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My C3.4 Wbm{c grometny notes (see C2.1 Course webpagr) +ry +o

FU He gap between dassical adpebanc geomebry (C34)and €21
Prerequisites

Comwl\wiavHve, a\a,c\am, (2-%- A‘\'i\aa\,\— Mo.cDov\a&o\’ |nfeoduckon Yo Comm.A\a.)

Category Yhaory — or W‘\l\'f\amesr o ead hings up as netessary
HOMo(’,oa.;cc,Q aﬂj}bm— o vsl€\|\'r\aqess‘ -Lo read -H/\‘\r\as ue as neC.e.SSN‘g,

Expechakons
That you read the notes amd Yo wain refecence reau\\av-l-g afler

eadh class.

Not gverylning can be covetd tn detail in class, so yow need 4o be
\ﬂ‘\\\h\-& to look Haings up as necessacy.

Convenhons

Diaua.rams tommule  unless we say othwwise

Ring means ommutabve ring with unmbt 4



0.1 Classical Algebrmaic Geomelry = Affine voriekes

R= k[?t., ey Xn ) Po\anow\iaﬂ €0y over o‘%domi(a."j closed Reldh k.

T € R idedl

X=V(I) = {aek": fa)=o VfeI) a%a‘ne variedy.

The ivpoloacul Spoce closed sefs: V(T)

A’{:’ﬁl\e Spq.u.: AV\ — ky\ w‘\'-\'{,\ 2@{'\5)!2\ —-}q‘ao'.nm< onV\ S?,+3 . u;‘;: A“\\\/(I)

X< A .su\ospau. %fo‘om : XU, basts of optm Sd’S:: -rL-'éI .-b‘F

The fuackons on it De={ac k™ f@#o], fer
R = Hom (A, AY, fir— (o Iﬂ)‘FCM) «— The fmckons on A™ are
LX) = [feR: £X)=0) P A ity S
Remark W (T (X)) = X _Hor affine variekes X Vanishing on X
Coocdinate ing © | REXT = R/T(X) o The fmchons on X oee

Key facts: ) Hilbert's basis Haorem 1 R Noetherian , 0 RLX]) Noekherian
2) Hitbect’s weak nullskellensatz : maximal ideals o R (and of hEx]) are
ma.='_[({a?ﬁ: <Xy =Ry ,-o) Xn—An7 , S0 comespond to poiats: {a)y=Y(m,)

3) Hilberts Nulgell [l = ol of T | Hence:
) erts Nulgiellensatz: T (W(T)) = (T ( {;dgﬁ) .FNGI)) TVI-T
Lemma. Thee arc QV\OVLZ'(—\ nfw\ol\‘ons Jo se‘oa\[ak points Codical

E 0.=f-'\o (= XQ/A"\é Some cordinade Ou;:f:L; = X, ek’_’x} Seemr‘anu a,L.n
Morplisms bedieen affine Variehes

HOW\(A"‘) A‘”\) >~ R”“ & ‘Oalvv\awﬂaj Ma.fJS A (\C\coq,_../ "Fm(a.\)

Hom (X,Y) = resirickon t’f a eo\:jnown‘al map AP A” st XY

Foucks : | %\ 2 Ho X, A <«— "values of fuathons are enow
aLYs ) kC 3 M( / ) o delmine He aboshact 'f\l?)(li\ﬁor:\

2) Hom (XY) = Homk_“k%( RCY)  kEX])

\ "pu"l’aCk\\
(F:X—)Y)I—)(F*lHOM(Y,A')—) How\(x,/A))c— R
E1uiwa|em of c-&-tgartes £ — F¥ = {oF Fx?“:.) i\f

{afGine varieties } > finikly genemted reduced R—alydoras A, homs of k-algs.}

R ca”:
X — %[X] nomilootents | Ry e
(F' : Xﬁ\/ ) — F¥ (—f— nilpolent- it 'Fldzo Some l\l\ N rodical

Note: T(X) is cadical

Remark e "same " (U‘O-Fo ?SoMorp‘/\iSmB X con be ombedded in Various A"

E.3.cuspidal ahbic \,/((9’-_:&) = %g#\’;% is o V(g -3, 2—x)c A

:"3.%



0.2 Why schemes?
Some reasons :

) Why alvays have spaces embedded in A2 fextinsic)
Can yow vake semse of X withoutr refeence do /A“? ('\/\\YII\S\“(_)
2) Nh\.g viot Lt R be any rir\-a".
3) When You deform vaciehes, Y\ie‘lokn‘h anse nnjcura“ta, and chovld not be ignore«{=

T . f f = (x-a): (x-b)
\LL, X=VE=0M A et s
* o =~ k kRC ~ b2 abe ak
Deform : a b kb[e:i?v\e—o -.Ex}/[x’“) @ x/(x—-\ﬂ = k <_2w‘;\ point
T ULz (o) (xe0) = x> LVEN= Ve by Hitbert Nullstel,
\J  x=V®-ijs N o s N
x kIX] = k[x), — = k(x] / y=k )
0 / C_x'z.) (-x)

We lost information : C|0us$|'ca\\-j yow cannot del| x=o apnE from %o
ln the Yoy of schemes, the Rey de is not played by the +opologied space.
The Key nole is plaed by the ring of funckons , or cather, the sheat of fondions 6:
on €adn open sef S X az\—a ring of funchons O (U).

