

@ X is weakb; f.o(au'a cow‘fud\'\»el. v nbhd DCGUQ.)(J ] nb\r\o\ xeVel
s.k. /s ondmekble tnstde .
TACT Cowvad' X<CR"is @ S X s @

RK 1 we find nbhd Vs in () wikh tladkon V L X Hem any smalle~ nbhd V'’
also redcads U\Sl‘/\g, -F|V' V' — X .S.‘m\'\a\f‘,y n@V'cV is Lowkackble : resteich Hhe L\Pta

Lemma A X compact & D = X is Hhe re-lmd'% o finte simpheiad ex
pE ((X)CR" Compak = Kes inside somt lage n-sivplex N'— R
Poely bargambic Sbdivision vakl simplices hone diamebr < dist (X, 9V) .
Simpl.Cx .= U{SvLS‘IW}o“&S whidh inferseck X using the restackion ‘{01 cebuthon V5 X p

Rmk  Also dpdor X has £-g. 'xmw\pep;,gg S rehathons are Surjedve on Hi .
(@Z — H (finite simpl. ox) RN Y (W) 50 gtk Surjeton Rom -Qu_z—m_oo( so £9.)

Lemma B M conpack mfd = M ewbeds inde R, seme o,

PE "Jusk do ik proof " o)
V FG f'l = l’\omeo [DV\%P V\Ll'w{ (\06 “'\)

Pick {\M\—L subcover o Y, 4 n= UL(F(DV\)_ Samy 121,k

R (v\-H)
% : M % " ﬁu)/D S e RN A;;m euabtdding (w,,  ¥pe ) 1R
F\nm]l'y use : a conhinvous Lijedhon from o Caw{)a-d' spre bo o HavsdorfF spae is =

Kk Same wores £ ™ has .Lou.m}mrb , Just considker its dodle M oM _

and apply Hhe Lomme do Hhe dovble . e L

Lo M conpad W\@el (possibly with bdry) => M has £.4. hom ology.
PE Mol saksty @ sinu Lowally ball & pt. M embeds in R™ by Lemaa B-
D holds Lg. FACT. Done by Lammo. A . O



Def A Local ocientaiion of ) ok e M i o choie o’%_ Imerohor

excise Complement td.nloko( Vv, = D7 hoice "f?

hemeo

e oty £ G
= Ha. (S") |

= Z
% A ocientaiion oj, M s a lp(aﬂ} consislent choice Xu——)/u«x

W\Q.ﬂw\‘\/\a_ .
/‘V—;(_?:' Ib“c-'p{'

v, Hn (M, M\ Vy ) EXS
m‘ 2 \E / \

Ha (M MN %) —Z H (M A\y) o

!
<H,\(lb“, D \>) = Ha (™ ™ \y) )

N
~D€£ ™ O(i(’,\f\"l\‘ole. £ 3 orientaron oa Y\

Of'i@ﬂ\{d\ o We Chose an Or\‘eV\'\'ﬁA\'Ov\

Exawyples St IRY, QP“/ orientlle sufaas 24 RP "Sodd

Nown- example  RP> = Msbivs band u D

\§\//7) \/
/RN Y
Q\\% /\// §\/

by Locall consisknc
b C,lr\ move Aisc L
/\_’—/'\/\’—9
@ conRavously~ duxo\
PCLsRves oriemlation

chotce of o is chroice of
oCiembnton o boundary crela

Uj, stmall Aisc con\w'mi/\& x discs Q:\Q_ A{F@;ﬁ,\\&)
Or\ery
— RP* ot ocientable %r contadicts

locall consisieney .



. The foadamentnl class [M]
MJ_M For M closed nemfd :

tounkb\ - ~ ~
M orie ke; > Hn ({"\) = H, (M/ {V\\'x) Ck_—gmz

ConnéC hu-\_-um.Q

7 3 M
once We Choose

an onenlathon ,QCAM ‘; I W\M dﬂfs

(Mareem
(if Swayp ontemtaRon: for —Mx gt ~[M])

M notocienkble —  H (M)=o0

COf\Y\-QC'kd Hv\(Mj n:z) — E[M:s — FFZ.
S~—for an (\'C(olqu,Fz)

