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Please note this version is the first draft of the lecture notes for this course C8.6, and I will upgrade
and expand them during the lectures. Please send me your comments if you have any, and let me know
any errors or typos you may spot.

A few corrections are made in several places. Updated on 23 Feb 2020.
Section 10 and Section 11 have been updated on 4 March 2020.

Several facts from analysis

Random models arising from science and engineering are time series, stochastic processes in discrete
or continuous time, or more general random fields. The distributions of these models are probability
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measures on path spaces and in general on function spaces which are infinite dimensional spaces.
Often one starts with simple discrete models with scaling parameters and takes their limits in the
hope of obtaining more practical models. This is the reason why we need to study limit theories
of probability measures on function spaces. In this course we develop important tools dealing with
distributions on path spaces.

To develop probability limit theories covered in this course, we need several theorems from anal-
ysis which may be not covered in prerequisite options. In this first lecture, we recall several notions
and theorems. The proofs of the results we review are not included, but references are given, so if you
are interested in the details of a particular topic, you may study further with the indicated literature.

1.1 Topology on metric spaces

In Paper A2 Metric Spaces and Complex Analysis, we have studied the concepts of compactness and
connectedness for metric spaces. Let us add three more notions about metric spaces which are useful
in our discussions below.

Let (E,p) be a metric space. Then By(r) denotes the open ball centered at x with radius r, that is,
{z€ E:p(z,x) <r}. The metric p induces a topology on E, i.e. a collection of open subsets of E,
namely a subset U C E is open if for every x € E, there is a r > 0 such that B,(r) C U. This topology
of E is determined uniquely by the metric p and must be Hausdorff. The metric p is however not
uniquely determined by its generated topology. In fact, as we have seen in Paper A2, p, p A1, % and
etc. determine the same topology, and therefore determine the same Borel c-algebra on E, denoted
by Z(E). Hence, if it is necessary, we will use bounded metrics only.

A metric space (E,p) is complete, by definition, if every p-Cauchy sequence has a unique limit
inE.

We say (E, p) is separable if it possesses a countable dense subset, i.e. there is a countable subset
2 C E, such that for every x € E and for every € > 0, there is a € 2, x € B,(€). From Prelims
Analysis, we know that R¢ (equipped with the standard metric) is separable and complete.

A complete and separable metric space (E,p) is called a Polish space. More proper definition of
Polish spaces should be that; if you want to make your life more complicated; a topological space E
is a Polish space, if there is a metric p on E which generates the same topology on E and (E,p) is
complete and separable.

For a given metric space, in particular, if the space is infinite dimensional, it is often quite chal-
lenging to validate if a metric space is compact or not. The concept of fotally bounded metric spaces
is introduced to address this problem.

Definition 1.1. Let (E,p) be a metric space. A subset A C E is totally bounded, if for every € > 0,
there are finitely many points xy,--- ,x, € E (for some n € N), such that {By,(€):i=1,---,n} isa
cover of A, i.e. U!_ B, (&) D A.

From definition, a totally bounded metric space must be bounded and separable.

Lemma 1.2. A metric space (E,p) is totally bounded, if and only if any sequence of E contains
sub-sequence which is Cauchy.

We have the following important result about compactness and totally boundedness.

Theorem 1.3. (Hausdorff) Let (E,p) be a metric space and A C E.
(1) If A is sequentially compact then A is totally bounded.
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(2) If (E,p) is complete, then A C E is totally bounded and closed if and only if A is sequentially
compact.

(3) If every totally bounded and closed subset of E is sequentially compact, then (E,p) is com-
plete.

Theorem 1.4. (Ascoli-Arzela Theorem) Let (T, d) be a compact metric space, and C(T;RY) denote
the space of all continuous functions on T taking values in RY, equipped with the supremum norm
||x|| = sup,c7 |x(¢)| and its induced metric.

(1) C(T;R?) is a complete metric space.

(2) A family of continuous functions, ¥ C C (T;]Rd), is relatively sequentially compact, if and
only if £ is bounded

sup sup [x(2)] < oo,
xe L teT

and is equivalently continuous in the sense that

lim  sup |x(s) —x(s)| = 0. (1.1)
4.0 xeZ:d(s,s") <8

For a proof see Yosida [26, Chapter III].

This theorem may be generalized to the case where (7',d) is not necessary compact, and we
will consider an important case where T = [0,00) with the usual distance. For this case a function
x:[0,00) — R? is called a path in R?. Let C(R?) or C([0,0); R?) denote the space of all continuous
paths in R¢, equipped with the uniform convergence topology, i.e. the topology induced by the metric

p(x,y) = i L ( sup IX(t)—y(t)|A1> , Vx,y€C([0,%0);RY). (1.2)

at 2" \o<r<n

Then C(R?) with metric p is complete and separable. About its relatively compact subsets, we have
the following version of Ascoli-Arzela theorem.

Corollary 1.5. (Ascoli-Arzela Theorem) . C C(R?), is relatively compact, if and only if

sup [x(0)] < =
xe&
and
lim sup |x(s) —x(s’)‘ =0

610 x€ZL;s,8'<T,|s—s'|<0

for every T > 0.

Since the second condition that the functions in .# are equivalently continuous, therefore the first
condition in the previous theorem may be replaced by the condition that for every T > 0,

sup [x(1)] <o
xe L t<T

which implies that the range {x(¢) : t € [0,T],x € £} is contained in a compact subset of RY,
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1.2 Measures, integration and Daniell integration

In measure theory (paper B8.1 or A4), we start with a measure [l on a measurable space (Q,.7)
and establish theory of integration. The procedure is simple, we first identify a class of non-negative
Z# -measurable simple functions and define integrals for these simple functions first. For a simple
function ¢ =Y, c;14, where A; € .% and ¢; > 0, i runs through a finitely many indices, its integral

u(o) = /Q odu =Y cipi(A;).
i
Extend the definition to a non-negative .% -measurable function f by

u(f) = /ﬂqfdu = sup{u(9) : ¢ non-negative .% - simple and ¢ < f}.

For a general .% -measurable function f, if both u (f*) and u (f ™) are finite, then f is integrable and
define

u(f) = /Qfdu — () ().

Therefore, the important task is of course to construct measures. In finite dimensional case, the
Lebesgue measure, constructed in Paper A4, serves our aim. In stochastic analysis, we construct
measures on path spaces by studying distributions of stochastic processes and random fields. In this
course we aim to provide important tools to tackle this construction problem.

Daniell integration is another way for constructing measures, which is based on the following
observation.

If (2,.7,u) is a measure space, then L'(Q,.%, 1), the vector space of all integrable function,
is in fact a vector lattice in the sense that if f,g € L!, then f Ag and fV g belong to Ll(Q,ﬁ“u)
too. The integration operation f — w(f) is linear functional on the vector space L'(Q,.%, 1), and
positive in the sense that u(f) > 0 if f is integrable and f > 0.

The following theorem establishes the equivalence between measures and Daniell integration.

Theorem 1.6. (Daniell-Stone’s Theorem) Let €2 be a space.
a) Let € be a real vector lattice of some real valued functions on Q, i.e. ¢ is a real vector
space and ¢ is closed under the operations N\ and V.

b) Let I : 7€ — R be a linear functional. Suppose that I is a Daniell integration in the sense that:

(b-i) I(f) > 0 for every f € 5 and f > 0, and

(b-ii) I satisfies the following continuity condition (MCT): if f,, f € S and f, 1 f, then I(f,) T
I1(f)-

c)Let ¥ = o {f: f €A} the smallest 6-algebra such that every f € F is measurable.

Then there is a measure | on (,.F) such that 7 C L'(Q,.7 1) and u(f) = I(f) for every
fes.

Remark. The proof may be found in Dudley [13]. The continuity condition in 2) is also equivalent
to that: if f f, € 7 and f,, | 0, then I(f,,) | O.



Remark. If there is an increasing f, € 77, f,, > 0 and f, 1 1, then the measure u is o-finite, and
W is unique. In particular, if 1 € JZ, then U is a finite measure, and is unique.

As an application of Daneill and Stone’s theorem we may establish the Riesz representation the-
orem for positive functionals on a compact metric space.
Let us begin with the following

Definition 1.7. Let E be a metric space. A function f : E — (—oo, 00| is called lower semi-continuous
if {f > a} is open for every a € R. If —f is lower-semi-continuous, then we say f is upper semi-
continuous.

Clearly, f is lower semi-continuous if and only if { f < a} is closed for every a € R.

Lemma 1.8. (Dini Lemma) If E is a compact metric space, and f, — [0,°0) are upper semi-continuous,
where n =1,2,.... Suppose f, | 0, thatis, f,+1 < f, for every n and f, — 0 as n — oo, then f,, — 0
uniformly on E as n — oo,

Proof. The Dini Lemma was proved for the case where E = [a, b] in Prelims Analysis II. For any given
€>0,U, ={f, < €} isopen forevery n. {U,:n > 1} is a open cover of E. Using compactness of E
to determine N, such that f,(x) < € foralln > Nandx € E. O

Theorem 1.9. (F. Resiz representation theorem) Let E be a compact metric space, and C(E;R) denote
the vector space of all continuous and real-valued functions on E. Suppose I : C(E;R) — R is a
positive linear functional. Then I must be a Daniell integration with 7 = C(E;R), and therefore
there is a unique finite measure i on (E, A (E)) such that [(f) = u(f) for every f € C(E;R).

Proof. We only need to check the continuity condition (b-ii) in the Daniell-Stone Theorem. Let
fn € C(E;R), f, > 0 and f, | 0. By Dini lemma, f, | O uniformly on E. Therefore for every € > 0
there is N such that 0 < f,,(x) < € forevery x € E and n > N. Thatis €1 — f,, > 0 for all n > N. Since
I is positive and linear, so that

I(el = fn) = el(1) = 1(fa) 2 0

and so that
0<I(fs) <el(1)

for all n > N, which implies that I(f,) — 0. Therefore I is a Daniell integration. The other conclusions
now follow from Daniell-Stone’s theorem and the fact that the o-algebra generated by all continuous
functions are exactly the Borel c-algebra on E. 0

Remark. F. Resiz representation theorem for locally compact space. Suppose E is a locally com-
pact metric space (or a locally compact Hausdorff space), then C(E;R) is in general too big for a
Daniell integration. For example, for the Lebesgue measure, not every continuous function is inte-
grable, therefore we have to work with a smaller function space. A good and interesting one is the
function space %7 = C.(E;R) of all continuous functions on E with compact supports. Suppose I is a
positive linear functional on .7Z, then one can show that / must be a Daniell integration. Hence, there
is a unique o-finite measure 1 on (E, %(E)) such that I(f) = u(f) for every f € C.(E;R). Moreover
U is regular in the sense that

w(U) =sup{u(K): K CU and K is compact}
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for every open subset U, and
w(A) =inf{u(U) : U D A and U is open}

for every A € #(E). The reader should be able to find the details in standard textbook such as Dudley
[13].

2 Weak convergences of probability measures

In this section we study the weak convergence of probability measures on metric spaces. Let (E,p)
be a metric space (or more general a E is a metrizable topological space), whose Borel c-algebra is
denoted by #(E).

Let Cy(E) (resp. Up(E)) denote the totality of all bounded (resp. bounded and uniformly) contin-
uous functions on E. Then U, (E) C Cy(E).

Definition 2.1. A sequence (P,) of probability measures on (E,%B(E)) converges to a probability
measure P on (E,%(E)) weakly, denoted by P, — P weakly, if

lim [ f(x)Py(dx) = /E £(x)P(dx)

n—oo E

for every f € Cy(E).

The definition may be generalized to the “continuous” case. For example, suppose P is a prob-
ability measure for every € € (0,8), where 0 > 0 is some constant. Then P, — P weakly as € | 0,
if

im [ @) = [ FP(@)

el0

for every f € Cy(E).

Example. Let P be the Gaussian measure in R? with mean value a and variance € > 0, that is,

_ 412
P ~ (27[8)7d/zexp (—%) dx.

Then P; — 9,(dx) weakly as € | 0.

Theorem 2.2. Let P, and P be probability measures on (E,%(E)), where (E,p) is a metric space.
Then the followings are equivalent:

(1) P, — P weakly,

(2) [ fdPy, — [ fdP asn — oo for every f € Up(E);

(3) limsup,_,., P,(F) < P(F) for every closed subset F;

(4) liminf,,_,e P,(G) > P(G) for every open subset G;

(5) lim,, o P,(A) = P(A) for every A € B(E) such that P(dA) = 0.
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Here 0A is the boundary of A which is defined to be A\ A?, where A is the largest open subset
lying inside A, that is,
A°=U{U:Uisopenand U C A},

and A is the closure of A, the least closed subset containing A.