Exarple above = (J(X) =k Cx)/[32) « We do nok redvce +he ving of. funckons
At what C—oS‘{T'?- \/alues of fmtkors need not dekrmine Yhe abshack funckon:
&) » oL+px —— (Ltpx 2 X={o) — A') € Hom (X, A)

0 —— « do aot rewover B.
ldea: the gbstmach "(5“ remembers Hadr X arose fom Hhe wllision of
'\\ﬂ Po‘m\'Sl So (L recorads +o.n3b«k«l il\'ﬁ)rmm"\'on . '§I|x (,o(-q—(&sc) ={5-

=0

0.2 \what s a Point? —{(and iceducble € not)
X '\Oen\oD?CAJ spal s reducible ¢ X = X,uxz_ or proper closed X;=X.
Eoclidean world (MOre, 3u\em||\3_ e X Hausior-ﬁ‘)  YeX \rreohoiue_@\/: point

or \/=¢

point aeX > max ideal M, < RX]

Classical A\ Geom.
95 <d.oseol. g#Y < X irceduchle & T (V)< kDX) prme ideal

R Tir\fa. =2 "Poin+s\\ 01_ R are Spec(R)= {f‘rime ideals oj_R} nok just max ideals
Co\JCe‘anricaW} & good choice sin fuactorial : fails for mox .‘oleml_sl
@: R—S hom of rings = QT(Plime - o prime < €D Z — &, ¢ (=0
¥ tdeal ™ ideol We were just Lucky Yhak

=2 Spec S— Spec R [ oms kCY]—=kOX] send
"(’—' Max kel = max deal .



Motivakon: M nxn mabrix over € Qi)

I . DE'FIU\I\ T\Oh) o¥F SCHE ME-.S Then c[x]-—»CCM] x> M has Ker—{mA\

.| Exawples of affine schemes ‘;:em%'}%;@{f(ﬂgﬂ 7'@‘5'-;"]/(: ~ay
R . C x- A Cgmmvaluts of A)

S\FeC(RB Some (\03 R (“|vdq\as: comm. ril\a NI‘H41.3 : « < %

+ As « &J‘H Spec (R) = iehme. ideals = R} & (pcime\ Spectrum

V(R)=

.« Zariski ‘foeooaa . o V(0)= Sfec@.
closed sek: [V(T) = ! Prime ideads COf\'\'uQm‘(\%, I) < Spec R

¢ sheaf esme which we wonstrock later,

Emk The 3,6190«1 fnckons are - S‘,e KC eecR) =R . %Sfeip::resifnjo’c?qu

TAT)(TNI)ET-TINT

<— spaces of Undsons

Ke~1€z<e.ras€ V(I) vV (T) =\/(I'3) =V(In3’)<‘/ o Ve= = o3
"ﬁ"ﬁ;’;”;’{, N V(Ic) = V (_I 1;) but T-T amd TaT May Lc:/=
Key V(I)=@8 & T =R © 1eT, sine any pooperideal € some maxidedd
'TOPol%\ca\ opew sets : UI = Spec R\Y (I) = 'FKJ b,C Rmk D n=D;

Consequimnces . €l for NI,
basis of opom seks : b'F={Pe§pecR= qufly ;:'?@fe
— P
fek :{P € SPQCR '. -F(P)#O} lo calisation i '
"valve of €eR ak P L/"{'K“"\’ Rwic:
1?—3 R/P <_—— K(F) FTM(R/F A4 F/P R Pgl""“‘
! 'F(P) \ R/o is
nor N s aek feeld AP
Remak [Fpy=0& fep WEEn 1 [

Exarples 1) R = k. [X] V<—a&(~'«xe voriehy, XS /A"
Spec R Tyeckon Einfo\vwcLle, subvariehes Y X };

Ul I Ul
Specm R o 15K Yapoloon
— {MX : deq\s) X &— omd ZrisKD Japologres agree
Value of feR ak m, = My — R/fm% =k | inHhis case the
= - - | 3 + Keld does not
(W\“ (Xl X))oy Xn 0\«\7) "F ‘F(OL) ma\ov\%{po'mf

?_) SPQC' Z = { 0 } V) [ (‘P) : Pé N Pﬁ'N\Q’} Jalue O(' feZ a\% (o) -
<@ . . %ﬁ?mc('l/o\ @

(O) () (3) (.S-) T So lost no m‘(‘ormd—\on

V((OSB Z rime 1deals wntaining (o\} Spec Z so Hhe oot (O) is dense!
W((p)) = {(P)}j are “closed points". Valve O\C £eZ: £(p) = (—FGZ/P) (—F mod P)

