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Chapter
thesohwarzschildblackhok

13 IT shdMriClgl6
Recall IGN 1

ds fl 27 Idt't I 2 dr't r dr
where

µ do'taino dot
round metric on the 2 sphere

nor dinates
r 2M

E O ca O s cut

this is the unique solution of EF Eqs forthe exterior gravitational field of a

statiosphericalysymmetrioe body
st as r o g n
ie g is asymptotically flat
Note exact sling of Rab 0 are very hard
to find in general



static there is a HSO TL killingvector
that is
there is a killing vector K at
which is TL 1 g K KK 01

gab is independent of t

Kv time translation symmetry
state mention

k is Hso there are hypersurfaces
It constant surfaces which are

orthogonal to the integral curves of K
metrio has no gai turns

spacetime is a family of 3 surfaces
space and K is pmpmdioularto these

E Ceasnstant
boras Rioa ii EY

e



spherically symmetric
gab is invariant under 3 space rotation

Equivalently there are 3 killingvectors ki
with algebra ki ki I Eijn Kh
ie the isometry group contains 5013
and the orbits are 2 spheres

Hypermufaces E t unstant with words
fr o 4 have surfaces r constant which
are 2 spheres

191 Birk hoff's theorem In Carroll
the Schwarzschild metric is the unique
spherically symmetric blution to vacuum

EFEN
Spherically symmetric tons of vacuum

ears must be static and asymtotically
flat



Whating 40

Analite SM far away from thebody
Rewrite SM in isotropic coordinates

ds Alpidt't Blpildfted
with dx4dy4 da

p Plr f Ity't I
x princess etc

Thin Alps I 2 Blp p r

2
and 1315 I 2 14

exercise r pftfI B It If
and A e 1 1421

It M2p

O



T Exercise

Blm IT and Bleic f HF
F 1 fl 2

bye f f l 2ft dr

I by f 2Mt 2rtarftkfftan.it
f 2C r tat rftymt
Take sign as p r s

p 241 fit ft2
solve her rep

Cerf It FF l 2



r r 2M zfe

rtt912
rNr

XaIezezttgf
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pI fef1t2t1eJcefbB
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Then

ds 1,41 at
I Ifs dx4dy4day

As p I r a

ds I Apt I I t d t

It 4 t d d

I 251 t I df't It 2 t.jdx.de
Comparing with metric in Action 2.2

M total mass
I o



Question

Want to extend the meth to
0 or E 2M

2 what happens at r o a re 2M

a r 2M coordinate singularity
r o physical ringularity
ie metric is singular in any
coordinator systems

This can be seen by looking at
curvature invariants

Rabid 12 48 M 62
rt

cannot use gab Rab as the vanishes
ie r o is a genuine curvature
singularity as this invariant diverges
Note that this quantity is finite
at rU4_ tidal farces hiniti at rtm



Need better understanding
construct a maximal extension
of the Schwarzschild blution
event briton at F 2M

Penrose diagrams



123.2 Radial hull geodesics lard
let L f gabialib Lagrangianfor

aflinely parametrited
geodesics

Thin
L I l F't't F r't ryo't simoof
where F l 2

L is constant abng geodesics GM

choose 2L 1 O I
SL N TL

Could use Lagrangian to study geodesics
geodesic eg A Euler Lagrange q

a la l Fa o

second order differential
equation

Instead it is better to exploit symmetries

0



Recall If K is a killing vector 0
then I Kaisa is constantan

geodesics
this gives first order differential eqs
first integrals

We have 4 killing vectors The
corresponding conserved quantities are

K It symmetry translation in time
L is independent of t

comnrued quantity energy
E Koko go E FE E II

ds

Ji fi in Xt 2k spherical symmetry
space rotations

commoved quantities
Qi Ji axa goodTio glop 0 51

0 for iraqis 0 15 0

Note one can prove that one can always choose
motion in the equatorial plane luring spherical nymmett
so 0 a 5 2



120
Thentheequations for radial hull gesderics are

E F E a

2L O FE t F f ly
i into a to eliminate E
0 F FE t F tr r E2

r r Es ro 2M

outgoing geodesics
incoming geodetics

so r afline parameter
l t dt

irate
fr
F E F I

dat Ft

t constant I r
where r rt 2M log Era l
ie t Ir vomit out

in



Incoming geschsi
lecture 11

r Ro Es Ro 214 r o for E o

T
ttr constant v past

ta
s St ro 2M Es l l

lt it
at finite value of s 111
into the future r reaches 214 ill
but as r 2M r o l l l

I Iµ

I r
where does the geodesic op h t

l lI l
I

t l
gloderies run off the 1

coordinate patch at
2M

at a finite s into the
future



utpi
r rot Es Ro 214 r o for E o

Tt r constant u future

ta
In this case gesdents 1

leave r 21 9 at i
l

finite s in the past f
Is st Es to 2M k
but as r 2M r o l I

a

where was the geodesic 111 r

before 11
l

geodesics run off the
11

coordinate patch at t a day
at a finite affineparametersinto the past



Ed Extnsn so
TheeddingtonFinkelsteisordinates
ProLbm geodesics cannot be extended
to arbitrarily large values of the
affine parameter so we have a

gesdesicallyincsmpletespaa.fi
New coordinate system GlidingtonFinkelstein
let U be the manihld br r 2M

with SM
and note that there is a disannected
manifold for a cram with the same metrics

