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Global convergence of the GTR method

Theorem 11 (GTR global convergence)

_et f € C%(R™) and bounded below on R™. Let V f be
_ipschitz continuous on R™ with Lipschitz constant L > 1),
et {=*} be generated by the generic trust region (GTR)
method, and let the computation of s* be such that

m(s*) < my(s®) for all k. Then either

there exists k£ > 0 such that Vf(z*) =0

or
limg oo |V f(2®)| = 0.

[(*) L > 1 for convenience, to ease calculations.]

We (only) prove lim infy_, o ||V f(2*)|| = 0 (which also
implies finite termination of GTR) next.
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Computation of the Cauchy point

Computation of the Cauchy point: find o* global solution of
r;l;%mk(—an(m’“)) subject to ||aV f(z®)| < Ag,

where my(s) = f(zr) + sTVf(a*) + :sTV3f(a*)s, & Vf(z*) # 0.

< Ak

— IVF(@R)| .

B §(a) i= mu(—aV (@) = f(@*) — al VF(@")|? + -k,

where h* := V f(2F)TV2f(z*)V f(zF).

B |aVf(zR)|| <A &a>0& 0< —

B ¢'(0) = —||Vf(zF)||? < 0 SO ¢ decreasing from « = 0 for suft.
small «; thus a* > 0.
k 2
B Ak > 0 am = ”Vf’(;: ) = arg ming~g ¢().

—> o = min(amin, @).

c —

mhF < 0: ¢(a) unbounded below on IR and so o = @&.
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Proof of global convergence of the GTR method

Lemma 12: (Cauchy model decrease) In GTR with Cauchy
decrease m(s*) < my(s¥) for all k, we have the model

decrease for each k,
f(@F) —my(s®) > f(z*) — my(sd)
. VFf x®
> LIVF@*)] min { Ay, I

Proof of Lemma 12. (Recall Computation of the Cauchy point)
If h* < 0, then my(—a®V f(z*)) < f(z*) — ¥V F(zF)]|2. In this
Apg
|V f(z*)]]

f(@®) —myp(sk) > Ag||Vf(2*)]l.
Else, h* > 0; then a* = min{amin, @} Where amin = ||V £(z*)|?/hF.
Assume first that o = a. Then o*r* < ||V f(2*)||? and

akz 2 ak:
F(@®) — mp(sk) = k|| Vr@®)|2 — Lslnk > %2 vik))?,

and so

case, we also have of = &
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Proof of global convergence of the GTR method

Proof of Lemma 12 (continued).
and using the expression of a,

f(ajk) — (Sk) > 2||Vf(a:’<=)|| ||Vf(:13k)||2 — %Akllvf(mk)”
Finally, let o* = amin = ||V f(z*)||?/R*. Replacing this value in
the model decrease we get

k\2 k|14
Fla*) — mi(sl) = ok () |2 - e = IWHEOI

and further, by Cauchy-Schwarz and Rayleigh quotient
iInequalities,
IVF@EI* IV £ (=) ||*
2h* 2(VF(@F)TV2f(2F)V f(aF)

[V £ (") V£ (%)
Z V@M 2 2AFIVIFEOD

k k |V f (z*)]|?
Thus f(z") —mw(s) 2 sarossenn: O

[(*) “+1" is only needed to cover the case H* = 0.]
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Proof of global convergence of the GTR method

Lemma 13: (Model error bound) Let f € ¢c2(R™) and V£ be
Lipschitz continuous on R™ with Lipschitz constant L. Then in
GTR, for all k > 0, we have |f(z* + s*) — my(s*)| < LAZ.

Proof of Lemma 13. Mean-value theorem gives

f(a* 4 s%) = f(2*) + (s*)TV f(aF) + 3(s*)TV2f(&F)s"
for some ¢* on line segment [«*, =* + s*]. Then the definition
of my(s) = f(z¥) + sTV f(xF) + %sTvzf(a:k)s gives

[f(a* + %) — mi(s®)] <5I(s*)TV2F(EF)s — (s*)TV2f(aF)s¥|
< SIE)TVF(ER)s®| + 31(sF)T V2 f () s*|
< ZUIV2EERN + IV2F(@F)I] - [Is*]12 < L|s*||2< LA,

where in the penultimate inequality we used that (v # Lipschitz
continuous with const. L) < (||V2f]| uniformly bounded
above by L), and in the last inequality we used that ||s*|| < A,. O
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Proof of global convergence of the GTR method

Lemma 14: (Successful iterations) Let £ € ¢c2(R™) and Vv f be
Lipschitz continuous on R™ with Lipschitz constant L > 1. In
GTR with Cauchy decrease my(s*) < my(s¥) for all &,
suppose that v £(z*) # 0 and

0.45
Ap < T“Vf(f’?k)” (1)

Then iteration & is successful and A1 > A,.