I aeneml Prime doals P with WP )= SpecR are called geaeric points
Prime idals p Wit /( P) = {P} are called closed poinks

Execise | closed pointt } = Jmax ideals of R}




Exercises + o0 prime idtal = o adical (a=Vz) e [recall m,l;“;”d“
for a,b rudic-&/ ac b & V(M 2\/(‘0) ¢—ocrder \ﬁ={FeR=4ea)

T‘QVerS-'t\a, SomR N
Cor |VIDIEV(T) O VT 2 T Nuink gender | = O3 P
Fov(D =\/(\rﬂ, so: © VIT)eVT) @ V1217 by exerese. g |V 2 N;?‘r"nd‘.cal(R)
bor Vi =V(e) © va= {E'iﬁft\’if\%"«; R}
- ]
= Ic(.oseok seks 4’ Spec K} A lradeead Ia\eaﬂso}R} ?ﬂ:\o/!oe:{s-ina NP

correspondence. L P €SpecR
Progosibon e R vanishes ot ofd peSpecR & £ milpotent < immediak frons

Cchrtc\aT(:cK Spec kR = UD& O Lelal &> & <al fi>=R
P£ SPQC_R\ UD-F; = ﬂ\/(-{it) =V (<0\a ‘f:))/ now wse previous Key. O
Theorem Spec R is qUas — Compact <—(‘[t/as\‘-cowpad— = conwpalt =ofen covers have

£Lnitke subcovers
P Spec R = \_L)Uc. As :=\§Dﬂj, wLoa U =D .
Trick )
= 1= 2

Salde rc 'F‘-' <= so ;“"“\‘lﬁ MO\W} 'F: S'WV\UAA{. R, S0 ‘H/\ose, :b'{_-\ (o\rgr_ﬂ
Basic Exeises

I) (p: RS ring bom = o : Spec S — SpecR, p — @WT(p) is conkinuous
indeed Ol"('D_p) = Dq.j: e(@%épéﬁ@?S'{-‘/’lT-;\PdhaS ‘P‘Fﬁ)

2) Show Hak Spec (R/T) “s™ fhe subspace \V (T) CSpec R amd Hae Guohenk
Map T: R R/p induces via (1) Hhe indusion map on Specs. “~{Here

//fs‘\
Exawple Spec (?/(H) = Jprime idtals of R contmining 4'.} means:
= Hhe points o Spec R where £ vanishes fi;::‘f:\,‘l‘a
= V(H v,

3) Show Yot Spec (S7'R) "is* o subspau o} Spec R Where SR is localisahon
(I, R ak a M\I{‘HF‘\‘CAMVQ set SCR. amd R—sR r— = tadhes via (|)-H\g_inc|.us:on
3 J / \

means:
12n$ Example S = (1§66 ..% , So ST'R=R,  Hen:
S-S¢€S
(we do Spec R{_ = EPr;me_ ideals o R not contamining, £}
Q‘;S\'re = He Poi/\'\'s °d- SpecR where £ does noY \lmvﬁ:\,\
OE£S) puy D‘F’
4) D

13 (\'D3 = D’F?— , so |Spec Rg N Spec R3 = Spec R’Fﬁ'

(e €<rg o3 = )
5) Dp €D, >V (F)2V(G) <> F G & '€ (9) some N & 9 R inveckible

G) PLR prime Wdead = RP==S"R for S= R\\’) +hem 3! closed point my=p-Ro € Spec R‘,
so local Cing:d ’ max idesd m (@ 2lts oudside v\ are invtrk\a\n.\
Also: mpe U< Spec Rp opon = M:gpccRP_



.2 ‘beﬁ‘nikow ot a S(Jneme /ggoz WoRkDS TO BE DEFINED | ATER

Def A rinpd space is IDEA
c @ -lo(?oeoan'ca& space. X — He points
« wWi¥h o sheaf of rings GX on X <« He foackions
Loca”:a: T:I\%QA Space £ also :
. : <« +the germs of
all  skalks le.x ave Local rings '\eunc?w'ans near
So 3 unique maximal ideal M, S Oy Point
. . ’ / 1] \
<and 3 esidve 'F\Q(O\ af >x : K(x)= (9‘)(’/7; <~ hﬂ:’:ﬁ:‘ea\;ﬁ(
My % lives here

Def An offRne scheme is a ﬂpcaﬂ»a, rIr\a,ul spoud
isomorphic do  (Spec R, GQPQCR) fr some ring R

M A’ s«J\eme, § a ﬁoca.”‘} V‘\"Aald Sporcr len'd\ i$
locally. isomorphic +o an affine scheme.

means:

UYxe X 3 some open nelghbourhood xe WS Xt sit. (u, Gx| yg (Spec E}&Sm R\
3 some ring R Aepev\a\h\a onX “u
¥ use

| . 3 Pff— S‘)\en\ICS / cgka.org C
. ?C_L(rrtﬁheqm
Ab = Ca-\éaar? of abelian AOUPS amdk Feovp Pomns ::;.Cv: R;s\é:_c
X = 0Ny +Of)o|oa\'ch sface get preshent oFrinzS