The interesting point of this theorem is that the class of functions Up(E) may depends on the
metric p, but the weak convergence by definition depends only on the topology which specifies the
class Cp(E) of bounded continuous functions on E. The advantage of item (2) lies in the fact p can
be any metric on E which defines the same topology and thus does not alter the space Cp,(E).

You may recognize that (5) is the general form of convergence of distribution functions we have
discussed in Part A Probability.

We develop some general tools about weak convergence of probability measures on metric spaces.
A standard reference about weak convergence is the classic: Convergence of Probability Measures
(Second Edition) by P. Billingsley, which can be your reference in your future research, but we will not
follow his approach closely. The first task is to define a metric on the space of all probability measures
on (E,%(E)) whose induced topology defines the weak convergence of probability measures.

To this end we need a so-called Tychonoff’s embedding theorem which says that a separable
metric space E can be embedded into a compact metric space (E’, p’). More precisely

Theorem 2.3. (Tychonoff’s embedding theorem) Let (E,p) be a separable metric space. Then there
is a metric space (E',p’) such that

(1) (E',p") is a compact metric space,

(2)E CE', and

(3) p and p’ restricted on E are topologically equivalent, so if necessary, we will replace the
metric p on E by p’ instead.

Let E be the closure of E in (E',p’). Then (E,p’) is the compact and separable metric space.

The proof of this theorem does not belong to this course, and is not examinable for this paper.

According to the theorem that continuous functions on a compact metric space is bounded and
uniformly, we may conclude that C(E) = C,(E) = Uy/(E), which can be identified with uniformly
continuous functions on (E, p). That is we have the following

Lemma 24. Let (E,p) be a separable metric space, embedded in a compact metric space (E',p')
as in Theorem 2.3. Without losing generality we may assume that p = p' on E (otherwise we use
the metric p' on E instead). Then every f € C(E) restricted on E is uniformly continuous w.r.t. p’.
Conversely, every f € Uy (E) can be extended uniquely to be a continuous function on E. Therefore
we will identify the space Uy (E) with C(E), in particular any bounded and uniformly continuous
function on E is automatically extended to be a continuous function on E.

Corollary 2.5. Let (E,p) be a separable metric space. With the same notations in the previous
lemma. (E,p’) is a compact separable metric space, so that C(E) equipped with the supremum norm
is a separable Banach space. Therefore Uy (E) is separable.

Example. Let E = (a,b) be a open interval, where a < b are two real numbers. Then E = [a, b].
In Prelims Analysis IT we have shown that a continuous function on (a,b) has limits at a and b (so it
can be extended to be continuous function on [a, b)) if and only if it is uniformly continuous on (a,b).
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The conclusion remains true if a = —oo or b = oo, as long as you properly define the topology of the
space [—oo, o0].

Theorem 2.6. (Prohorov’s metric) Let (E,p) be a separable metric space, and .#(E) denote the
space of all probability measures on (E,%(E)). By Corollary 2.5, Uy (E) is separable, so there is a
countable dense subset { f1, f,-+-} in Up/(E ). Define

o)

Z (LAIP(f) — O(f)]) -

Then d is a metric on M\ (E) and (4 (E),d) is separable. Let P,,P € .#,(E). Then P, — P weakly,
if and only if d(P,,P) — 0.

Proof. Proof follows from Theorem 2.2 and Corollary 2.5 immediately. [

Remark. If (E,p) is a Polish space, i.e. it is a separable and complete metric space, then
(. (E),d) where d is the Prohorov’s metric as constructed above is also a Polish space.

We need a characterization of compact subsets of .#) (E). To this end we introduce the concept
of tightness.

Definition 2.7. Let E be a metric space. A subset & C .#\(E) is tight, if for every € > 0, there is a
compact subset K C E such that

P(K)>1—¢ foreveryPc L. (2.1)
We first show the following fact.

Lemma 2.8. Let (E,p) be a Polish space. Then any finite subset £ of #\(E) is tight.

Proof. By definition, we only need to show the lemma for a singleton. Let P € . (E) and € > 0.
Since E is separable, for every 8 > 0, E can be covered by countable many balls with radius 9.

Therefore, for every n, there is a sequence of closed balls BE") of radius 21—,, (where i = 1,2,...) such

that U,-Bl(") = E for each n. By construction

lim P (UkB( )> —P(UBM)=P(E)=1.

k—o0

Hence for each n, there is k,, such that

kn () €
P(ufB") > -

Let K =N, Uf.‘” Bf"). K is totally bounded by definition and is also closed. Since E is complete,

therefore K is compact. Since
I<Er((n)) <L -
= 2 i 2 on
n=1 n=1

and therefore P(K) > 1 —¢€. O



We now prove the main result of this section.

Theorem 2.9. (Prohorov’s theorem) Let (E,p) be a separable metric space, and £ C 4, (E).
(1) If £ is tight, then £ is relatively compact in M1 (E) equipped with Prohorov’s metric.
(2) The converse of (1) is also true if E is a Polish space.

Proof. [The proof is not examinable, too technical.] By the Tychonoft’s embedding, there is a com-
pact metric space (E’,p’) such that E C E’, and p and p’ are equivalent topologically on E. Let E be
the closure of E in (E’,p’), so that (E, p’) is compact and separable.

First prove (1). Equipped with the Prohorov’s metric, .# (E) is a separable metric space, hence
we only need to show that . is sequentially relatively compact. That is, if (P,) is any sequence in
%, we need to show one can extract a weakly convergent sub-sequence.

Since B(E) = ENZA(E), we can extend P, to be a probability measure on (E,%(E)) by setting
0n(A) = P,(ANE) for every A € B(E). Since E is separable, so is E, and therefore C(E) is a
separable too. Hence, we can choose a dense sequence ¢, € C(E), where n = 1,2,..., and we can
choose ¢ = 1. For every k = 1,2,..., (Qn(¢x)),~; is a bounded sequence, so that it contains a
convergent sub-sequence. By using Cantor’s diagonal technique, we can choose a sub-sequence 7
such that Qp, (@) — fi as [ — oo for every k. Since for each n;, ¢ — Qp,(¢) is linear, so that for
any ¢ = X", c;¢; € span{@y : k > 1} then O, (8) — £, ¢;f; = £(6). Then [£(9)] < [[9] as for
each ny, |Q,,(9)| < ||¢]|. Clearly f is linear on the linear space span{¢y : k > 1}. Since the closure
of span{ ¢y : k > 1} is exactly C(E), so that f can be uniquely extended to be a linear functional on
C(E), which is positive, | f(¢)| < ||9]], and f(¢;) = 1. By F. Resiz representation theorem, there is
a unique probability measure Q on (E,%(E)), such that Q(¢) = f(¢) for every ¢ € C(E). By our
construction Q, — Q weakly as probability measures on E.

Since .Z is tight, for each m = 1,2,. .. there is a compact subset K, of E, which is also a compact
subset of £, such that

1
Py (Kin) > 1— > foralll=1,2,....
By definition, Q,, (Kin) = Py, (Ky), so it follows that (Theorem 2.2, (3))

1
O(Ky) > limsup Qy, (K;y) = limsup By, (Kpp) > 1 — —

[—yo0 [—ro0 2m

for every m. Therefore

Q(Up—1 Km) = 1.
Define P on (E,%(E)) to be the restriction of Q on #(E). Since U, _,K,, C E, so P € .#\(E). Let
us show that P,, — P weakly.

Let F be a closed subset of E. We want to show that P(F) > limsup,_,., P, (F), which implies
that P,, — P weakly. By definition, there is a closed A of E such tat F = ANE. Hence

P(F)=PANE)=PAN(U, _Kn)NE)
= P(AN(Up=1Kn)) = QAN (U1 Kin))
= Q(A) > limsup Oy, (A) =limsup P, (ANE)
l—>°° l—}oo
=limsup B, (F),
[—oo

so according to Theorem 2.2, (3), again, we can conclude that P, — P weakly. Hence .Z is relatively
compact.



Next we prove (2). Thus assume that E is a Polish space and . C .#/(E) is relatively compact.
For any 6 > 0, since E is separable, there is a sequence open balls B;(§) which forms a cover of E.
Let G, = Uj<,Bi(8). We claim that for every € > 0 there is n, such that

inf P(G,)>1—¢.
ey (Gn) 2
Suppose it were not true, for every n, there is P, € .Z, such that P, (G,) < 1 —&. Since .Z is relatively
compact, so there is a sub-sequence n; such that P, — P weakly, by Theorem 2.2, (2), since each G,
isopen and G, T E,
P(Gp) < lilzniannk(Gn) < lilzniannk(Gnk) <l-e¢
—>00 —»00

and therefore
l=P(E)=1limP(G,) <1—¢

n—soo
which is impossible.

Apply the argument for § = Z—Ik and with € replaced by €/2%. Then for every & > 0, and for every
k=1,2,..., there is an ny, and n; open balls Bfk)(Z’k) with radius 2% (where i = 1,2,...,n;) such
that

E
i fP(c;(k)) o
Py - 2k

where

Let G = My= IG(">. Then G is totally bounded. Since E is complete, the closure of G, denoted by K,
is compact in E. By definition
P(K)>P(G)>1—¢

for every P € .. This proves that .7 is tight. ]

3 Weak convergence of random variables

Let (2,.7,P) be a probability space, and (E,p) be a metric space. Recall that a random variable X
with values in E is a measurable mapping £ to E, that is, for every B € #(E), X ! (B) € .#. The law
or distribution of X is defined to be the probability measure Py on (E, #(E)) defined by

Px(B)=P[X €B] forBe AB(E).

We are therefore able to give the following definition of convergence for random variables in law
(or called convergence in distribution). Namely, we say a sequence of random variables X1, Xs,...
(they may be defined on different probability spaces !) taking values in a metric space E converges
weakly to a random variable X, if the corresponding sequences of distributions Py, — Px weakly.
More precisely if X, is a random variable on some probability space (£2,,.%,,P,) with values in E,
then X;,, — X in distribution if for every bounded continuous function ¢ on E we have

/an(Xn)dPn%/;p(X)dP

as n — oo,
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Lemma 3.1. Let X, X (n=1,2,...) be random variables on the same probability space (Q,F ,P)
taking values in a metric space (E,p). If X, — X in probability, i.e. for every 6 > 0,

Plp(Xy,X) > 8] — 0asn— oo,

then for every @ € Up(E)
Eflo(X,) —o(X)|] = 0.

In particular X, — X in distribution.
The proof of this lemma is left as an exercise.

Theorem 3.2. (Skorohod (1956) and Dudley (1968)) Let (E, p) be a separable metric space, and P,,
P (where n = 1,2, ...) be probability measures on (E,%(E)), such that P, — P weakly. Then there is
a probability space (2, .7 ,P) and random variables X,,X : Q — E such that Px, = P, forn=1,2,...,
Px = P, such that X,, — X almost surely.

The proof of this important theorem may be found in Ikeda and Watanabe [16], page 9, Theorem
2.7. The proof is not examinable in C8.6.

4 Laws on spaces of continuous paths

The main reference for this part is Stroock-Varadhan [25, Section 1.3]. For simplicity, we use C(R¢)
to denote the path space C(]0,0); R?). Let us equip C(R?) with the following metric p defined by

Py =Y o (1 A sup (1) —y<r>\) @)
n=1

1€[0,n]

for any x,y € C(R?). The convergence with respect to the metric p is the uniform convergence over
any compact subset of [0, ).

Lemma 4.1. C(R?) equipped with the metric p given in (4.1) is a Polish space.

The proof is left as an exercise.
The coordinate process on the path space C(R?) is denoted by X; (where ¢ > 0) which is defined
by
X,(w) =w(r) forevery we C(RY),

for every ¢ > 0. The natural filtration of o-algebras generated by the coordinate process {X; : ¢t > 0},
is given as, by definition, .#? = ¢ {X, : s <t}, and

FO=20=c{X, :1>0}.
Lemma 4.2. The Borel -algebra on (C(R?), p) coincides with #° = ¢ {X, : t > 0}.
The proof is left as an exercise. The following is the main result of this section.
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Theorem 4.3. Let . be a family of probability measures on (C(R?), Z(C(R%))). Then £ is rela-
tively compact if and only if

lim inf Pjw:|w(0)| <L|=1 4.2
lim inf, [w: w(0)] < L] (4.2)
and for any A >0 and T > 0,
lim inf P (w: sup w(t) —w(s)| <A| =1. 4.3)
slopPes s,t€[0,T);|1—s| <&

Proof. (C(RY),p) is a Polish space, so that by Prohorov’s theorem, .Z is relatively compact if and
only if it is tight.
Proof of Necessity. Suppose .Z is tight, then for every € > 0 there is a compact subset K C C(R9),

such that

inf P(Kg) > 1—¢.