COWSMC'\"‘OA o{,CM’) ip M hO\S A “CON\Io\Q—X S}‘(V(/‘\’rt, chara cirishc

M (,Ovvy)a.(," = ‘F\l\\k r- o Y\’S\‘M@\\'CLJ' X’}"';b’l\] ‘/
{V\ O(\'en‘l'ed

=) P\‘Ck Orienh‘l\‘o‘f\S o’J, Y”'--jb'n) +o
5 é\ agree with Fven Orie\,\flz\j:'ow\ o} M : for xe Int ()
2: = M (1, \0) 5 HA8: ¥ \x) =2y
M X,

= [[M):= T, | sakskes 9 (M)=0V
Ha (M) — M (M, M%) 5 Hn(b'c,b’;\‘*)

tM'J /41(. -— vc
\_/
Mok it 4o see bak HEY(x) = Z- [M], 50 ) HalM) = Ha(M M)
EMB \——)/U\,L

Alse 2 LZ[M-_] since C“_\_\(l"\\:o (#(v\-f-l)—.simﬂ\‘ces S\‘n(_a_dimM:r\)
M non-orienth'e =) @ach fak G’J— i Apeenss twice in DI Y,

= PILY¥:-=0 ov& [FL inM‘MmA.bu"'ﬂ; ﬂj, choius
4 ofudatons o) ¥ S/



A JA)
J LT JAR
I) Sh = A“ U AV\ S2 A < @
e bvies RV,
[Snl = A+_ A_ jFuse canoniesd oriewtntion we Aseussed
K IDV\Q )Ph CA.V\OV\\.\CA,Q Df{ev\’}'a-}\'on
hemwe

AsM=oh-an=0 | = ST =0 4 uiny

ouMad normal festr ~ L

out
2) T =
D-complex stvchice (compakbly with side dameFeabens )

N\

X

\:Jova' or}%‘\'mHor\ ‘I\AM(.Q_OK b‘“) S'QUmFQ.Q\R-L
N2

\rl'—\YQ ) \YL/'\}-O PDS\\\'UQ Kz"LASt‘S
: S ¥, agees will odudnhon

Vg OV, VT,

@ ETzl — +X\ —XZ
I‘}yl orientaiion ohsa.ames

ot Rk gomtal featvee = if huo simplices ace idenbhied alorg a faat
Zl then M 2 respeckve outward normals are relaked by .—c/&d\'on.

either simf\;(u aAre. com pahL\7 oriewied and Hhe +wo
So OOV\S\'SW’\CV ‘—=>< indued ociewtarions on focer are opposiye

or nok wyakbly oriemitd but faet orend™ is same,
Hhen need sigm Like tA exanple whewm Lm:Qol [Tz}




ﬁ
3) Pecald 27_:“ - (v
“ K&i

A -cx Shepvre ((pvw\on‘\\'\g\e, W STde \‘a\o\,\-{{[\‘cc\,kons_l)_-

ﬁ V\S& - °r'%hk°“""‘”‘“°‘ by pevgen < R

g //t i R PR aa fal e X
A EK\olanm"\On ’\ro V-V
S, ,!'g Va=vo I negalh\& R bag = @

Vo

Il s;M(,uw ¥ howe Vo= Gl of folvam

oC WOY\,{T + A" X
3 RP* = K2§< I
= ¢ gy
(ron- ocientoble) L/\//(QV ° .
Non-oc.en e <
RXxAmple S L1 Siae, Wm&l
a

Wse the or{&nlﬂkowinol\)(ao\ Lg S"UW{ C Rl
= [RP*)= —Y, +¥2
B3[RP )= —(b-a+c)+(a-b+e)
= —2b +2a
# O so not cycle in CLVORPY)
However, WOrk{.«\a_ modddo 2 :
LR} =0 € C*w(\ﬁ?", F,) sine 2=0in

— [RP*) € H (ReS)



Degcee
be(— M, N onented closed conneded n,mMg £ M—-N

£ H.(M) — H, (N)
[M] - oie;,ﬁ) V]