Top X = Car\eaorg wWith objects : opem sets UeX Mor (W VY=36 1§ Wy
morfhs ©  inclusion mafs <_( ’ {{rnd} WUy

M A freshemc (o('abch‘ow\ famups) on X s o oniavariomt Amder
F : TOP X —5 AL

So: .Yy oper U E X have o abelian grovp FU) « elements called sechons (over W)

‘Y induston UoV have o “esicichon Yroup £own F.(s'\”—"i(ll:)

o Flid:U-W) : Fu) My Flw) so sla =5 fr seF(U).
- Uevew = FIW) = FV)32F M) So: (5|V)|\4 =s|y for seF(wW).

EXamele X '|'°P°|03\‘CGQ« spoe F(U) = {c.ov\‘)"muous fonchons U— R} with obvious resiichions
nOr{’L\ism of pre-sheaves = natural Nansformation of such funddors: ¢:F-a

Sor Yopen USX have f:FIU)— GLU) grovp from /i"qéecr:?:k}h‘
V ir\c[us{ov\ u_}\/ have F(#) ‘ﬁ\, G{u\ " e stvichons

L}

i-e; Wi

1~ &«—restrichon homs an will,
£ Y 6o c:ara':du;;m

Su.‘o Pre—s\r\emc FE€EG means F(w < G(n) Su\‘owl compo\ku.a with resiricihons




|. 4 Sheaves
b_emc Pe-sheaf Fis o sheaf on X if ¥ saksRes Yhe goml—'\'o—%oLaQ wndilon

£ Wi open | sieF(U) ageeeing on overlags: ui@
Sucqu: = SJ'|u;nUL- e FlUraw) p U

J ) u.nu. u-
Them 3 unligue se F (UW) with .5‘| =S; .
u “——idea:can umqvﬂy

Consequimces Qxdemd

+ tWo seckons s, t € F(W) equad < they equal Loaally: 5| =+, U=vu:
You Cam buld seckons by olz(f.nm(s focaf sechons conaHn"a on °"”e“f$

. exoct sequemce. 0— FlW) — T] FlWk) — rl F(Uc(\\kj)

G’“’r u:UMC) )
(S'.:) '_><s:|\k;r\us - s&lumu')-\

S — (S;)
F(¢):O (M onsidec Qeety covering of g)
Exawyles
) Sheaf of comYmuous ol Foackons : F (W) = Y conknvous maps U— RY

2) Sk*an‘ag(er sheaf AA'P -for amue R: F(M): {g \S: ?i(&
AN

3) Peesheat of constant funckons -RN‘ Fovp R:
o ¥ U=g

4)  Sheat of |oCa||3 conskant fmckons for Grouyp R &50‘;:';:1.;:\“*:::0::\1\“3

Fl(W = \‘.le__'lL‘u\R \,J\r\epe_ 1= {cpvmec-kn{ wrv}oone.n-i-sqd_ u)
Exguse (3) is not & sheaf i€ X = 2 points withh disccele dopology. R #0.

Weite A} (X) = Cq"'ﬁ.ﬁor\g sheaves on X amd morp\n.r-f}- shaeaves

\l

SB\(X\ W€ Work Wil coltgory o Sets m;JfoAAof_A\, |(morphs ol presheaves)

|.5 StalKs
Dip S%QQK ak x U'J. frﬁs\r\eq{ F is Yhe abelcan Iroup
: &— direct kmik
Fv- = HAM F (U.) ovér ('QS-L':(‘.\\'OV\ Moo
EXP||c\’c|~3 xeU induced by indusions.

An element of T, is determined bg, SeF(M\ some U x open ,
o\en-\\F\a S~t for teF(V) & sluw=1tlw seme unV 2\W > % gpen

Rmk » naborad map FlU) — F, ;3 S, = quivalena clas of 5. (for xeW)

or wrike: Sl
smorph @: F—o G then get @ F, — G, ((e*(s‘x)— ¢ (s)|
or wrike: | € seF(u)



Exertise ‘f’ Y Fo G morp‘u of- sheaves < (?ub)'w: \P“(s)|u

J
if olQ =Y L, — G Haew =y, 0 I
‘-e * N (e \{J ‘(w(5|w) +w(5|w3
Facts For shewes F,G category, AbOC) Then use Local-to -gfobol

. |
F— G monomorphism = Fr s Go  Imekve VY r;%?ofomm‘?*";\&uq

Foa ee\'mor‘p\nism = ~ — Gy S\Jlje()’\'\/@- W Cl'jm—p‘—:?ﬂff_;lﬁl}%ﬂﬁfl

Faa iSomocphism. & Fx o Gx  so M e S o e
Wafmr\a Mmon9 & F(U)%G(U\) (n\j. YU y but fails for epi = Flu) 9G(W) need not be Sury.
. ¢ Sheaf&cation . o YxeU 3Vax, teF(V)

F pe—sheat = F7 sheaf (ification) : \/ s(y)=tyeFy VyeV

F"'((A\: {s; MAUF—;‘ : zom&a, S is a.SCC.HonD(‘][F}
wmes with natveal mocph F — Ft «(se F(u) +— (x+2sk)e F*(u\)

Exerause : F+ IS a SkQK‘F/ F:czFx. and it sakifes:

Universal ?ro(’ﬂ""‘a— V sheaf G on X} F+--?!--—> G

7
delrmines F¥ uniquely v T /
(-i-o unique iSoMO(‘;a ¢ P) v

Hink . In our conshuihon

+
Fx = Fx — Q.. So Wwe lkmow chaula, Bow sechons map
but we need {o oo Je ...