Pc¥ ( 8) -
According to the Ascoli-Arzela’s theorem, a closed subset K, C C(RY) is compact if and only if
it is bounded and equivalently continuous on any closed interval [0, 7], which are equivalent to the
following two conditions:

sup sup |w(t)| < oo (4.4)
weKe 1€(0,T]
and
lim sup sup lw(t) —w(s)| =0. 4.5)

810 weKe 5,1€[0,T]:|t—s|<5

Due to the equivalent continuity (4.5), the first condition (4.4) may be replaced by the following

weaker one:
sup |w(0)] < eo. (4.6)

WEKS

Let o = sup, g, [w(0)|. Then for any L > a and P € £, we have
P(K¢) =P[w € Ke : |w(0)] <oo] =P[we K¢ : w(0)] <] <Pw:|w(0)| <L]

and therefore

inf Plw:|w(0)| <L|> inf P(K.)>1—¢
Anf, MIM)L_]_ég (Ke) >

for every € > 0, so (4.2) holds.
Similarly, by (4.5), for every A > 0, there is &y > 0 such that

sup sup w(t) —w(s)| <4
weKe 5,t€[0,T];]1—s|< 8

so that for any 0 < § < &8y we have

P(Ke) <P|weKe: sup w(t) —w(s)| <A
i 5,0 €[0,T];]t—s|<
<Plw: sup lw(t) —w(s)] <A
s5,t€[0,TT;|t—s|<d

12



which yields that

inf P|w: sup wt)—w(s)|<A| >1—¢
pez s,t€[0,T):|t—s|<8

for any € > 0, thus (4.3) must be true.
Proof of Sufficiency. Suppose (4.2,4.3) hold. For every € > 0, by (4.2), there is L¢ > 0 such that

inf Plw: [w(0)| <L >1—=
Anf w:w(0)| < Le| > >

and, by definition of (4.3), for every n = 1,2,.. ., there is d,(€) > 0 such that

1 €

inf P|w: sup w(t)—w(s)| < —=| >1——.

pez [ 5,t€[0,n];|t—s|<8,(€) n on+l
Let

~ 1

Ke = ﬂ {w: sup w(t) —w(s)| < —} N{w: [w(0)] < Lg}.

n=1 s,t€[0,n];|t—s|< 8, () n

Then

P(CR)\K,) < Z
for any P € ., which implies that
P(K¢)>1—¢ forevery Pe.Z.

According to the Ascoli-Arzela theorem, K¢ is compact in (C(R?),p). Hence . is tight, and there-
fore is relatively compact. The proof is complete. [

Let us draw some consequences which give very useful forms in applications.

Theorem 4.4. Let (P,) be a sequence of probability measures on (C(R?), B(C(R%))). Then (PB,) is
relatively compact if and only if

liminf P, [w: |w(0)| < L] =1 4.7)
LToo n
and forany A >0and T € R,
limlimsup P, sup lw(t) —w(s)| > 21| =0. (4.8)
610 n—eo 5,1€[0,T);|t—s|<6

The following form is the most useful form to prove convergence of continuous stochastic pro-
cesses.

Theorem 4.5. Let {X,(n) :t > 0} be a sequence of stochastic processes valued in R on a probability
space (,.% P) with continuous sample paths. Suppose

liminfP [yx | <L} ~1 4.9)
LToo n

13



and forany A >0and T € R,

limlimsup P sup X" —x"|>1| =o0. (4.10)
610 n—eo 5,t€[0,T];|r—s| <8

(me)

Then there is a sub-sequence ny and a continuous stochastic process X valued in RY, such that X\"* —

X. in law.
As an application, we can prove the following

Theorem 4.6. (Kolmogorov’s criterion) Let (X (”)) be a sequence of R?-valued continuous stochastic
processes on a probability space (2 ,.F ,P) such that

liminfP [|X(§")\ < L} —1 @.11)
LToo n
and there are o0 > 0 and 3 > 0
P [|X,(") —X§">|O‘} < Clr —s|1+P (4.12)

for all s,t > 0, where C > 0 is a constant independent of n. Then the collection of the laws of (X (”))
is relatively compact.

S Compactness for laws of continuous semi-martingales

In general it is highly non trivial to estimate the probability appearing in (4.10). Here we propose a
way to handle it. We will make further comments after we have considered the Skorohord topology
in next section.

Let us consider the distributions on the path space C([0,%0);R?). For a path x : [0,00) — RY,
given increment size € > 0 and duration 7 > 0, we may define its entropy numbers A (x,€,T) and a
minimal gap 6(x,€,T). Let Ty = 0,and 74 be defined inductively by 7j | = oo if Tj = oo, and

€
T :inf{t > 75 |x(r) —x(T))| > Z} if 7j < oo
for j =0,1,2,..., where inf() = co. By definition, if x is a continuous path, then
Tii1—T; >0 if Tj <eoo,
and e
(Tj1) =(Tj)| = 7 i Tjig <eo.
The entropy number
N (x,&,T)=inf{j: Tjy1 > T}
and the minimal gap

8(x,e,T)=inf{Tj—Tj_1: 1 < j< N (x,&T)}.

Then (Exercise)
sup lx(t) —x(s)| < . (5.1)
st<T;|t—s|<d(x,e,T)

The following lemma follows from the definition.

14



Lemma 5.1. Suppose (X;);>0 is a stochastic process with continuous sample paths on a probability
space (2, ,P), and we define Tj as above with x(t) replaced by X;.

1) If (X;)i>0 is adapted to a filtration (F;),>0, then all Tj are (F;),>o-stopping times.

2)LetT >0, 8 >0and € > 0. Then

P sup | X —X| > €| <P[6(X,e,T) < 9]. (5.2)

st <T3|t—s|<d

The following lemma, adopted from the discussion in Stroock-Varadhan [25, Section 1.4], pro-
viding the necessary estimates for controlling (5.2).

Lemma 5.2. Suppose X = M + A is a d-dimensional continuous semi-martingale on a filtered prob-
ability space (Q2,.F ,.%;,P), so that M is a continuous local martingale and A is adapted with finite
variations, valued in R?. Assume that

|dA;| < Cdt  and |d (M,M)| < Cdt

for some constants. Let € > 0 and T > 0. Define stopping times T; as above. Then
1) There is a constant Cy depending only € > 0 and C, we have

E|li7 7 ,<6}171.| < (C1+G)8

onTj_ < oo, for every 6 > 0.
2) There is a constant & € (0, 1) depending only on € and C such that

P[A (x,e,T) > k] < el o
forallk=1,2,...

Proof. We assume that all X, M and A have zero initial value. Apply Ito’s formula we obtain

(Tj=Tj-1)NS+Tj-1
FX -1 ynsvry, — X1, ,) = /T Vf(Xs—Xr; ,)dM

j—1

(Tj=Tj-1)N6+Tj-1
+ / V(X —Xr, | )dA,
T

j—1

+1/(Tj_le)/\5+le 9% f
T

2 Triag Ko =X )d (M, M),

j—1

on 7j_; < oo, where
(Tj =T ) NS+ Tj1 = Tj AN (8 +Tj1)-

By taking conditional expectation on ﬂTH , we obtain that

TiA(Tj-1+8)
/ V (X~ Xr, A T,
T

E [f(XTJ-/\(Tj_1+5) X1 )17 <o |9T,-71} =K
j—1
1
+-E

TiN(Tj—1+9) 82](‘
=1

. o
J

i) 7|
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Let us choose a bump non-negative function f > 0 such that f(|x[) = 1 when |x| = £, f is smooth
with a compact support. f depends only on € > 0.

K [1[T,-7T,,~_1s5,r,._,<oo] |7 TH} =B [f Xrn;+8) = X1 017, <o lﬁTH}

TiN(Tj-1+8)
_E / V(X —Xr, ,)dA,| Fr, |
T

j—1

1
~E
+2

TiNTj-146) 92
/T dxidxJ

(XS _XTj—l )d <Mi7Mj>s ‘yTj—ll

j—1

By assumptions, we have

TN (Tj-1+6)
E / Vf(Xs—Xr,_,)dA|Fr, | <C1
Tji
and
1 TiNTj-1+6) 82f o
Py — J T
ZE /le 9xi3xf(Xs XTf*')d<M’M >S|JT]'71 <Gd

for any 8 > 0, where C; and C; are two constants depending only on f. Then

E1ry1, <0, 1<) 711 < QL C2)8

forevery 6 > 0,0on 7j_; < oo
Now we can work out the second estimate. Firstly

E e—(Tj+1—Tj)|§T]} =K [e_(Tj“_Tj)l[T-HfTKB]|‘6/\T1}
j

+E [((T;‘H*TJ)][THI_EZM |9TJ
<P[Tj1 <Tj+B|Fr)] +ePE [I[TJ-H—szﬁ] |y71}
\Fr_ =e P+ (1—eP)P[T;0) < T+ BFr)]
<ePr(-eP)Ci+0)p
Choose 3 > 0 small enough so that
ePr—ePyC+)B=a<1.

Then
E |:e*(Tj+1*Tj)|j'Tj:| <a<l

where o depends on € > 0 and C| + C, only. It follows that

E [ 77| F7,] = ¢ IR [~ T —T) | g7,

< oe Ti
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so that

for all j. Now

for all k. O

Theorem 5.3. Let {X,(n) it> 0} be a sequence of continuous semi-martingales valued in R? on a

probability space (2,7 ,P). Let X,(n) = Xén) —1—M,(n) —l—A,(") be the semi-martingale decomposition.
Suppose

.. (n) < _
]LITEIIr}fP“XO |_L} 1 (5.3)

and there is a constant C > 0 independent of n such that

dA™| < cdt  and |d <M(”>,M<">> | < Cd.

Then the totality of the laws of the sequence {X ) :n=1,2,-- } of semi-martingales is tight.

Proof. According to the previous lemma we have for every k

1<j<k

P|&§(X™ e T) < 5} gp{ inf (T;—Tj_1) < 5] +P[A (x,&,T) >k
k
<Y P[Tj—T; 1 <8|+P[A (x,e,T) >k
j=1
< k(Ci+C2)8 + el a*.
for any k > 1. Taking sup then letting 6 | O we obtain that

limsupsupP [6(X(”),8,T) < 5] <elof
510 n

for any k. sending kK — oo we deduce that

limsupsupP [5(X("),8,T) < 5} =0
60 n

which completes the proof. ]

6 Wasserstein’s metric and weak convergence

According to Prohorov’s theorem, weak convergence of probability measures on a separable metric
space (E,p) is a metric topology, but the Prohorov metric is less explicit and is difficult to use for
analysis on the space of probability measures. The Wasserstein distance we are going to introduce is,
more or less, capable of dealing with weak convergence, and much easy for analysis. This is the main
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reason why the Wasserstein distance plays an important role in the current research on probability
metric spaces. We follow the exposition in Villani [30, Section 6].

Let (E,p) be a Polish space with its Borel o-algebra. If P,Q € .#)(E) are two probability mea-
sures on (E, A(E)), then I1(P, Q) denotes the collection of all probability measures ® on the product
space E x E such that the marginal distributions are P and Q.

Lemma 6.1. (Wasserstein’s distance) Let P,Q € .#,(E) and p > 1. Define
1/p
W,(P,Q :[ inf x,y)PO(dx,d
»(P,Q) et o) Epr( y)PO(dx,dy)

which is non-negative (maybe even infinity). Then W, is a metric on the space &, (E) of all probability
measures P € /1 (E) such that

[ plyrpid) <=
ExXE
for some y € E (and therefore for all y € E).

The proof is left as an exercise. Wj is called the Kantorovich-Rubinstein distance, which has a
duality representation

WiP.O)=  sup { [ sar— | fdQ} 6.1)
fEeLip(E),||fllL<1 \JE E

where Lip(E) denotes the collection of all Lipschitz functions, and || f||z, denotes the Lipschitz norm
of a function f : E — R, that is,

1£]lp = inf{M - |f(x) = fF(v)| < Mp(x,y) for any x,y € E}.

Lemma 6.2. Let (E,p) be a Polish space and p > 1. Suppose P,,P € &#,(E) and P, — P weakly.
Then the following four statements are equivalent:
1) For some y € E (and therefore for all y € E)

[ pearian > [ ple)pidy).
E E

2) For some y € E (and therefore for all y € E)

timsup [ p(63)7P(d2) < [ plxy)Pldy)
n—eo JE E
3) For some y € E (and therefore for all y € E)
limlim sup/ p(x,y)PP,(dx) = 0.
{p(xy)>R}

RT‘X’ n—oo

4) For every f € C(E) with growth at most by d(y,-)P (for some and therefore for all y € E), i.e
there is a constant C such that
[f(x) < Cl1+d(y,x)"]
forall x € E, then

/E f(x)Pu(dx) — /E F(x)P(dx) asn — oo,

If 4) is satisfied, then we say P, — P weakly in &,,(E) as n — oo
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The main interest of the Wasserstein distance lies in the following result, which is much clean
than any other tightness criterion we have done so far.