Sz

Local dupecee
Lemma 1€ £7'(y) Ganide, /gmaw Lke in cfagher F

JCken auﬁ(; =2 Aeg ( ),

Xef” (3)
[M] Hn (M) e o, (N) [N]
12 €, I
O Halt, ) =25 HL(N,NN\ M5
AV, x€ l%
PAYIME > (ZN'?@*)*)'/“‘; 0
EXaM\o|e_S

|> S' SN S'/ 2 H?“/ [S'_] — n—[S'J so Aeg=r\

2) Z‘;biv qu%w%qu =2,

ad\on 1o us
Explanahion :

\IJ' rotmhon

5\7 Mw\c,-lra_

Easy checK : ( )=3
(e.q9.use bci%mgeeg)

CUQ‘I\)(«Q Rmk
For M N § smooth | the dogf = #‘(Qrﬁa‘mﬂj‘}.s‘ of o gimeric point of N)
1dQon : OU-%F s Yo how many Kmes You cover N- (4|nnojs\+ all points workK)




Porncare JNaLHL

FACT Theocem TFoe M closed nowmfd

R TN ol Rl i
o HOM) = H (M)

M non-onenled =) Same holds WiM, W, cotfRciamts
Skekch proof wWhem M s & S'(I"\‘p'\‘c\'al complex K (Non- examinakle)

S(K\ = \,,avv,amk\‘c. Subdivision

—
<k < S(k)

6‘4 ,,\T
\) ,s\mplcx T \4 K wih €™ V Verkex q, S(K\

bary cendet
arm ' @H

2) k(o) = (hyight o v) = ow 6 °

3 b —simplex K
) o i 7 %v N

dual $\°N?6-0< v ! g

g= )

TeS(K) 5
Plvy) is min i
) haghts of- o —

RmR = Ut with AE(v,) max

Wlu. e K

Thus ?:r c‘b?:;orsa;o(' —

Homs vers ak Vg e

One com also olzsa.\oe. T as T

o= m closed stas is the union

veg;cg S(K) Simplices o} SIK) having V" as aFm\




“P°l‘33'°M£“C""’V&P<
Fﬂ o OhM ,G\" = N — okim o ‘Z(fawu—#\mv\ - Cx)

¢ AM@.Q aﬂﬂ:@ g ve o c@@M@yV)oOJJ}{or\,;q,\‘/\
LR = > t%

= T
foLek need compace orienwkaNons ”4' @ T
ag<T (+ if O‘ﬁsa{—"aq.\—d,—c has
7 loOU’\o\ﬁ('7 0(\'ew\7v\-\‘0n‘)
~ ~
T‘ 'c‘
A X
a
(3
A ‘T,
T2
A
v\ 2 T

Lf) dm\ﬂ, Cl\Mh UM’VQM out .
-Dﬂ-k = feee abelian FOUp on dvel chavns 0

Ho (M) & Hy(Dy 2,)  (5ink & gie o el dacomp- of 1)
5) (p! b,\,\k — Ck(l"\)

- —— oF whee (o) = Oﬁ’r;{ii—“ﬂ‘
. . _ o
« ¢ linew L‘JUJ\OH v { Lrot=0
« chain Moy l/sze
>
%*L((O’:) — ray'o—é{- — (€¥o 0 "C\-E—} z ‘_tG‘b- la—>{i\ ;ﬁ_one>
A ' oo, =0
= Z -_t_—_'C* = (e('aé\‘) \/ ‘Fe(f%ro" 0 else

UPSHOT ¢ s Chain o 5o get o -
L& H (D) 22) —2s B8



Ci K (0dd dimensionol closed orientable m(:z)\\ =0

PE L; = cank Hi(M) (Bel:l:i avmbers)

(K(M) = Lo b o+ .. +Lol'm|"\

i

-1 J\‘MT’\.

w
equaﬂ b'? PofnCM(’:JA/AL'bD

( Potncard —)Lefschete dualily.

/ﬂl\eowvv\ (M ) (M aM)
M ompnct oriented n-mid / Le HoM [M aM]eH (M2M)
n=rd Wikl bovadar y \ re\w\we-&no\amM closs

He (M) = HY 40,2
Non-onenled = same holds WiM. N, coefleiomls.