Terick - £+
‘ j — L ﬁm“‘a G s sheat so G=GT
£ — Gt (r\a‘l\ir‘aQ iSo, MS\'I\Q G,_-"—'- G: omd ‘Fac‘\'s)

Exawple (pre-sheaf of onstant fwu\\'avu)'*_: (sheaf of focallly Constant fw\u\\'ov\s)
Exercise ) FCca sub pre-sheal , G sheaf =) 3 smallest subsheaf HCG st FeH

Moreover, H,=Fy. (#sheat o discontivvous selsons™) \\:%f '::\:
W\
2 (DR (W) = _Z‘CM( e With obvjous restdchon mags is & sheaf of F+

3) ¢t F— DF obvious Y\r\orP\ﬂ, /)% 2 Fb= Preshmd, gl so FL(U)=C(V0
Hen FP <€ DF is a sub pre-shea) oamd  onshuckhon (4) gves H= F+.
.3 Kernels, Colamels
$:F—= 6 wmoph o sh
¢+ (Ker @) (W) = Rer @, is sheat
. C°|C—Qr'(.(l = (Fre_—CoKer ‘-(’T" where (pre-Goker) (W) = Coker ¢,
Im ¢ = (pre=Im ) where (pre=1m) (W)= Im 4,




‘ . Rmk In addikive cat; codeaorical Ker
M Ab(x) is am obeliam cotegory | monogy HIF=26 Hhen HF gco%,,ea below

idea it "behaves Like" c_a,kaor» pj_ abelian ¢S epi & Foa—H hew G2H
o

Def abelan c,akgor‘g_: addikve Co\l'(’,ao(!a. sudh H«a)r] Morp\'\is,ms have Ker Coler
amd "') 9: F —oa vnonovvwrp\m is the Ker of s Cokus

W) % epimorph 4 CoXer 4 Kes
E a.Aﬂll'l'\VQ. CAA—%ON& means Mor (A’, B) 4\oe|iowx %nf (So ofden Wr{)‘e Hom(AI'B» s.k.
Cowpesikon of mophisms distibules over addibion
3 prodwcts AxB (¥ obj. X, (3! morph 0-2X) (3! morgh %= O)
S Y
. 3 2e0 objeck O (an object thakis koth inkad & Hrminad)

Fander ¥ ol addibve/abelioan cate ;s addib® if Hom (A8)o Hom(FA,FB) is Fp- from.

For ¢:A—B: ¢ Objeds Coker ¢ Clls B Gkery € Ob |ﬂ(€: ke (Coker )
Ki“{' is A& morPL\ \(e(“-(’ — A st ‘Y'f? N wh(ck S A& w\orp\a
vC 5 3TN Jng — B

s-t. 3l ! \\) CoKery & B« ¢
$ 9 S———73 Facts Blﬁchr(%o:\'iono;c(
KQF(( —)A—)B @C"_w'{ifo""‘e\"‘m°"l’h~ A—lmy—5B
—s |€ ¢ mono, dekne Abtlion cat = A imy epi
Fact Kecy is oo wmonomorph. He juo'h'elﬂ'b B/p:= COWU"P W\d:Cﬂ(K_@f@

_A ;:e_) BL5B/A a4 expecied !
Ker T mi'_ﬁ—} T coker 9 Freyd-Mitchell Tk
T will now stp underlining ker, Goker, Im. is Cokercp=Coker KerTy L2 J;‘ ™
RwiK. These qu_ea’n,;mﬂ dq#{nﬁ\'om an be tmbersome o work with . |£ duras out:
\fosonall abtlian catepory A 3 a possibly non-ommukabve ving R with 4
Kﬂzok PN FaidahAt exadt fundor 7‘—){22‘% R-modles) ("f’ Farkwl#ken{ws "
0b3(4) and Homs =5 can “pretomd you work with modules. b K&, Cokar, and is addive

ore sets not Just"claSS“) : . \ cavolved
(exoryle You Juw—/aw?a e Hrsorem 4o ¥ small alelion su ﬂfﬁ involve

Examgl?- Pr abelian ges , (i) says -

-8 E xackness in Your disgram fsequenca of moPs —dontt heed 4o use Ha <akgary)
A (cochain) conplex £° = (.. _, F A_‘_,\FCLF”'_,.,_) in an abelian caf

means (,owY;o.si-K :4_ twWo tonsecwhve morphs is 2ec0 : dmoolc =0.