Theorem 6.3. Let (E,p) be a Polish space and p > 1. Suppose P, € &,(E) (wheren=1,2,...)isa
Cauchy sequence with respect to the Wasserstein distance Wy,. Then {P, : n > 1} is tight.

Proof. The proof is similar to the proof of Lemma 2.8. Without losing a generality we may assume
that p = 1 as W; < W,,. Since (P,) is Wi-Cauchy, so that by the Triangle inequality, we deduce that
/ p(a,x)P,(dx) < W (84, Py) < W1 (84, P1) +Wi(P1,P) (6.2)
E

which is bounded uniformly in n, though the bound may depend on a € E which is a fixed point.
Let € > 0. Forevery [ = 1,2,..., there is an n; such that

1 .
Wi (P, Pj) < ﬁez for any i, j > n;. (6.3)

Since {Py,--- ,Pn,} is tight (Lemma 2.8), so there is a compact subset K; C E such that

1
Pj(Kl) > 1—58 for j=1,...,n. (6.4)
Foreach / =1,2,..., K; is compact so that it is totally bounded (Theorem 1.3), thus there are finite
points ag ), a,(n? € E, the totality of open balls centered at x( ) with radius & /2! cover K, that is
U B (27'e) D K. (6.5)
Let UY) = {z €E:p(z,GY) < 2_18}. Then F() =UL (2*1“8) > UW for each I, and by
definition

)
P, > P,(GY) > P(K) > 1— o

forn=1,...,n.
Let

¢i1(x) =0V (1 -~ —p(x’G(l)))

2-lg
which is Lipschitz continuous on E with Lipschitz constant smaller or equal to 2‘e~!, and

Loy < ¢ <1y

PAUD) > /E 0ydP, = /E 4P, + /E 6P, /E 4udP,

> / ¢rdP,, —2'e'Wy (P, Py)
E

so that for n > n;

2
1 &
> P, (GV)—2le 1@

>1-28
21
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where the second inequality follows from (6.1). Therefore

P(FO) 2 R(UY) 21— o

foreveryl=1,2,...and foralln=1,2,.... Let

Then K is closed and totally bounded, and therefore K is compact, and

o)

P(E\K) < Y P(E\FY) i

=1
for every n = 1,2, ---. Therefore by definition (P,) is tight. O

The following theorem demonstrates why Wasserstein distances are important for dealing with
weak convergence.

Theorem 6.4. Let (E,p) be a Polish space and p > 1. Suppose P,,P € &,(E) and P, — P weakly
in Z,(E), that is, for every f € C(E) with growth at most by d(y,-)? (for some and therefore for all
y € E), i.e. there is a constant C such that

[f ()] < C[1+d(y,x)"]

s st~ | o

W, (P, P) = 0.

forall x € E, then

if and only if

7 The Skorohod topology

Not all interesting stochastic processes have continuous sample paths. For example, the sample paths
of Levy processes are only right continuous having left limits. In this part we study the weak conver-
gence on such path spaces.
Let (S,d) be a metric space. We assume that d is bounded, otherwise using d A 1 or 1% instead.
A function w defined on [0,00) with values in S is called a path in S. Several quantities associated
with a path can be introduced, which may measure some aspects of the regularity of a path in a metric
space.
If w:[0,00) — S is a path in S, the oscillation of the path w over a subset A C [0, o) may be defined
by
o(w,A) = sup d(w(t),w(s)) (7.1)
s,tEA
where supremum assumes oo if p(w(f),w(s)) are unbounded over 5,7 € A. Given T > 0 and 6 > 0,
the modules of continuity of w is given by
o(w,0,T) = sup d(w(t),w(s)). (7.2)
s5,t€]0,TT;|s—t|<d
By definition, w is continuous (so uniformly continuous) on [0, 7] if and only if w(w,8,7) — 0 as
0 | 0. By using modules of continuity we may restate the Ascoli-Arzela theorem as the following.

20



Theorem 7.1. (Ascoli-Arzela) A subset K C C(RY) is relatively compact if and only if

sup sup |w(s)| < oo
weK 5e(0,T]

and

lim sup @(w,8,7) =0
310 wek ( )

for every T > 0.

A path w: [0,00) — S is called a cadlag (this is the French abbreviation of “continue a droite
limites a gauche”) path in a metric space S, if w is right continuous on [0,o0) and has left limits at
every point ¢ € (0,c0), that is, limy|, w(s) = w(t) for every t > 0 and w(t—) = limgy, w(s) exists for
every t > 0. D(S) (notation used in Jacod and Shiryaev: Limit Theorems for Stochastic Processes) or
Ds[0,0) (notation used in Ethier and Kurtz: Markov Processes - Characterization and Convergence)
denotes the space of all cadlag paths in S.

An obvious topology on D(S), like on the space C(S), is the uniform convergence over any com-
pact subset of [0,0), which is the metric topology induced by the metric for example

n=1

t€[0,n]

for w(?) are two paths in S. While, even if (S,d) is a Polish space, ID(S) with the above metric p may be
not separable. In order to study the weak convergence of laws on ID(S) via the Prohorov theorem, we
wish to introduce a metric on ID(S) such that D(S) is a Polish space, and the Borel o-algebra Z(D(S))
coincides with the natural o-algebra generated by the canonical coordinate process on ID(S). The idea
is to introduce a variation of modules of continuity, which is compatible with the cadlag path space
Dg[0,00). This modules of continuity will be denoted by @p(w,5,T), which should be similar to
®(w,8,T) (where § > 0 and T > 0), but characterizes the cadlag paths rather than continuous one.
The simple way is to write down its definition:

wp(w,6,T) = inf max  sup d(w(t),w(s)). (7.3)
vl ) {02l0<t1<---<tk:T}e%[O,T]léjéks,te[zfl,zj) O(#),w(s))

where %50, T] is the collection of all finite partitions of [0, T]
O=n<tn<---<tf,=T.

such that |t; —¢;_1| > 6 for j =1,--- ,k— 1. Note that the length of the last interval [t;_;,7] is not
controlled.

Lemma 7.2. Let 6 >0, T >0andw:[0,T] — S. Then
wp(w,0,T) < w(w,25,T). (7.4)

Proof. This is not surprising though. Consider a finite partition 0 =7y < --- < fy = T such that
ltj—tj—1| >0 for j=1,--- k—1. If |t; —t,_1| > 26 for some i = 1,--- ,k— 1, we can make the
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partition finer to be 0 =7 < --- <1, = { sothat |f{ —#/_;| <20 forall i =1,--- k' — 1 but still retain

the condition that [t} —#}_;| > & for j=1,--- k' — 1. Hence

op(w,0,T) < max sup d(w(t),w(s))

1<j=ksteltjtj 1)

< max sup d(w(t),w(s))

1<j<k I
SISEspeltlr )

< ow?29,T).

O

The following theorem provides a characterization of paths in S which are right continuous with

left-hand limits.

Lemma 7.3. Let (S,d) be a metric space, and w : [0,00) — S be a path in S.

1) If w € D(S), then limg |y wp(w,8,T) =0 for any T > 0.

2) If in addition (S,d) is complete and limg | wp(w,0,T) = 0 for any T > 0, then w € D(S).
3)Ifw e D(S), then 6 — wp(w,8,T) is right continuous at every 8§ > 0 for every T > 0.

Proof. 1). Suppose w is a cadlag path, and T > 0. For € > 0, let T be the supermum of 7 € [0, T'] such

that there is a finite partition 0 =y < --- < f;, =1, such that

max  sup  d(w(s1),w(s2)) <E&.
1§J§ks1,sz€[tj—17fj) ’

Then 7 > 0 as w is right continuous at 0. Since w(7—) exists, so that there is 7’ € [0, T) such that

sup  d(w(sy1),w(s2)) < €.
51,82€[7,7)

By definition, as 7’ < 7, there is a finite partition 0 =) < --- <1, = 7’ such that

max sup  d(w(sy),w(s2)) < €.

; /
1SS 5y selel_ 1))

Together
O=ty< - <ty=7T<7

a partition of [0, 7] denoted by 0 =1p < --- < f; = T and

max sup  d(w(s1),w(s2)) <€,
1§J§ks|,sz€[tj717fj)

If T < T, then w is right continuous at 7, there is T/ € [7,T] such that

sup  d(w(sy),w(s2)) <&,
Sl,SQG[‘L’,’L'N)

which allows to produce a partition of [0,7"]:
O=t< - <ti(=7)<tr 1 =1"
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such that
max sup  d(w(sy),w(s2)) <€
1Sjsktly soeltjit))
which is a contradiction to the definition of 7. Hence T = T which proves the necessity of 1).
Proof of 2). (S,d) is complete. Let 7 > 0 and limgs wp(w, 6,7 ) = 0. Then, for every € > 0 there
is a &y > 0 such that for any 0 < & < J, there is a finite partition of [0,7]: 0 =7y < --- <1 = T such
that |t; —¢;_| > 6 for j=1,--- ,k—1, and

sup  d(w(s1),w(s2)) <&
S1,82€[tj—1:))

forall j=1,--- k, which implies that w is right continuous on [0, 7).

Suppose by contradiction that there is r € (0,7], such that w(r—) did not exist. Then, there
is & > 0 and there exist #,,s, T r such that d(w(t,),w(s,)) > €, this contradicts to the previous
inequality for € = &.

The proof of 3) is left as an exercise. ]

Example. Step functions are important examples of cadlag paths. For example any sequence in
S (such as random sequences in discrete-time) can be considered as continuous paths if § is also a
vector space, but in general a sequence can be considered as a cadlag path. A step function w with
finitely many jumps, is a path w : [0,00) — S such that there is a partition 0 =f9 < ... < #; (for some
k) such that w(r) = w(ti_1) for ¢ € [ti_1,;) for i = 1,....k and w(r) = w(ty) for all t > ;. A step
function may have infinitely many jumps, but the followings are typical ones. There is a partition
O=tgp<t;1 <...<tj<..,wheret; — oo, and w(t) =w(tj_1) fort € [tj_y,t;) for j=1,2,....

Example. Let w € D(S). By Lemma 7.3, for every n = 1,2,..., there is a §, > 0 such that
@p(w, 8,,n) < 1. Hence there is a partition

Ozt(()")<tf”)<~-<t(")

k(n) = T

such that t](-") — tj(-’i)l > 0, for j < k(n)—1and

sup  sup  d(w(t),w(s)) < l

Jgk(n) S,Z‘E[l‘;’i)] 7tj('n)) "

Define for every n = 1,2,... a step function w®) by setting w(") (¢) = w(tj(.'i)l) fort € [tj(.’i)l,tj(-n)) and
w( (t) = w(n) for t > n. Then w(" is a step function with finitely many jumps, w(®) € ID(S) and

(n) !
sup d(w(t),w (1)) < —

t<n—1 n

for every n, that is w”) — w uniformly on [0, T] for every T > 0. Therefore any cadlag path in (S,d)
is a uniform limits of step cadlag paths in (S,d) on any [0, T].

Next we introduce the Skorohod topology on D(S), where (S,d) is a metric space. We may assume
that the metric d is bounded by one, otherwise we may replace its (topologically) equivalent metric
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dAN1or li_d instead. Still there are slightly different ways to introduce Skorohod’s topology on ID(S),
in this course we mainly follow the approach in Ethier and Kurtz [ 14, Chapter 3]. The easiest manner
to define the Skorohod topology is to construct a metric giving rise to the required topology. Let us
define such a metric on ID(S), called the Skorohod metric.

Let A denote the collection of strictly increasing function A from [0,o0) one-to-one and onto
[0,0). Such A must be continuous, A(0) = 0 and lim/+. A(#) = . The inverse A~ € Ag too. If

A € Ag then
A(t) —A(s)

1
o8 r—s

Y(A) = sup

t>5>0

which measures how close between the reparameterization t — A(¢) and . If A € Ag and Y (1) < oo,
then we say A € A. Clearly y(1) = y(A~1).

Exercise 74. 1)IfA; € A (i=1,2), then Ay oAy € A and

Y(Aoda) < v(4)+7(a). (7.5)
2)If A € A then
sup| A (1) —1| gT(eW“)—l>, VT > 0. (7.6)
t<T
3)IfA €A (i=1,2), then
A
supaa (Ao —1]) < sup ™ qup 2,0) 1
t<T s>0 S <T
< Mgup|a(t)—t| VT >0. (7.7)
t<T

To simplify our notations, let us introduce the following convention. If 8 is a real or complex
valued function on [0,0), and 7 > 0, then

1Bl = sup|B()]  and [[B]f=[IB].

the supremum norm of 3, which may be infinity.
If x,y : [0,00) — S are two paths, then

ld (x,y) |l = tsggd()c(t),y(t))

and
I (x,y)|| = supd (x(t), (1)) = [|d (x,)]|.o -
>0
For s > 0 we use x* to denote the path stopped at s, that is, x*(t) = x(t As). If L € Ag, then xo A is
the reparameterisation of x, thus, xo A(t) = x(A(¢)). Note the difference that x* o A(¢) = x(s A A (1))
and (xo4)*(¢) = x(A (t As)) fort > 0. The subtle difference is important if the x has jumps.