Question can we extend h with the same metric
that is Is there a larger manifold
spacetime MI and metric gonMwhich is in aides with SM on Us
Recall ht rt 2M hg1 1

ht
ft r constant alongincomingnull geodesics

u t r constant along outgoing nullgeodetics

Then du Itt Ft dr
du Dt Ft dr



Inamics 160
coordinates v r O 4 at r 2M

Eliminating t in favor of v.IEgggaff9Qds2

Fdv42dvdrtrld1mn atr2t1 and extend it
to a larger manifold

extend h h oh for which o r
towards the c
future

outgoing
a

I l
r l g l Etta r

l l l 19

11
M 5 t

Vr surface r 2H
tea a to

ikr

I l r
v constantre 2M

asymmetry between inurning and outgoing geodesics
reo is in the future of incoming hull geodesics
at r2M_

FP hull geodesics op through r 2M

but not pastminting but going
no signal from an event in Crain
can escape I



Outping 170
coordinates u r O H

ds's Fda2dudrtrldsi.mnatr2M and extend
to a larger manifold

extend h h oh for which o r
into the 3 bluepast

t a 111 I
41

U smitant

l ll l lt.net
i

Ut 2r l l l l
1

t 2Mbgµ 11 I
l l

r
l l r

h

t Jk unitant
inurning

21 f no v

asymmetry between in and out geodesics
reo in the past of outgoing null geodesics
at rely

only outuming CPP null geodesics go
through ie escape r 2M



180

So we have a problem

u
insming direction only FRN

at r 2 M gesclerics go through
no outoping direction only PRN

gesden's gs through

at r o
in future of inurning N geodnis
in past of outping N gesdinis

1 Include booth extension In a Us in
one simultaneously

0



Ig
13.42 Thekruskatszelaresspacetime2

k 526 coordinates 49601

Write metrics in terms of 1h40 b
eliminate t h r in favor of un

Thin
ds2 Fdudv I

where
u t r v ttr

and r rt 2M bag 1 11

is t.at Cut v
re flu y

gives r intums of un

u constant along null out geodesics
v constant along null in geodesics



let there 28

Thin
run

UV e
4114M

e
Ty ht

tIEI ir IImt
r

FeriV

ethM
Remarks

r 2M A N or V vanishes

460 N 0 Schwarzschild spacetime

Metrics du le du DE Vdv

F du du F l 161421 du dlr

16142 21 e
72M du dlr

32 top g du DV



dsk 32M.eeMdUdVtr2dIacsM
regular at r 2M CU or V vanishes
singular at r O UV D

Extend Schwarzschild spacetime
to a manifold M

analytic
of cantimation he

with the KSH
h V O 4 are called Kruskataers

coordinates
maximal unique extmrion

I rimply connected
TL gooderically complete

h and a is snot abny N out geodesics
and v is canst abny N in gesdents



let 220
F at htt X f IN U

vs 2M

It at f e
144 14

My

l e 44M etc 4M er 1449

ash yea er 11

X ninh ftp erl4M hey l

The metric is well defined for o r c 2in
but coordinates become imaginary
For r c 2M We have see MTW 83.14 83 lt

T ainhytq er I

X ash at e tufa
However branny o re

UV zfy r 2M er 12M

hi've ethm



lecture 12

K St6npauHe causal
structure of Cmax extended Schwarzschildmetric
each mint on the plane 2 sphene

U axis T a Uso Uso V axis
4 re2M W TEt s

h
hnEE mn

t

g t ta

E l
r l ID

NSO VL 0 l Schwarzschild
r 5219

IF igg
its

r o

i oI zmmImh six
re 214

U constant along N out geodesics
V constant abny N in gosden's
Plot N V axes at Uso these correspond to r
Surfaces r constant
hyperbolas UV constant asymptoticto 4 04001

In particular r o is life carroature
mm singularity



240
surfaces teamstant
lines UV constant through origin
null gas denies

the constant inurninglines L g can hmf outgoing

Regions there are four regions of
KS ipautime dependmding on

bo
the signs of h f



Regions IO
250

le CO N 0 r 249

is Schwarzschild spacetime

A radially in falling obnuer or light signal
will cross him

a Ezra pratpnfIIEe

and enter region
Once there within a finite proper time it
will fall into the hingularity at fo

any light signals sent from will
remain in and will fall into the
singularity Carmider light ones