Ot basiwlly same as Poincad dwakiby O

Cor

M compact comeded, MFS = H (M) = H, (MM = 0
g)(aLW\alu

n__ ch-l 0 wn " ,
y D @ b= Z=HD = H, (1)

) A = anadur ¢ R* Z =HA = L(AJ’aA)
=¥ Z=zHA = H(AA)
oz HA = H,(42A

_ 2 OPQ_/\ _ > >
def.
?

®
'k
(a8
\\/

o
=&
()

_ | 2 - |o 09ps
= H*(M/DM) =H*TT(S'y S ):{g z: %” P
O else El"\'bl"\]



What M,fp&ns in $e non-tompack case’l

Locally finde homolony (Borel-Hoore)

nerzhors =t Ca(X)
Cé‘F(X) allow infinfe sums S n{&o{/az

SA. Ve any compadd subsek KEX
#{Vic:ﬁo : Knlm 6 #—¢_} < oo

Exanyles |<
7 e
. CHE(R) 3 Yo LI - I
me4
= P& cyele [IR) éH(G(IR) o T2 [mm+1)er
6, 02
S (R)3 [poi]s2 (556, ) s o bootory - ——26
eacse HE(R) ={'OZ dee (3 HTHR))
rAcr Thoem ™ ocionta e nenbd = ¥ ~ 0
- (PoSsiUgno\"waad—) H (M) = Hn—as(M)
wl\oMolo?-? W\Hq Gompa (¢ sor{or{:s H: ()() /de(aml.s on &

Ct_ (X) : on|y A”ow. wekhaing g:c,Xx—>Z s.t. 3 C_avv}oa(/f XeX with
¢ (C,, (X\ K)) =0 (Vam\'SL\ on chains ;I\X\K)
Example ¢ €, (X) = @ ()= signed # inlesechions
Cohe (j&ome fric intersechion #)

= PeCe(X) sina B (<) =0 if X< X\Im(<)
Thm M ornemtable n-méd _. ~ n—¥.
T (possbly et omyedt) He (M) = HT (M)

Wacning H,%f/ H%: ace not ['\OVV\o'I"OPa invariomh  (ind@ed now-tavial for IR™)

Cavsed bewwse Hhay are not funddorial . They are howevtr finclorial for propec mops
Maer-Viekoris holds for HE but not for HY (

ajcwa\o(

Prﬁimﬁg.es 14, owpact
setz ace wwpact
FQ_C"T H: (X) = L\_ﬂ’: H*[X’ X\K) where compacts K €K, Fve HY”,M\KO% H‘(M,M\ k)
Direck bimit Lim G; Via maps Gc 3G means L G;/i&%k&faé&c with ik imnages

. g - . v those maps
(’]’\,\9. indids &ee paRally ordered & diceckd - ¥/

L, RYG) So cam compart 64,65 inside G
Foct Um &5 an exact functor. e (VTZ GG, GG




C&‘P 'PNAN(A' ano\ Poif\Ca('ﬁ, o‘MaM} rﬁViS\"k&
X Spove k}ﬂ

a:C, (0 x CHX) — Cug(X)  copproduct
O & =X) n (Frq)~2) = ¢[f|feo o) T
2]

‘EQQI__7 e’

—
(©53) Properhes e, et
. N bilinear €Z €C, (X)

2 (aad) = ) (Reng — onod)
e N yke is ey Lo

bOUAMv N 0‘79&4_
0\1&2 e bod/\&(}fv

= |n: Hk(X) X HQ(X) — Hh_e (X) L\‘.\iMoJ"

Theorerm (Poin car€ duality) The mayp ¢ — CMYaP gaves {cllow:na iSos
D For M closed orenked n-

[MIne = H¥ M) == H __, (M)
@FOF M novx-—compac{* of\@v\'|-€o\ n—-w\}«ok

[Mne = H¥M) —=— H, _, (M) ®

[M)ae = H¥M) —=— HE, (M)

Sketeh, PF of @) {for smooth mfds (Non- examinable)
£ M smocth = 3 //2000( wve ™ U dj, ™M Memm‘rxa_ opr oV S.b.

ot boundanes

?CT &w{ vy W = R
2LrMAannian me
('>Lo“;\\v€xmne9;ﬁbowl\oods) \AC‘O-—--N \Ack?"— IRY\ or ¢

Ther compute W (m:{?g =1 amd @ hdds £ BT
= K holds ¥ U;
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