Lemma 7.5. If x e D(S), A € A and s > 0, then x°* and x o A also belong to D(S).
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Definition 7.6. Let (S,d) be a metric space with a bounded metric d. If x,y € D(S), then define

p(x,y) = inf [Mv / ||d<xs,y5ox>||e”ds]. 78)
AeA 0

In other words

A1) = A(s)

r—s

log

AEA | 1>5>0 >0

p(x,y) = inf [ sup \//Oooe_ssupd(x(t/\s),y(l(t)/\s))ds] . (7.9)

Lemma 7.7. Let (S,d) be a metric space with bonded metric d. Then p defined by (7.8) is a metric
on D(S), called the Skorohod metric.

See [14, pages 117,118] for the proof. The induced topology on D(S) by the metric p is called the
Skorohod topology.

Remark. We can avoid the L'-norm in the definition (7.8) if (S,d) is a normed vector space.
For each n = 1,2,... we define a Lipschitz continuous cut-off function k, (1) = 1 for r < n, k,(t) =
1—(t—n)fort € (n,n+1] and k,(t) = 0 fort > n+ 1. If x € D(RY), k,x(¢) = k(¢)x(¢) defines a new
path which coincides with x(¢) for 7 € [0,n] and vanishes on [n+ 1,%0). A (topologically) equivalent
Skorohod metric is defined by

> 1
px,y) = lmf{ + % 5 (k)0 - knyum} (7.10)

which defines the Skorohod topology on ID(RY).

Let us discuss the convergence of sequences in D(S) with respect to the Skorohod topology
through several lemmas, their proofs are omitted, one may refer to [ 14, Chapter III].

Lemma 7.8. Let (S,d) be a metric space with a bounded metric d, and p the Skorohod metric on
D(S). Suppose x") . x € D(S) (where n =1,2,...). Then p(x"),x) — 0, if and only if there is a
sequence A" € A such that

y<x<">> 50 (7.11)
and

sup d <x<"> (1), x(A® (r))) =0 (7.12)

t€[0,T]
as n — oo for every T > 0.
Lemma 7.9. Let (S,d) be a metric space with a bounded metric d, and p the Skorohod metric on

D(S). Let x\"), x € D(S), where n=1,2,.... Then p(x") x) — 0 as n — oo, if and only if for every
T > 0, there is a sequence A(T) ¢ Ag such that

sup ‘A”T t‘—>0
1€[0,T]

as n — oo, and

sup d (x(”) (t),x(A"T) (t))) — 0, asn— co.
1€[0,T]
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Lemma 7.10. Let (S,d) be a metric space with a bounded metric d, and p the Skorohod metric on
D(S). Let x,x € D(S) (for n > 1). Then p(x"™),x) — 0 as n — oo, if and only if there is a sequence

A e A, such that Y (l(”)> — 0, and

supd (x" (1 A s),x(A"(t) As)) = 0

>0

as n — oo for s > 0 at which x is continuous. In particular, if x is continuous at s > 0, then x" (s) —
x(s) and also x\") (—s) — x(s) as n — oo,

The following theorem allows fully implement Prohorov’s theorems for weak convergences of dis-
tributions on ID(S) endowed with the Skorohod topology, and its induced Borel c-algebra Z(D(S)).

Theorem 7.11. Let S be a metric metric with a bounded metric d, and p be the Skorohod metric on
D(S).

1) If (S,d) is separable, then (D(S),p) is separable too.

2) If (S,d) is a Polish space, then (D(S),p) is separable and complete too.

We will not give the proof of the previous theorem in the lectures, see [ 14, Chapter I1I] for details.
Let (X;);>0 be the coordinate process on D(S) where for every r > 0, X;(w) = w(z) for every
w e D(S).

Theorem 7.12. Let (S,d) be a Polish metric space. Then the Borel G-algebra generated by the
Skorohod topology, B(D(S)) = o {X; :t > 0}.

Next we need to identify the relatively compact subsets of D(S) equipped with the Skorohod
topology. To this end we introduce the following notations. If w € ID(S) is a step function, then there
is a partition 0 = 1y <1y <--- <t; <---, such that

w(t) =w(tj—1) ifteltj_i,t))
for j=1,2,---, wheretg =0and if #; | < co then

tj = inf{t >t :w(t) #w(—)}
= inf{r >t;_1 :w(t) Zw(tj—1)}.

Therefore ¢; = oo for some j or ¢ T eo. To indicate the dependence on the step function w € ID(S), we
may write ¢; as 1;(w).
The following give some examples of compact subsets of ID(S).

Lemma 7.13. Let (S,d) be a Polish space. Let 6 >0 and I C S be a compact subset. </ (I',§)
denotes the collection of all step functions w € D(S) such that

1) w(t) €T forallt (that is, w € D(I") where (I',d) is a compact metric space), and

2)tj(w) —tj—1(w) > & for j such that tj_i(w) < ee.

Then <7 (I, 0) is compact in D(S) under the Skorohod topology.

Proof. Let {w(”)} be a sequence in o7 (I',8). If necessary, by applying Cantor’s digonalization to

t;(w™), we may assume that, for any j =0, 1,--- , either 1) #;(w{")) = oo for all n, or 2) £; (W) < oo,
(n)

tj(w(n))
[tj,2j+1) if t; < co. Then, since ¢;(w™) —¢;_; (w")) > §, we can verify that w(") — w in the Skorohod
metric D. Clearly, t; —t;_1 > 8, so that t;(w) —t;_1(w) > 6, and therefore w € .7 (T’, 9). O

t;(w) —t; and w — wy; for some elements wy; € I. Define w € D(I') by wy = wy; for ¢ €
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The following theorem is the Ascoli-Arzela theorem for cadlagcadlag paths.

Theorem 7.14. Let (S,d) be a Polish metric space. A subset K C D(S) is relatively compact with
respect to the Skorohod topology, if and only if the following two conditions are satisfied:

1) There is a dense set 2 C [0,e0) such that {w; : w € K} is relatively compact in S for any t € 2.

2) Forevery T >0

lgﬁ)lilég wp(w,8,T) =0.

For a proof of this theorem read [ 14, Chapter III].

By Prohorov’s criterion for relative compactness of probability measures on Polish spaces, we
then have the following tightness criterion for distributions on ID(RY).

Theorem 7.15. Let D(R?) be equipped with the Skorohod metric. Let £ be a family of probability
measures on (D(RY), B(D(R?))). Then £ is relatively compact with respect to weak convergence
topology (i.e. equivalently with respect to the Prohorov’s metric topology over the space of probability
measures on D(R?)), if and only if the following two conditions are satisfied:

lim sup P (w: sup |w(t)|>L| =0
L—eope 1€[0,7]
and

lim sup Pw: wp(w,6,T) > €] =0
610 pey

forevery T >0 and € > 0.

Theorem 7.16. Let X (wheren=1,2,...) be a sequence of stochastic processes with values in R?
on a probability space (Q,.F ,P), whose sample paths are right continuous on [0,0) with left limits
on (0,00), so that their distributions are probability measures on (D(R?), Z(D(R?))). Then (X™) is
tight if and only if

lim supP | sup |X,(n)] >L| =0
Lo g t€[0,7]

and

li PlopX®™ . 8§.T)>¢| =0
limsup [D( .0, )_}

forevery T >0 and € > 0.

The modified modules of continuity, @p(x,8,T) is not easy to estimate, so any simpler replace-
ments will have value. Here we introduce another version of modules of continuity. If x : [0,e0) — R,
then

@4(x,8,T) = sup [l(2) = x(s)| A Jx(r) = x(0)]]-
0<s<t<r<T;r—s<&

Theorem 7.17. Let D(RY) be equipped with the Skorohod metric. Then K C D(R?) is relatively
compact if and only if

sup sup |w(r)| < e,

weK 1<T

léigiggwd(w’ 0,T)=0

for every T >0, and

limsup sup |w(t)—w(s)|=0.
610 wek s.1€0,8)
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8 Crameér’s theorem

The main reference is Stroock [24], and we will follow the exposition there closely.
Let (&,) be an i.i.d. sequence on (Q,.%,P) with a common distribution & on R'. For a Borel
function g on R! such that g(&,) is integrable,

i(g) = /Q ¢(&)dP

Assume that &; are integrable, and set
a=EE, = / xpL(dx).
R

Let u, denote the distribution of %Z?:1 &;. Then, according to the law of large numbers

1 n

— Y & — a almost surely
n:
i=1

so that u, — 8, weakly. The probabilities of the deviations of u, away from 9, is the context of
Cramér’s theorem.

Theorem 8.1. (H. Cramér) Suppose for every A € R, [ M (dz) < oo, then {U, : n > 1} satisfies
the large deviation principle with a good rate function

I(x) = sup{lx—log /R 1 e’lz,u(dz)} .

That is, for every closed set F in R'

1
limsup — log u, (F) < —inf/ (8.1)
n—oo F
and for every open set G in R!
1
S <
hr?—lgfn log u,(G) > 1gf1 . (8.2)

We divide the proof of this theorem into several steps.

Lemma 8.2. If u is a probability measure on R® such that

M(E) = /R () < oo

for every & € RY. Then M : R — (0,00) is smooth, log-convex (i.e. & — logM (&) is convex) function.
Define
I(x) = sup {(&,x) —logM(§)} ; xR’
EcRrd
(the Legendre transform of logM). Then I is a convex good rate function, in the sense that {x : I(x) < c}

is compact for every ¢ € R. I attains its minimum zero at a = fRd xW(dx). In particular, if d = 1, then
I 1 on (a,o)andl ] on (—e,a).

28



By definition, M takes values in (0,c0). A simple application of Lebesgue’s dominated conver-
gence, we may differentiate M under the integral sign

D*M(5) = " &S pu(dx)

which implies the smoothness of M. Log-convexity of M is a simple consequence of the Holder
inequality:

/ AEHI-D)8) 1 (4x)
Rd

< (/ de@vxm(dx))A ([, ceuan) -

logM (A& +(1=21)&) < AlogM (&) + (1 —2)logM (&) -

I is the Legendre transform of the continuous convex function logM, so that I is lower semi-
continuous, non-negative and convex. Finally we need to show that for every ¢ > 0

so that

KC:{xERd:I(x)Sc}

is compact. Firstly since / is lower semi-continuous so K, is closed , thus we only need to show that
K. is bounded. Let ¢; = (0,---,1,---0) (1 appears in the i-th coordinate). If x € K, then for every i

+x; —logM(+e;) < c

which implies that every x; is bounded, hence K, is bounded.
By Jensen’s inequality

logh(§) = log [ e u(ay
R4
> [ texuia
R4
so that if a is the mean of 1 (dx): a; = [4axift(dx), then for every &

logM () 2 & [ xn(d) = (a. ).

Hence
(a,E) —logM (&) <0 forall &

and therefore we must have /(a) = 0.
Now we consider the one-dimensional case, so that I is a convex, good rate function on R!. By

Jensen’s inequality
log/ A (dz) > l/ zi(dz) = ak
R! R!

xA —log/ Mu(dz) < (x—a)A . (8.3)
R!

so that
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Since I(a) = 0, and I is convex, I increases on [a,) and decreases on (—oo, al, therefore

(inf}I:I(y) ifx<y<a
Xy

and

inf I = I(x) ifa<x<y.
)

Moreover, from (8.3), if A <0 and x > a then

lx—log/ u(dz) <0
R!

so that
I(x) = sup {lx— log/ ekzu(dz)} for x> a. (8.4)
A>0 R!
Similarly
I(x) = sup {/lx— log/ e’lz,u(dz)} for x<a. (8.5)
A<0 R!

Lemma 8.3. We have
U ([x,00)) <exp(—I(x)) =exp <— [inf)1> forx>a

and

U ((—oo0,x]) <exp(—I(x)) <exp <— inf I) forx<a.