We call the surface r 2M an

Invention and region
a Iblackhsff CB J
Bernard VIII Ur

ing Eddington Finkelstein ipau time



Region I It

II Us

at Eddington Finkelstein ipau time

Any signal in must have originated
in the singularity r o and within
a finite time must leave If
we call region a

whithslet
hypotetical

O



EID this is new 270

h s o Veo RIM
this region is isometric to Schwarzschild
In fact Ch V f h V

is an inner of the Kruskal seekers metric
and it is another asymptotically
flat region of space time outside the
surface r 2M

Geodesics crossing from IO to
must be Paulita
Any light signals sent from ID will
end up at r o b an observer in II
cannot ammunicate with one in



Consider the hypwsurfaces Et
with t constant
These are lines through the origin

UV's constant
Recall Schwarzschild metric in intropic
coordinates 011
ds gdt't k 144111

dxidyidawhere flat metric on E
re ell t 2 pEx4g4z

The nutria on t constant hipnsurfaces It
is oombvmalb

flatds.aeltztptjtCdp4p'dri
These coordinates over VIII as rszig

Note that there are two values offpreach

I9 2

O



In these coordinates the map
p f MI

4p
is an ibm et which corresponds to

Ch V l U V
of the KS spacetime and which
leaves Ned

p
1

This is a surface of radius r 2

Comidw mw the geometry of It
real r 2M p Mlc on both
sides that is connider the geometry
of spacetime as we approach the
origin N V o

0



We have 300

DSI Itf Cdp't Edt
I
p

ht 0 172 to draw a picture of the
equatorial plane
One can prove that this is the metric
on the surface
x't y flat 214

2
in E

where X rah g ruins and

feller 214
b a two identical spies04 appended at

iirhi.otIfiieiniifI.nsiiiTs4a
i.E.am

f

i t Inkµ tram to lorvice
t l bean f versa

1 has to be
II s II 2Mcpaah



lecture b

13.52 killing vectors hull hypnturfaces
and hunt horizons

Killinguechtoneeall
SM is static

k at is a HSO TL killing vets

In terms of N V

K 7th Jut 2tV2o f U2utV2v
and

glk.lt 2gurKnKV 2fIerhMqV
ll 2fI

K is t when he to ie r 214 ie 9

f PTL geodesic in PPTL geodesic in II
Kis Nell when W o ie r 2

ie h o or V o

K is SI when NV o ie r 2214 ie IO t

1 The KSM ismtstatite in these regions
Is there a TL killingvets in these regions



g

NWl 320
let celd be a smooth function on spacetime
Gnrider a family of hypersurfaces I defined by

CCH constant
Vector field normal to E are ha 42 all

or n 4 gab ace 2ns

Definition We say that E is

space like iff g nm 0

null iff glant o

timelila iff glmnl co

For the Ks spacetime comridir the hypersurfaces
r constant

n ul gab ar 4 F ar

Y F 212 212
4

42 82

gln n gas n h gr 44
2
Y F

422 e
424 z f

O



so ideas are 330

space like when r 2M IO RED
null when r 214 leo or 8 0

on eiritors
timeline when r 2204 9

n is Hso but not killing so then
region are dynamical

let E be a nullhypnnuface with normal
n Y gab by 2A

A vector V tangent to E satisfies

gln v o

Hence nisitselfatangmtverbit
Clorenttian signature

so for some null curve Xals in I

ha dyads

ie integral curves of a lie in E

O



Moreover The integral curves of n
340

are null geodesics

proof
Tn Nb na Ta Ub ha Fa 4254

na Fat 24 4 Vadasy
144 Tat hah 4F9Tb2aY
Yt Tnt nb that 44ha
Tnt nb 4 44 9

na tatOblhana
As glnin o on E Tb n 0

On Nb 44 Tnt Nb Ltd haha 0hL
Now Tb haha fhb brbmne f 0hL
as hana is constant on E Tb haha
must be normal to E

Hence Tn Nb Tnt tat f Nb
note that gndesics are mt necessarily
affinely Parametrized



350
One can of course find afhhely
parametrized geodesics ie one can find
a function I st it In satisfies
it a Va Fb O

Definition null aflinely Parametrized
geodesics are called the generators of the
null hypermrface E

For the KS spacetime
he event briton 4 0 re 2M
has normal

h
4 4 V 20 42

It is mt too hard to prove that
it Tv

are aflinely parametrited hull opsclerics
and the alpine parameter is v and hence
owe the generators of the event briton



Definition A null hypersurface z is a

killinghsrite of a killing vector field K
if k is mrmal to E 0nE_
Suppose n is normal to E and that the
corresponding geodesics are a finelyparametrized

ie na Ta Hb 0

A KV normal to 2 hasthe bum K f n ont
br same function f
Then Ka Ta k

b k Kb

kaTak's Ka Ta fnb K 9 Va f n't floated
Vic f Kb

so be f Tk f
Definition K is called the hypersurface

gravity
Fortheks Spacetime U o r 2M

is a killing horizon of the killing
vector field K 2 We can compute

k 1 419



k is constant abny integral curves
of K and hence it is constant
on the hull hypermutau I

he is interpreted as the force that an

observer at infinity needs to apply
to a unit man list particle to
stay at the briton