Proof of Lemma 14. v 5 Lipschitz continuous on R™ with
Lipschitz constant L > 1 = 1 + ||V2f(z)| < 2L and so from

VS
1+ [|[V2f(x®)]
1
f(x®) — my(s®) > 5||Vf(w’“)IIAk >0
and Lemma 13 that |f(z* + s*) — mx(s*)| < LAZ. We evaluate

) @) —mi (b)) 2LAZ  _ 2LA,
pr — 1 = ren —maeh S mgvren] — vieon = 09 = pr 2 0.1.0

@, we deduce A, < Lemma 12 now gives that
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Proof of global convergence of the GTR method

Lemma 15: (Lower bound on TR radius) Let f € ¢2(R™) and
V f be Lipschitz continuous on R™ with Lipschitz constant

L > 1. In GTR with Cauchy decrease my(s*) < my(s¥) for all
k, suppose that there exists € > 0 such that ||V f(z*)| > € for

A > 7 e for allk > 0.

Proof of Lemma 15. Assume the contrary: k is the first
iteration such that A1 < %32e. Then k unsuccessful and

Apt1 = 2. Thus A, = 24,1, < 222 < 22|V f(2F)| and so
by Lemma 14, k£ must be successful contradiction. O
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Proof of global convergence of the GTR method

Theorem 16: (The case of finitely many successful iterations)
Let £ € c2(R™) and V£ be Lipschitz continuous on R™ with
Lipschitz constant L > 1. In GTR with Cauchy decrease
m(s®) < my(s®) for all k, suppose that there are finitely many
successful iterations that occur. Then z* = «, for all &
sufficiently large and v f(x.) = 0.

Proof of Theorem 16. Let k&, be the last successful iteration.
Then GTR implies z* = z, for all K > &, + 1. As all remaining
iterations are unsuccessful, Ax+, = 2A, forall & > &, + 1 and
SO A, — 0as k — oo. If Vf(ako-t1) #£ 0, then let
e = ||V f(zF-T1)| In Lemma 15, which implies that A, is
bounded away from zero; contradiction. Thus vV f(z**t1) =0
and so Vf(z*) = Vf(z,) =0forall & > k, + 1. O
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Proof of global convergence of the GTR method

Theorem 17: (At least one limit point is stationary) Let

f € ¢%(R™) and and bounded below on R™. Let V£ be
Lipschitz continuous on R™ with Lipschitz constant L > 1. Let
{z*} be generated by the generic trust region (GTR) method,
and let the computation of s* be such that my(s*) < my(s¥) for
all k. Then either there exists k£ > 0 such that v f(z*) = 0 or
liminfr_, oo ||V f(z*)| = 0.

Proof of Theorem 17. If there exists k such that v f(z*) = o,
then GTR terminates. Assume there exists € > 0 such that
|V f(z*)|| > e for all k. Then Th 16 implies that there are
infinitely many successful iterations k& € S, and from GTR/px,

f(@®) — f(&*) > 0.1(f(z*) — mr(s"))

> )
> OV () min{ INEEOL L A

for all k € s, where we also used Lemma 12.
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Proof of global convergence of the GTR method

Proof of Theorem 17 (continued).

Vv f Lipschitz cont. with Lips const L > 1 = ||V2f(z)|| < L Vz.
Thus since ||V f(z*)|| > € for all k, we have for all ¥k € S that

L k41 . € . e 0.45
x”) — f(x > 0.05 —L, A > 0.05
f(x®) — f( ) > em1n{2L, k}_ emln{ZL, 2L€ ,

where we also used Lemma 15. Thus

forallk e 81 f(z*) — f(a*T) > %22 ()
Since f(xz*) > fiow for all &, we deduce
f($0) - flow 2 f(wo) - limk—)oo f(wk) > Zz o(f(wz) T f(wH—l))
— Z,,;Es(f(w’) f(fl?z-l_l)) > |S|001 g (**)

where in '=" we used f(z*) = f(z**) on all unsuccessful k&,

and in the last '>', we used (*) and |S| =no. of success-

ful iterations. But LHS of (**) is finite while RHS of (**) is infinite
since |S| = oo. Thus there must exist & such that |V f(z*)|| < e.O
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