(7007)6]

Proof. If A >0and x> a

(o)) = u(dz)

so that
u([x,)) = exp{ —sup <7Lx — log/ eM,u(dz)>
A>0 R!
= exp{-I(x)}.
Similarly we may prove the case that x < a. U
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Proof of upper bound (8.1). 1If F =0 ora € F then inf/ = 0 so that infr / = 0 the bound is trivial
in this case. Therefore we assume thata ¢ F. If F C [a,), and if y = inf{z:z € F} then F C [y, )
and

igf[ =1(y) = sup {ly—log/ Zu(a’z)}. (8.6)

A>0

1 n
.un([y7°°)):P{;lZ§iZy}
i=1
ML &
/ e ap
{ Z 1‘§t>)’} ey

Lyn A& ig
/e AP = /H’ = gp
Q e ety

n
— P [ erbar  (Gareiid)

However for every A > 0

IN

Hn(F)

IN

IN

and therefore

for every A > 0. It thus follows that

%logun(F) < —sup{ly—/le“u(dZ)}
R

A>0
— _](y) = —lIlfI— (mlﬂ(F))

We thus have proven the upper bound for the case that F C [a, ).
Similarly

llog,l,Ln(F) < —igfl = —I(max (F)) if F C(—oo,q].
n

Finally for an arbitrary closed set F in R', let Fj = F N (—o0,a] and F> = F N[a,). Then

%logun(F) < %log(un(Fl) + Ha(F2))

so that
: 1 : 1 . 1
limsup —logu,(F) < max < limsup—logu,(F;), limsup —log u,(F>)
n—oo n—oo N n—oeo N
< max{—/(maxF); —I(minF>)}
= —min{/(maxF]); I(minF)}
<

—inf/
F
which is the upper bound for large deviations.
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Proof of lower bound (8.2). We are going to show that for every x € G

1
liminf —log ,(G) > —1(x) .

n—e n

Obviously we only need to prove the previous inequality for those x such that /(x) < 0. Need to
handle two cases. Firstly let us consider the case that the supremum (which equals /(x)) of

b= [ HFula
Rl

is not achievable. Then x # a (as I(a) = 0 which is achieved when A = 0). Without loss of generality,
let us assume that x > a. Then we may choose a sequence of 4,, > 0 such that A,, — +0 and

lnx—/ eMiu(dz) — I(x) asn—»oo.
R!
While by Lebesgue’s dominated convergence theorem

lim 0 (dz) = 0

(7007)()

and therefore

lim M (dz) = lim [ e u(dz)

n—oo [x7oo) n—so00 Rl
—  lim e {108 fp1 exp(Anz)u(dz) }
n—oo
= exp(—I(x)) < Hoo. 8.7)

On the other hand, for any 6 > 0 we have
/ M (dz) > M ([x+ 8, 0))
[x+8,00)
so that

u(lx+8,)) < e—mn/ M p(de)
46, 40)

o / M=) 1 ()
R

< e—S/lne—{/'L,,x—longl el"z,u(dz)} )

IN

Letting n — oo we conclude that

) —limnﬂw{knx_logf le}mz“(dz)} i —oh,
H(lx+8,0) < e . e
= 0 Vo >0.

Therefore p((x,o0)) = 0, hence by (8.7)

lim [ MCIp(dz) = u({x}) = exp (~1(x)

n—oo [x7°o)
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which follows thus that

Hn({x})
P{&=x:i=1,--,n}
u({xp)"

ta(G)

AVARLY,

Therefore
hmlnf1 log i (G) > u({x}) = 10 .

n—soo

Similarly one may handle the case that x < a.
Next we consider the case that x € G and there is A such that

I(x) = lx—log/Rl M (dz)

= sup{nx—log/ e”z,u(dz)}
n R!

where (x —a)A > 0. Since A is a critical point to

n — nx—log / emu(dz)
Rl
so that its derivative at A vanishes, which yields that

o le ZelZ‘u' (dZ)

= . 8.8
le et (dz) (55

Without losing generality, assume that x > a so that A > 0. Choose d > 0 such that (x—§,x+8) C G
Then

Un(G) = pa((x—0,x+5))
= P{}ligi—x <5}

lzllfl 1

> E{W Zgz—x

efnk(X*FS)E {eAZ?—] 5,’

<6}
1 n
—Zéi—x <8}
ni=

—nA(x+6 i
- ¢ (+ )/n Zl 121{| Zz 1%i x|<5},uf(dZ1>"LL(dZn) °

Define a new probability measure v on R! by

du e

— = ————U(dz) .
dv fp Hp(ant
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Then

1(G) > e mMrtd) (/R1 exyu(dy)>"/ Ly ooy ) - v(dz)

_ nA(rtd) (/ e“u(dy)> P{‘—ZYI-—X <6}
R! i3

where ¥; are i.i.d with mean (see equation (8.8))

Azi
zie
EY, = /ziv dz;)) = ——u(dz
R! () R [ €M u(dy) (@)
_ 1 A .
o) oW

= X
and thus by the law of large numbers

1

n
P —
n.=

I

i=1

<5}—>1asn%oo.

Hence
1
Loet(G) = ~Alr+8)+log [ Puldy
n R!
1 n
+- logP =Y Yi—x|<$
nl:]
— l(x+5)—|—log/ Mu(dy) asn—s oo
Rl
Therefore

liminfllog,un(G) > —(lx—log/ ely,u(dy)> — oA
R!

n—e n

By letting 0 | O we obtain
1
liminf —log u,(G) > —I(x) forevery x € G.
n—e 1

Thus we have completed the proof of Cramér’s theorem.

9 Large deviation principles, and functional integration

The speed of convergence of a sequence of distributions to their limiting distribution may be described
by rate functions, which are non-negative, lower semi-continuous functions on the state space E.

34



Let E be a Polish space, and #(E) denote the Borel o-algebra. Recall that a function 7 : E —
R' U {oo} is lower semi-continuous if for every ¢ € R' U {oo} the level set

Io=T"((—oo,c]) ={s € E: I(s) <}
is closed. In other words, / is lower semi-continuous if

I(sp) < liminfl(s) .
S—S0
A lower semi-continuous function / : E — [0,| is called a rate function. We will see that however
a necessary condition for a rate function to be the speed describing large deviations of distributions
only if can / achieve its minimum zero.
A family {P; : € > 0} of probability measures on a Polish space (E,p) is said to satisfy the large
deviation principle with rate function / if

limsupelogPe (F) < —infI(s) .1)
€]0 seF

for every closed sets F in E (called upper bound of large deviations) and

liminfelog Pe (G) > — inf I(s) 9.2)
el0 s€G
for every open subset G in E (that is called the lower bound of large deviations).
In this case we also say that the rate function I governs the large deviations of {P; : € > 0}.
Here the following conventions are applied. Firstly, if A is empty, then —infgy [ = —oo, and log0 =

Obviously (9.1) and (9.2) together is equivalent to

— inf I(x) <liminfelog P (B) < limsupelogPe (B) < — inf I(x) 9.3)
XEB° el0 €0 xEB

for every Borel subset B in E. Therefore, if B is a Borel set in E such that infz/ = infgo I (= infg 1)
then

limelogP: (B) = —inf/

elw gP: (B) lB

and therefore

} as € /0.

That is, unless infg I = 0, P (B) tends to zero exponentially as € | 0.

We will see that the lower bound of large deviations (9.2) is more or less a local property, but the
upper bound (9.1) reflects in many cases the global distribution of the family {P; : € > 0}, and thus
is more important, and more difficult to prove. Therefore we may also introduce the so-called weak
large deviation principle: {P; : € > 0} satisfies the weak large deviation principle with rate function /
if

limsupelog P (K) < — inf I(x) (9.4)
€l0 xekK
for every compact subset K C E (instead of any closed set) together with the lower bound of large
deviation (9.2).
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Lemma 9.1. For a given family {P; : € > 0} of probabilities on E there is at most one rate function
governing the large deviations of {P; : € > 0}.

Proof. Exercise. [

We have seen that a necessary condition that a rate function / governs large deviations of a family
of distributions is that the rate function / must achieve its minimum zero. Good rate functions are
introduced to address this issue and other analytic difficulties.

Definition 9.2. (Good rate functions) Let E be a Polish space. A function I : E — [0,] is a good rate
function if

1)1inf] < oo,

2) 1 is lower semi-continuous,

3) Forany ¢ >0, {s: I(s) < c} is compact.

Of course, condition 3 implies condition 2, and is a very strong restriction on rate functions. It
follows thus that / must achieve its minimum, and indeed we can say a little bit more.

Proposition 9.3. Let I : E — [0,00] be a good rate function and let ® : E — [—o0,00) be upper semi-
continuous (i.e. —® : E — R U {0} is lower semi-continuous). Then for any closed set S on which

® is bounded above, there is a sy € S such that

D(s0) —1(s0) = sup (®—1). (9.5)

Proof. Since supg® < o, s0 supg (P —1) > —oo, and therefore supg (P —1I) is finite. By definition,
there is a sequence {s,} in S such that

Sup (B — 1) — - < B(s5,) — I(s,) < sup (®—1) .
S n s

In particular

~
—~

n
=
S~—

AN

1
D(sy) +— —sup (P — 1)
n S

< sup®+1—sup(®—1)
S S

and therefore

{sn} C {x:](x) < sgpcl)—kl—sgp(cb—])}

which is compact. Hence there is a subsequence of {s,} (and for simplicity denoted again by {s,}),
such that s,, — s9. Since S is closed, so sp € S. Since @ — I is upper semi-continuous,

sgp (D—1)> D(sg) —I(s9) > limsup (DP(s,) —I(sy)) = sgp (®-1)

n—oo

so so achieves the supremum of & —7 on S. U
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Proposition 9.4. Let [ : E — [0,00] be a good rate function on a Polish space (E,p), and let S be a
closed, non-empty subset of E. Define for 6 > 0

S8 = {s€E:p(s,S) <8}
{s€E:p(s,s') <& forsomes €S}.

Then
inf I(s) T ingl(s) as 010.
se

589

Proof. We argue by contradiction. Suppose inf,_¢sI(s) 11 as 6 | O for some [, but [ < infseg/(s).
Then for every n, we may choose s, € S /7 such that

1
I(s < inf I(s)+ -
() < inf 165)+

1
< I+-.

n
In particular (s,) C {I <[+ 1}. But [ is a good rate, so {I < [+ 1} is compact, hence there is a con-
vergent sub-sequence {s,, } such that s,; — s¢. S is closed, so sg € S, and therefore (sg) > infyes(s).
While by the lower semi-continuity

I(s0) liminf/(s,,)

n—oo

[

inf/
infI(s)

VAN VAN VAN

which is a contradiction. [
A very useful tool is Varadhan’s contraction principle.

Theorem 9.5. (S. R. S. Varadhan) Let I be a good rate function governing the large deviations of
{P::€>0}onE, and f : E — E' a continuous map (E,E" are Polish spaces). Define

I'(s") =inf {I(s) : s € E such that f(s) =5} .
Then I' is a good function on E' that governs the large deviations of {Pzo f~1 : € > 0}.

Exercise in Problem Sheet 3.
Indeed all conclusions follow directly from definitions. We will give a proof of a generalization
of the contraction principle.

Definition 9.6. Letr {P; : € > 0} be a family of probability measures on a Polish space (E,p). Then
{P; : € > 0} is exponentially tight if for every ¢ > 0 there is a compact set K, in E such that

limsupelogP: (E\ K;) < —c. (9.6)
el0

Begin with an elementary fact.
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Lemma 9.7. If x¢ and y, are positive (for small € > 0), then

limsup elog (x¢ +ye) < max < limsup €logxe, limsupelogye 9.7)
el0 el0 £l0
and
liminflog (x¢ +ye) > min {liminfelogxg, liminfelog yg} . (9.8)
el0 el0 el0

Proof. We have

log (xe +ye) < log{2max (xe, ye)}
log?2 +log {max (x¢, ye)}
= log2—|—max{logxe, log )’e}

so that
limsupelog(xe +ye) < limsupéelog2+ limsupemax{logxe, log ye}
el0 el0 el0
= limsupmax{€logxe, €log y¢}
€l0
< max { limsup€logxe, limsupelog ye » .
el0 €l0
Similarly
log (xe +ye) > log{min(xg, ye)}
= min{logx,, log y¢}
so that

lirrﬂ)nflog (xe +ye) > min{liminfslogxg, liminf € log yg}
€

€l0 €l0

> min{liminfslogxg, liminfelog yg}.

€l0 €l0

The following result is similar to the tightness criterion for weak convergence.

Theorem 9.8. If {P; : € > 0} is exponentially tight and satisfies the weak large deviation principle
with rate function I, then

1) I is a good rate function.

2) I governs the large deviations of {P; : € > 0}.

Proof. For every ¢ > 0, we choose a compact set K. such that (9.6) holds. Since K. is compact, by
the weak large deviation principle

—c > liminfelogP.(E\ K.) > — inf |
€= €l0 ghe(E\Ke) = E\K.
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which yields that

inf I >c
E\K,

so that
L={s:1(s) <c} CKcy.

