C8.5 Introduction to SLE
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Problem 1.
Properties of Bessel process. Let Z, be a stochastic process such that
0—1
Az, = dt+dB
t 27, + Ay,

where dinR and B, is the Brownian motion. This process is called the Bessel process of
dimension zd. By Z7 we denote the Bessel process started at > 0. This process is well
defined up to the stopping time

T, = sup{t > 0| inf Z7 > 0}.
s€[0,t]

(1) LetW; = /\Zf//\Z. Show that W}, is a Bessel process.
(2) Show that

P[ inf ZF>0]=1
0<t< T,

if and only if § > 2. Show that in this case Z — oo a.s. for every z > 0.

Problem 2.

Suppose that g; is a chordal Loewner evolution with the driving function w; and the
corresponding hulls K}

2
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Let g = wup and let ® be a map which is univalent in some H-neighbourhood U of z
and ®(z) = ag + a1(z — x0) + az(z — x0)? + ... with real coefficients a,,. (Such maps
are called locally real at x(). Let us assume that there is tg > 0 such that K; C U for all
0<t<ty.

Define K, = O(K;)andlet g, : H\ K, — H be the corresponding conformal transfor-
mations. Define ®; = gro P o gt_l.

go(z) = z.

(1) Show that the maps g; satisfy the Loewner equation
- 207 (uy)?

Oy = #

g¢(2) — Uy

where @; = ®y(uy).
(2) Show that

() =2 (04fu) oy N - B )

(3) Show that one can pass to the limit in the formula above and obtain
(i)t (Ut) = lim d)t (Z) = —3(I>”(ut).
Z—ruy
(4) Show that

oy — o P (ug)*Ph(2) di(z)  9/(2)
q)t( ) 2 ( ((I)t(Z) - q)t(ut))2 + (Z — ut)2 z — ut> '
(5) Show that
&) (ur) = lim ${(z) = ‘;’é igz) - 4@4/;(%)'
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