* * ‘ y ono Imd! Kerd ™
(Co) bomologry | H (F7) = Ker d™/ jm d 2R e e )

F* exact wmeans |m d= ker 4 (& omplex with 200 homelogy H*=0)
Proposition wwplex F° in AL(X) exact & F; is exact sequinc 44.53,.'”\31:5
K("*""'\ecit‘o-k by FackS on previows pagr ) VxeX
Rmk ®¢ ses (shor* exact sequemwes) ©— F S et hnoo o] sheaves
you usually chack ewadmess ok Gl o stalics | but can equivalmtly check :
"‘-) O > FMWUW)—D>G(W) — H(w) exact VYV open U

W H is smallest subsheaf contining pre-mfp, meaning eves
seckon o H can be obtwntd by gluing Local seckons off tyoe f Lol |




= 0—- FA-FBoFC exoct BF botl
rabt oxack £ FA2FBFC —O exack 1‘;@{{{'5“

Example How\g(l"\,-) is Ceft exach @M s right exact, as Pindars on R-mods
(An7ﬁ-v'\ao\ M)

A fmdor of abelian cats is Rokt eyact £ O—A-B 5c—0 exact <Fexaul- 3

.9 Push—{orword (d'\red- ima?_\ anmd  inVerse Tmage
¥ v coninnous Pictvee 1IN MIND

= addibive dndor £ o ALX— ALY £ LE

Dek FeAb(X) gives fFe A“’(\/)’ >|< _,l/
EF)(V) = F () u T
Exveise (§oF),F=g (£ F) for XFa¥ 1.2 .
= addibve fmcbor £ AbY — Ab X

PicvRe 1IN MIND

De€ FeAb(Y) gives §7'F e Ab(X) is (pre-fFYt whee |

e ) = Ln T SXEe |l
V3w voojuwt g

E : "'lF o = ‘o
rwase (F'F) = B and Qo) = £70 40 S aho flovs by

by vaigueness vp

Ex“-!‘_‘)‘_’les l) LT S X incusion 61. om opervy sUbset : i"ajﬁfﬂf:d:ﬁs
FEAB(S) \-,,(_F . V‘_) F(V(\S) see next pase .

F e Ab(X) F: L{H F (W « dencled F|
pe Called &sk.chon4 F

'2-) /tx‘i 'Poil\t HX , C,‘(poinﬂl’ X
FeMolX)  iJ'F = R GRw= (B W05

( moré prea\selg-
will not make S\Ad;\ erwKS agaan.

3) m: XH Poinb
Fenv(x) mm.F = Y—(X,F) = F(X) <« 2&]90«\ sechons Lnddor
7
Peogosihon ) f, is Qeft exact e— in parkwlar T(X,.) is left exact
2) £7 is exact
for fu : exercse

prook fur §7 o—>6¢ A —EB).— §'0),—0

1 h
(o o A - B, — C, —O0 Which L~7 ﬂSSW*)o)\\'J\'\ is exactD

R L ()
Kmk £ 2{»0_-‘;;‘_9-:;;& } would Jollow loy, ca-leéor\a teory from next f’mfah)'\o"\



PooposiNon  £7' s W Left adjoint fmdor of £, mearing T natval i
Mo¢ (-F"'FJ G) = Mor (F £,G)  which is natvial in Foanmd G

4' \r\ =V "Wen K
Skebeh ot gmede  Lim Fw) B 6wy ot
In — diredion > W2iu | <— pick U= £V | diceck bt
OW YUIT \
(V) G({:-lv) = .(_‘FG{V) :klﬁvrcienhx
) i 3V€l\ _ enT 1a O
In <— dicedion:  F (V) AL G (V) < ossume V24U S groips
l L hake L gues such V R";k :" 9:;2_“{’
. ‘ -1 OUT OT a. Q)
M F (V) [lﬂ) 6@: V) \r\e;fﬁc{-iof\ <_-F'\l<>\’{/\u. A ?‘::_\:‘Fl'\eaiz W\Gis
V2 vp. mpak
Vafu Va2£u G (U) T Come oo

Now thack thase two are nabrd dansformakons , iaverse to gach oM\—V, and natvral wFa.n

Rmk Another example of adjoint fmctors, for R-modules, ove Hom(m,") and -@M:
Hom (F®M, G) = Hom (F, Hom (M,G)) fer R-mods F,4.

|.10  Mocphisms ol (Il\%A Spaces

M (’F} (¢ ): (X,G (y & ) nr\ocpl,\ .4 rmg&o\ spaces  wmeans
often w(ite X ﬁ\/ conhnvous Moy 01- -|~n'a='{93-\ui spaes
¢= £* e i o B
£ OX (— 6 morp\\ o:} s}-::‘a\://g: Fings 50 Fings 3 ing %N
¢ insead o) ab.ges. 8 4p.bom
(So: B, (£7V) ¥ 6y (V) for VEY , compakbly withn cesiichn) i
1) l\a oM (ez R'—)S f:l\gs