Since I is lower semi-continuous, so that /. is a closed subset of a compact subset K. . Thus /. is
compact.
Next we prove that the upper large deviation bound holds for any closed set S in E. In fact for any
c>0
Pe(S) < Pe(K.NS) + Pe(E\K.)
so that

limsupelogPe(S) < limsupelog[Pe(K.NS)+ P:(E\K,)]
el0 el0

< -|(tr)
< - |(m)

for every ¢ > 0. Letting ¢ — oo we obtain

limsup elog P (S) < —inf/
elo §

which is the upper bound for large deviations. [

Theorem 9.9. (S. R. S. Varadhan) Let I be a rate function governing the weak large deviations of
{Pg: € >0}, and let @ : E — (—o0,00| be lower semi-continuous. Then

liminfelog/efdPg > sup (©-1). 9.9)
el0 E PAI<oo

Proof. As we have indicated, lower bounds for large deviations reflect only local property of the
family of distributions Pe. This point is demonstrated clearly from the proof below. For any s € E
such that ®(s) —I(s) < co and 6 > 0 we have

liminfe log / eedP. > liminfelog / e dP,
€l0 E €l0 B(s,8)

Vv

o np(s.5) P
hmlnfslog{e € Pe(B(S75))}

el0

inf ® +liminfelogPe(B(s,d
B}S,S) * 0 gPe(B(s,0))
inf ®— inf /
B(s,6)  B(s,0)

> inf ®—I(s)
B(s.5)

v

Letting 6 | 0, since & is lower semi-continuous, we obtain
liminfe log / ¢edP, > lim inf ®—I(s)
€l0 E 510 B(s,5)
> P(s) —1(s)

39



for any s € E, it follows thus that

hmmfslog/efdPg > sup (D-1).
€l0 E DAY <oo

[

Theorem 9.10. (S. R. S. Varadhan) Let I be a good rate function that governs the large deviations of
{Ps: € >0}, and ® : E — [—co,00) upper semi-continuous which satisfies that

lim limsup € log / eedPy = —oo, (9.10)
€7 gl0 {®>c}
Then
limsupslog/ eedP: <sup(®—1). (9.11)
€l0 E E

Proof. Let us first consider the case that & is bounded above by M > 0. Given ¢ > 0, the level set
K. = {I < c} is compact in E. Since ® is upper semi-continuous, for any § > 0, we can choose finite
many s; in K, and positive numbers r; (where 1 < i < n) so that K, is covered by balls B; = B(s;, r;),
and

sup® < P(s;)+ 9 ; ilr§1fl >1(s;)— 96 foralli.

B i

P P D
/esdPg = / eedPg—i-/ eedP;
E E\G UL, B;

M /! @
< e P(E\G)+ ). [ edP;
i=1vBi

Let G =U!_|B;. Then

n

< eg—HongE\G +Ze g +10gP€()
i=1

< %(M—kelong(E\G))

n
Z L((@(s;)+8)+elog P (B:))

and therefore

limsup €log / et dPe
el0 E

IN

max {M+ limsupelogP: (E\G),(P(s;) +6) +limsupelog Pe (B,-)}
€l0 €l0

IN

max {M— inf 7, (P(s;) + 0) —ir_1fl}
E\G Bi
max{M —c,(P(s;) +98)—I(si) + 6}
max{sup(@—]),M—c} +26.
E

IN

IN
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Letting 0 | 0 and letting ¢ — o we obtain (9.11).

For general &
@ @ @
/eedpg — / egdPg+/ eEdPg
E d<c dP>c

PAC P
S / e ¢ dPg + / ezdPg
E D>c

so that

limsup € log/ e%dPg
el0 E

< max sup(fb/\c—l),limsupelog/ e%dPg
E el0 d>c

< max sup((b—[),limsupslog/ e%dPg
E €10 D>

and finally by letting ¢ — oo, since

lim limsupelog/ e%dPg = —o0
e glo D>c
we obtain

limsupslog/efdPg <sup(®-1).
el0 E E

[

Theorem 9.11. (S. R. S. Varadhan) Let I be a good rate function that governs the large deviations of
{P::€ >0}, and ®: E — R a continuous function which satisfies

lim limsupslog/ eedP, = —oo. (9.12)
e glo {®>c}
Then
limelog/e?dPg = sup(®—1) . (9.13)
€l0 E E

It follows directly from the previous two theorems.

Lemma 9.12. If a continuous function ® : E — R satisfies

(fetar)
sup e"edP; | <o
0<e<l E

for some o0 > 1, then (9.12) holds, that is

C—>0o0 8\L0

lim limsupelog/ e%dPg = —o0,
{P=c}
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Proof. Indeed by Holder’s inequality

[ @
[ etan < ([otar) (/ d&)
{DP>c} E {P>c}

o 1/(X . o 1-1 /a
< (/ eaea’Pg) e % / % dP;
E {Dd>c}
< ol / e“tdp,
N E
and therefore
@
elog / ecdP
{®=c}
@ €
< (I—oa)c+log (/ eo‘sdPg) :
E
The conclusion thus follows immediately. [

10 Contraction principles, continuity theorem

In practice, we more often deal with random variables directly, so we may introduce the following

Definition 10.1. Ler {X¢:€ € (0,1)} be a family of random variables in a Polish space E on a
probability space (Q,.F ,P). We say {X® : € € (0,1)} satisfies LDP with a rate function I, if

limsupelog P[X® € F] < —infI(s) (10.1)
€l0 seF

for every closed subset F C E in E, and

liminfelog P[X® € G] > — inf I(s) (10.2)
el0 seG

for every open subset G C E.

In this section, we study the following question. If {X?: e € (0,1)} (n=1,2,---) are families
of random variables valued in £ on (Q,.#,P), suppose Xt converges to X as n — oo (for each &),
and suppose for each n, {Xf : € € (0,1)} obeys LDP with rate function I,, under what conditions,
the limiting distributions of {X® : € € (0,1)} also satisfies LDP, and if so, how to calculate its rate
function?

First of all we have the following contraction principle.

Theorem 10.2. Let E E’ be two Polish spaces, and f : E — E' be continuous. Suppose {ZF : € €
(0,1)} satisfies a LDP with a good rate function I, then X¢ = f(Z¥) satisfies LDP with rate function

I'(s") =inf{I(s) : s € E such that f(s) =5} .

A generalization of this theorem is needed in order to deal with Wiener functionals which are only
measurable functions of Brownian motion sample paths. To this end, we introduce the following
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Definition 10.3. Ler {X : € € (0,1)} and {X? : € € (0, 1)} be families of random variables in a Polish
space E on (Q,. %, P). Then we say Xt converges to X¢ as n — oo exponentially, if for every 6 > 0

lim limsupelogP [p(XF,X€) > §] = —oo (10.3)

n—oo EJ,O
where p is the distance function on E.

In Lemma 10.4 and Lemma 10.5 below, {X?: €€ (0,1)} and {X®: €€ (0,1)} are families of
random variables in a Polish space (E,p) on a complete probability space (Q,.#,P), X converges
to X¢ as n — oo exponentially and for each n, {X{ : € > 0} satisfies LDP with a good rate function I,.

Lemma 10.4. Let G C E be open. Then

lirrﬁ)nfelogP[Xs € G] > —limsup inf I, (10.4)
€

oo By(8)
for every s € E and 8 > 0 such that B;(28) C G.
Proof. By the triangle inequality
{X; €By(8)} C {X® € By(26)} U{p(X;.X*) > &}
and therefore

P[X; € By(8)] < P[X® € B,(26)] + P[p(X;,X*) > §]
<P[X*eG|+P[p(X;,X?) > d]

whenever Bs(28) C G. Therefore
elog(P[X® € G|+ P[p(X?,X®) > 8]) > elogP X} € By(5)].
By Lemma 9.7

limﬁ)nfslog{P [X® € G|+ Plp(XF,X?) > 6]}

€

< max{lim&)nfslogP[X“3 =xe] ,hrrﬁ)nfelogP[p(X,f,Xg) > 5]},
€ &

and by assumption that X — X ¢ exponentially as n — oo, for every ¢ > 0, there is an number N; such
that
limsupelogP[p(X:,X?) > 6] < —c Vn>N.
el0

Hence for n > N; we have
lirn&)nfelogP[X,;3 € By(98)] < lirri%)nfelog (P[X® € G]+P[p(XF,X?) > 8]
E &
< lir%nfslogP(Xe €G)V(—c),
&
together with the LDP lower bound for X;f, we deduce that

liminfelogP[X® € G]V (—c) > — inf 1, 10.5
iminfelogP[X* € GJV (~¢) > — inf I, (10.5)
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for all n > N;. Hence

limﬁ)nfelogP[X£ € G|V (—c) > —limsup inf I, (10.6)
&

n—oo By(6)
for every ¢ > 0. If liminfg g €log P [X® € G| = —co then

—c > —limsup inf [,
- n_>oosz(5) "

for every ¢ > 0, so that limsup,,_, . infg (5)1, (s) = oo. Otherwise, letting ¢ — oo in (10.6) one obtains
that
limﬁ)nfslogP[X‘9 € G| > —limsup inf I,
€

n—oo Bs

which completes the proof. 0

Lemma 10.5. Let S C E be a closed subset. Then

limsupelogP[X¢ € S] < —limliminf inf ,(s) (10.7)

where S = {s € E : p(s,S) < 8} for every § > 0.
Proof. By the triangle inequality we have
{X¢eS}cC {X,f € §5} U{p(XF X%) > &}
so that ~
P[X¢ecs] <P [X,f c Sﬂ +Pp(XE,XE) > §]

and therefore B
elogP[X¢ € S| < elog {P [X,f c 55] 4 P[p(XE,XE) > 6]}.

It follows that

limsupelogP[X® € S] < limsupelog P [X,f € S_5] VlimsupelogP[p(XF, X?) > §]
el0 el0 el0

for every n and 0 > 0. Since X7 — X¢ exponentially as n — oo, so by letting n — oo in the previous
inequality we obtain

limsupelogP[X® € S] < limsuplimsup €log P [X,f € S‘s}
el0 n—yoo el0

< limsup (— inf1n>

n—oo S0
= —liminfinf/,
n—eo oy

for every 0 > 0. Finally by sending 0 | O we therefore have

limsupelog P[X® € S| < —limliminfinfZ,.
€0 610 n—e g5
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The proof of the following theorem may be also found in standard books on large deviations such
as [24].

Theorem 10.6. Let E,E’ be two Polish spaces, f, : E — E' be a sequence of continuous mappings,
and I be a good rate function. Let

L(s") =inf{I(s) : s € E such that I(s) < o and f,(s) =s'}

where n =1,2,---. Suppose f, — f uniformly on I. = {x:1(x) < c} for every ¢ > 0 asn — oo, so f
is well defined on {s € E : I(s) < oo}. Then

I'(s') =inf{I(s) : s € E such that I(s) < e and f(s) ="}

is a good rate function.
Suppose {X} : € € (0,1)} is a family of random variables in E' satisfying LDP with rate function
I', and {X} : € € (0,1)} converges to {X¢ : € € (0,1)} exponentially
lim limsupelog P [p’ (X7, X®) > 8] = —eo, (10.8)

n—yoo S\LO
where p' is the distance function on E', then {X® : € € (0, 1)} satisfies LDP with rate function I'.

As a special and useful example, we have the following corollary, which is called the contraction
principle in LDP literature.

Theorem 10.7. Let E,E’ be two Polish spaces, and f, : E — E' be continuous mappings. Suppose
random variables {Z¢ : € € (0,1)} in E satisfies LDP with a good rate function I. Suppose

1) fu(Z%) = XE converges to X exponentially as n — oo,

2) fu converges to f uniformly on I, = {x:1(x) < c} for every ¢ > 0, so f is well defined on
{s € E :I(s) < oo}.

Then X¢ satisfies LDP with rate function

I'(s") =inf {I(s) : s € E such that I(s) < e and f(s) =s'} .

Proof. of Theorem (10.6). First of all we show that I’ is a good rate function on E’. Consider
Il ={s:I'(s)) <c}. Let {5} be any sequence in I.. For each n, we can choose s, € H such that
f(sp) =s), and I(s,) < c+ rl; In particular {s,} C I.;; and therefore is compact in E, so without loss
of generality we may assume that s, — s in E. Since [ is lower-semi continuous

I(s) <liminfI(s,) <c.

n—soo

On the other hand fj converges uniformly to f on /., ;. Thus for any € > 0, there is N; such that

pIs) S(5)) <5 k= N

In particular
&€
P’ (fi(sn),sh) < 3 Vk > Ny, Vn.