For &4 morghism call I spoaces wWomt in addiXon : | is Local cins bom
6Xx % Ox £x ) 10&»0— f;“a- hom Equivaleatly :
’ | Yt img)= Mg
(Explﬂ'\akon: (_?v (,i ) € OX (‘F' V) s & rf\oresen‘)'ovk\le Yor Lex(s;x\) SN Hais '5_ is prime

v oamd contoins tnwg

Oy ¥ x
z -rzu: e,v}fures 44\«1;‘ o* ¢
Rk Can compose (X 8) £, (7,0,) 5 (2,8,) : row o s Vaniniong ok %
H#
(g_ {-) x= 9, f, G 94G#) %*ey : ? 05 . Ja |sa{mc;r so-l?o_,(«q)
meéowns :
Rmk  Nokce in e defaikon we cannot just +alk abount o"S 3,

a. mocphism O, <— By becawse -H\c sheaves are £ 0, <'F_ 0)’
not defined over Ko some -Iofo(oa\m! Spo e *
=) &H\U' v\eeok o mor(L —ﬁ* OX < @7 of sheaves on VY

or & woreh O <«— #'0y of sheaves on X

Bg_ M fmpos\-)\o\n this is Ha Same informakon since Mor (F° G),/ o ) Mor-(ey X x)
(No’m.t odso U Wap on s—\—aﬂ(s ><.1-= (Gx)x<_(,p'l(9y\u: Oyﬁx is Ho @, a.Love.>



-1 A SL\Q%E A(L‘,\ed on a '}ﬂfaenlﬁm.o basis
i !
X -|~o‘o- space wilh o basis B "J open subsets e(meang, basic sehy wver X/ Mo{-')

¥ basic B, ,B, xe8,nB
Def B-sheat F means 3 basc B Wit < eBeB b,

- F(w) €A’0/V bassc K wiHe bows F(W) — FIV)JSk—aslV Vbasic VU
wwd as usval : F(U) s Fly) amd  FU)—FNM)—FW) Jo-  WEVEU
NSNS
. Jocad —do- %alw\l condihon . bas?
&« W&
M basic U withk U=0UU;
V s;e F(W) ”aa.reetrxod Locally on  overlaps™:
Yaxe Wl 3J basic xelUyp, €Ucall; wit

U~ o |MI¢. e F(u,)

= 3 uniue  se F (W) with 5| =s.
Bk skalk F. = Lm. Ev) "

xE (basic V)

Y

-
v

Theocem ) B-sheat ¥ exhonds uniquely (up +o unigue iso)
o o sheaf F on X.Noso Flbasic U) amd shalks F, ave same up Jo

ccanonteal tso.

2) B-sheaves F,6 Hhen morph F—G on Hu extemded sheaves
is Ulni‘]ud:) defsned by data -
« homs FIWY— (W) for basic U, uaMww'Hl\g wirh cegdeickhons

Proof (1) (for basic opens)
Uniﬂv(’.ness Given sudhh o exterdion F) Sechons ace Ul\l‘ﬁldel\a delumined by.
reSinchon o bagic opens - F(V)

any U open = s F() untgeely  delermined by s|v =:s, \/(basch)sM
(sine U con be covered by basic seb)
Conrsely | given 5, € FIV) e wsual Local —do—global condition
Svlvave = Svlyayr € FIVAV!)  Wfoasic yv)el
i cplu\‘valzni' Jo @ above , by Ske»i fmpul—‘a for F.

Exislewce ravecse bionit over resieichons foe basics
&— com,mls'be fam, lies 4 loca
(basic V) U ¢ stchons on basic open sels®
basie
_ { e 1 Fv) « 5|, =5, vWcveu
(LA.S\'C V) < H

Witk obviows reshichon maps  (for W'CU a svbset q P (basic V)EU are € Ul")



Nohee. : F(bm\‘c M) has not Ckﬂhg-cJ Vp o canonical 1denkRcakon -

F(U) = L~ F(v)
(Lm{cV)EV\.
S —— (s|,)  whidhincludes 5|,=s.

and for stad¥s:
. =g . aSv check:
Lr  FV) =5 Lm F(u) it suckons
. e on X€
xe(bQ.S\C V) xe U < ;ncluAtf LAS{C u:\/ ﬁi:ea\fffcé;;\
Pmoc (Z) g lo'g. fdv\clo/\‘qul‘a, (d_ fg\ Some Lq;‘c V.
Limn F(Vv) — Ln  G(V) - a
«— <
(basic V)< A (basic VIEW
Rmk €

quivaltntly | it 35 enoush o cemember germs arpuad eadh point

Flw=[ £~ Fw) fs;{s:uagx& ¢ T

thch}
(La's'.c V) U 7| a,re“roall\a_ c.ompwk\n\c_“ :

take
P 7 VxeW,3 xe (basic V) € L
Wil obvions resteichon maps for Mhese 3 teF(V) },wi-”«
(jost resicick e wop UW— [TFx). Jopen xeWEV ) ty=5(y) VyeW
g"‘_k Can Sim(h-ﬁ; « WLOG W also basic (jus¥- K x& bastc € W) 50 ¥Wxe U 3xelbasicV)c U
- WLOG rf,p|qc0. Vv \o, W/ so V=W bLasie. 3.&6 F[V) with

t, =
Inverse = have cover U= U (basic xeV™) y =SY) VeV

N SO holds so can exlend.
and tie F(V¥) ot 4* ageee loally. (since germs aa:ee)} 0 unia® Fobal sechon.