On the other hand, fy, is continuous on E, there is N, such that
O (v, (), fov, (sm)) < = Vn,m > Ny
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Therefore

pl(sizvs:n) < p/(fN1 (Sn>7s;z) +p/(fN1 (Sm)7S:n)
+P/(fN1 (Sn), Sy (Sm))

< € Vn,m > N,.
Hence s/, — s’. Since f is continuous on ., | we thus must have
f(sn) = f(s) =+

which implies that s" € I’.. By definition I’ is a good rate function on E’.
Next we are going to prove LDP bounds. First we prove the lower bound. We need to show that

liminfelogP[X€ € G| > — inf I'(s) (10.9)
el0 s'eG

for any open set G C E'. If infycg I’ (s") = o then there is nothing to prove, so we assume that

[=infl <o (10.10)

For every 6 > 0, there is an s;, € G such that
1<TI'(sp) <1+6.

Choose 6 > 0 smaller than 6, such that Bs6(28) C G. By definition, there is an sg € E such that
I(s0) < oo, f(s0) =sp and I(so) = I'(sy). Hence [ < I(sp) <[+ 6. Since f, converges to f uniformly
on /¢, there is an N; such that

P (fuls),f(s)) <O  Vn>Ni,s €.

In particular
p'(fu(s0),sp) <O  Vn>Nj.

It follows, by the definition of I/, that

inf I <I(sg)<I+6 Vn>Nj.
Bxé(e)

Since Xf converges to X¢ exponentially, by Lemma 10.4, we have

liminfelogP [X¢ € G| > —limsup inf I/ > —1—0
8¢0 n—oo BS6 )

for every 6 > 0. Letting 6 | 0 to obtain the lower bound (10.9).

Next we prove the upper bound. For any non-empty closed set S, for 6 > 0 we consider §9 —
{s" € E":p'(s',S) < 8}. Then, by Lemma 10.5,

limsupelog P[X® € S] < —limliminfinf7),. (10.11)
€l0 60 n—e g5

Let

[ = limliminfinf7),.
EJ,() n—oo STS
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If [ = oo then there is nothing to prove. Therefore we assume that [ < o. Then, for each n there is an
s;, € E', such that p’(s},,S) < 1, and

1

For each n we may choose an s, € E such that f;,(s,) = s, and I(s,) < [+ 1. Since / is a good function
and s, belongs to the compact set 7, |, thus, without loss of generality, we may assume that s,, — s.
Since f, converges uniformly on I;,, so that f,(s,) — s" and f(s) = s'. It is clear that s € S and
I(s) <limy,_eI(s,) <1, so that I'(s") < I. Hence

inf I'(s') <I'(s") <1
s'eS
and therefore
limsupelogP[X% €8] < —1 < —inf I'(s)
€10 s'es

which completes the proof. O

11 Schilder’s theorem

In this section we prove Schilder’s large deviation principle for Brownian motion in uniform topology.
There are many different proofs, we however present a proof by using an approximation procedure
which can be used to prove refined versions, and to prove other large deviation problems.

Let us follow the notations used in literature on analysis of Brownian motion, such as stochastic
differential equations, Malliavin calculus and ec. In literature of these theories, the space C(R?) (or
equivalently C([0,0),R?) is denoted by W¢. Since we will deal with the law of the standard Brownian
motion with time duration [0, 1], which is supported on the continuous paths w with initial zero and
time duration [0, 1], therefore, for simplicity, we consider the path space W¢ = Cq([0, 1];R¢) with the
uniform norm || - ||y, H = H} ([0,1];R?) and u be the Wiener measure, i.e. the law of Brownian
motion (By),c[o,1] With Bo = 0.

H is the space of all R?-valued functions 4 on [0, 1] whose generalized derivative /1 = %h is square
integrable, and 4(0) = 0. The Hilbert norm of such 4 is given by

il g1 = ( /0 1 |h(t)|2dt) "
/Sth(r)dr

for all 0 < s <t <1, so we have a canonical continuous embedding H — W9, Therefore we will
consider H as a subset of W¢. That is, every element / of H is represented by its continuous version,
still denoted by h, in its equivalence class. Note that W¥ equipped with its uniform norm |||y« is
a Banach space, and its dual space of continuous linear functionals on W, denoted by W9, can be
identified with a subspace of the dual space of the Hilbert space H* = H. Therefore we have the
following canonical continuous embedding

Since

[1(2) = h(s)| = <V =s |l

W s H s W4,
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The law of Brownian motion  is then the unique probability measure on (W%, 2(W¢)) such that
2
VU@ (dx) = e 2l v e W s 1L (11.1)
Wwd

The triple (W9, H, 1) is called the classical Wiener space. We won’t use anything about Gaussian
measures or Wiener spaces, except the quadratic function 7 — % Hh||i{1 the co-variance function of
the Wiener measure, which is identified with the rate function for Schilder’s large deviation principle.

For € > 0, define I'(g) : W¢ — W¢ the scaling which sends a path x to \/ex. Then, clearly I'(¢)
is a measurable mapping from W one-to-one and onto W¢, the pull back of the Wiener measure
under I'(¢€) is denoted by u?, that is

u) = | Ve

so that i€ is again a Gaussian measure on (W¢, % (W%)) such that
VW e (gy) = e 2l vy e mL (11.2)
Wwd
Define 1 : W¢ — [0, 0] by
1

I(x) = §||xH§,1 if x € H (11.3)

and (x) = oo otherwise.

Theorem 11.1. (Schilder) {u® : € > 0} satisfies the large deviation principle with rate function I
defined by (11.3). That is

limsupelogu®(F) < — inf I(x) (11.4)
€l0 xeF

for every closed subset F C W and

lirri%)nfelogug(G) > —inf I(x) (11.5)
€

xeG

for every open subset of G C W¢.

The remaining text of the notes is devoted to the proof of Schilder’s large deviation principle.
For each n, let t* = 2—1; be the dyadic points in [0, 1], where k runs from 0 to 2". Let E,, = R¥'xd =
[17-, R?, endowed with the Banach norm ||a||g, = max; |a|. The natural embedding

gn E,— we
takes an element a = (ay,--- ,axn) € E, to a continuous path w = g,,(a) € W given by
1 k]

Wy = ap_1 —|—2”(t—t,/f_l)(ak—ak_1), if t e [l‘,]f_ -

where ag = 0.
On the other hand, there is a natural projection 7, : W¢ — E, by sending a path w € W to
ﬂn(W) = (Clk) with a; = Wik (k=1,---,2").
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Both mappings g, and 7, are continuous, and 7, o g, is the identity mapping on E,;, and g, o 7, is
the identity mapping on g, ' (E,). Moreover

|lgn(@)llwa = llalle,  Va € Ep (11.6)

Finally, for each n, we construct a continuous mapping f, : W¢ — W¢ by f,, = g, o m,. That is, f,,
takes each path w to its polygonal approximation w™) = £, (w) determined by

W,(n) = erkl_] —|—2n(l‘ —l‘,];*l)(wtlli — Wtrli—l). (11.7)

Applying mapping f;, to the coordinate process {x; : 7 € [0, 1]}, then x") = f, (x) where

X;(n) = Xkt +2"(¢ —fﬁ_l)(leg _xtylf’l)’ if re [tlli_l’t’]ﬂ'

Let u® denote the distribution of {\/Ext(n) .1 € [0, 1]} which are probability measures on (W9, (W%)).
Note that for fixed n, {v/2" (X,g — xtllrl) :k=1,---,2"}, under the Wiener measure i, is a family

of independent random variables with the same distribution N(0,1). We thus can derive a large
deviation principle for the distribution family {uf : € > 0}. More precisely, let {& :k=1,---,2"} be
a family of i.i.d with N(0, 1), and define b; by

V2 (b —by 1) =&, k=1,---,2"

with bg = 0. That is

1 k
bi=—=34.
2" 3
The distribution of b = (by,--- ,byn) is denoted by v, which is a Gaussian measure on the Euclidean

space E,. Let v be the law of the scaled Gaussian variable VE(by,- -+ ,by). The following is a direct
corollary of the Cramér theorem or from a simple computation.

Lemma 11.2. 7) For each € > 0 and natural number n, g, (\/Eb) has the distribution Uf.

n
2) {VE : € > 0} satisfies the large deviation principle on E, with a good rate function

11 &
La)= 55 Y (@ —ap_1)° (11.8)
221 =
forany a= (ay,--- ,am) € E, with convention that ap = 0.

Therefore, by the contraction principle, we have

Lemma 11.3. For each n, {uf : € > 0} satisfies the large deviation principle on W with a rate
function
I (x) =inf{l,(a):a € E, s. t. g,(a) = x}. (11.9)

Note that for any x € g, !(E,) there is exactly one solution a € E, to the equation g,(a) = x,

therefore
1 &

nw =52
2lc:l

2
(11.10)

xtg - X[rllc—l
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for x € g, ' (E,), and I (x) = oo on W9\ g, 1(E},).
Let us note that

2]’[ 2
el = X 27" g =g |, V€ g, (En), (11.11)
k=1
so that 1 2 |
oy S gl Vxe g (En)
) { o0 otherwise. (11.12)

Since x € g, '(E,) if and only if there is exactly one solution a € E, to the equation g,(a) = x, we
thus can rewrite

I (x) = inf{I(h) : h € W s. t. f,(h) =x} (11.13)
where 1|| ||2
x4, if xeH,
I(x):{ 2 if g HL (11.14)

Therefore we may rewrite the previous lemma in terms of mappings f; as the following.

Lemma 11.4. For each n, {uf : € > 0} satisfies the large deviation principle on W with a rate
function I, defined by (11.13).

In order to apply the generalized contraction principle, we need to study the rate function given
by (11.14).

Lemma 11.5. The function defined by (11.14) is a good rate function on W¢.

Proof. Let I, = {w: I(w) < c}. Then for each ¢ > 0, I. C H, and for any w € I,
t
/ w,dr
S

< \/Z_Cx/t—s

so that I, is bounded in W<, and is equi-continuous, therefore, according to Ascoli-Arzela’s theorem,
I is pre-compact. We need to show I, is closed in W¢. To this end we show that for any w € W¢

Wy —wy| =

I(w) =supl,(w) (11.15)
where

1
Li(w) = 5||fn(W)||§p
1 &

= ~) 2
22

since each I, is continuous on E, [ is lower-semi continuous, so that /. is closed in E. Thus we only
need to prove (11.15).
Let w € E and w™ = f,(w). Suppose sup, I,(w) < oo, then

1
sup /
n Jo

2

b

Wik — X k—
k!

2
w@‘ dt < oo,
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and therefore, for any u € Cy’ ([0, 1])

1
/ thW[dt
0

= lim
n—soo

1
0

1
0

1 2 1
< sup/ dt / |us|2dt
n Jo 0

so that w € L*([0,1]), that is, w € H'([0,T]), and I(w) < c. Finally we prove (11.15) for w €
H'([0,T]). By the fundamental theorem in calculus
/ ' wedt
i

ik

< o / " i e
1

1 1
I(w) < -/ i 2t = I(w)
2 Jo

On the other hand, by triangle inequality

= lim
n— oo

e

2
2

thf — Wtﬁfl

it follows thus that

hwwﬂ—hmﬂﬂ‘g Lo(w—w)!/2
< VIw—w)
so that we only need to show (11.15) for w € C*([0, 1]). In this case we have

I(w) > sgpln(w)

AV
| —
=
e
——
11
~
3§
=
T
)
——

= I(w)
We have thus completed the proof. [
Lemma 11.6. Forn € Nand é >0
2152
,u£[||x—fn(x)||wd26]§2”exp{— Se } (11.16)
In particular
lim limsup €log e [||x — fn(x)||yya > O] = —oo. (11.17)
n—oo E\LO
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Proof. Let B,(8) = {||x — f(x)||g > &}. If tX <t <t*+1 | then

|xt — fn(x)t| — xt _xt’lf +2I’l (l’ — l}f) <xl‘5+l _xt,1§>
< 2sup Xek g — Xgk
s<—
so that
He(Ba(8)) = Me {Sup sup  |x; — fu(x)e| 2 5}
ko tk<p<gkt]
0
< Mg SUp SUp Xk, —Xk| = =
K tgzin n n 2
sup su > 0
H kngzipi, thtt T X = 5 e
2" —1 S
< Y ud s [y x> 50
k=0 < PAVE
0
= 2"u < sup |x| > ——=
o 2VE
Now (11.16) follows from the Gaussian tail estimate. L]

Lemma 11.7. f, converges uniformly to the identity mapping on any level set I, = {w : w € H s.1.
I(w) <c}.

Proof. For any w € I, and n we have

faw) =wl| = max = sup [w;— fo(w)|

<k<2M_po
RS el ik

= max sup ’Wt - fn (W)t’

n
Rl S )
< 2 max — Wi
< 131%2” SUII) Wt!; L Wt!; 1
sSzT
t,’;_l+s
= 2 max sup Wids
I<k<2m

IN

— )
2 o lg}ixzn sup \// Wi|?ds
< 2@,/2—,1

so that f,(w) goes to w uniformly on /. O

Now Schilder’s LDP follows from the generalized contraction principle, Theorem 10.7.
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