| . |2 COWS‘{YU(,‘ROV\ 0(_ SSPCC R

Ma;\Va.koﬂ‘- 5'_— shouu be
oan accepbal,{e funcho
XZSpecR, wWe o\Q-ﬁAe O'x 1’~:r.s+ on basic opem ceds - / o “ }

on Dg provided we don't

divide ba %QI‘O!

GX(T),F\ = R |ocalised ok mulbsplicabve sot ig : 9 does ot vanish on D}

all @
R St g <VE) S DD,
nadural S fre@egere invernble
For D‘F’ Q'bg_ defne natvd esieichon homs : (wktdn arR coqu\%b. vady~ Covv\onﬁ‘)\'o'\)

8)( (D%\ — G’){ (‘D-F)
2 n explivtly: £M=
Phic : -(: =r So
Pa ?{' o X_g,_, x%r"‘ = xy"

3" (ra)” £

A IR

— "Docalise fucther"




Lemmadl This s o B-sheaf on X fo- B ={ bosic open sets D_FJ'FGR}
PE Uniqueness: o, b & R =0,(Dp) amd D= UD

N W owly =l Ve odhen <=0

T D¢ Dy,
M 3'3 rcv(e%/\i/\'a— X, R L'a— D‘p, R; we can assume {':‘L/ R{_:R,'D':X-
L—( =0 € R—F: = —)C,;N'(o(—(&\:o some NN @uggvﬁdf&b?i:;:;rbgf
= <l £]> ®-p)=o0 (7"*’-'-“"rachw)/so pick. mewcimmal N k
rs’Z\lller',NaTrfck“_/" SR siaex X=Dﬁu... uD(_“ = D-F.N Vo v Dew (el Df':b{h’»

= | g-p)=0 so «=p QO
Existemce in @ :as bedore WLOG U =D R become X,R .

Uniqueness = ir\@ can assume  Seckons sanx (D-F:\ agee on overlaps b{_‘.(\b“__:b

i &G
(“PP": U"iquMfS) S;
Dg; &

55 |
g
WLoG X =Df,"'" J DF Fn\'k. wve Se= f_h Sine D&=Df9,-,wx_oe n=l, so §; = ‘%
Sc=35 on D‘FC-F,- = (‘CC'FJ)N(‘C,' 9:— % 9) = 0 €R &[N depmdson i j bukcom pick
. O R \argest N over finitely many ¢,y
rRWnie : ('F‘) )(‘F!J'aﬁ_('ﬂ H)' ('FJNQJ) =0 .soal\) worcks VC)a o
—— N~ . ~ 7}
‘—\ﬂ_/ i n " nohce Sc=%“_ , D_;.:D\,c so WLOG N=0!
by a: b: a; ¢ ‘ so £,9:=4; 9

”CO\IQIIA% Terck" @ X= DF\V"' v D'Fh Se { = Z re 16.: 9(” Park‘konciuni“/a“-)ﬁcy
c
i %J' =(LZ r: FG) 9‘5= izfc(‘cc 3.)): Z:r»‘ @:J 3:) = 'Fj (Yrc%ﬁ

. — g.i — v Qe . .
= 5= r _Z"_l% € Rﬂ' Vi 5o we z&Lafasei Hee s:)'éOX(D'FJ-Ho Zr;%LGGX(X):%

D;;ﬁ,: € Rﬁ'F-

Coro”&:& (9X exlends um‘7w&} Jo a skee/ on X=Spec R called Struchre sheal

(Or S hea# of ngJ\N' funchons \

stk ©, = fim O (D) «q Messp unpacking of defindions
XIF D_a; Xt YE midev\’n‘@a- ;_'Meﬁ&'—‘-_'.o)((b_;) ok %GRB'EOX(DQ)
f iee -%'M:S_, e RB\ som@ heER wila peED, €D t\“a
Lemma2 Oy, = R 9 "
rest. T ']‘fpc,L‘se

$
O, (x) = R

| (i¢e 2" (rg"—sf™)=0 €R some N) Dgy

‘ ‘ own inwf
pe Lm 00) = Bq R = R .o

all elements
R f¢p

[s{'roﬁgkﬂomord o\lgehm exXevse é_(eeto.u in Rf
fée



= 8y (W) = {s: hW— U ?P : S(P)GRP which ave Lm‘u’} compodblle :

P Vel , T opom nbhd
43 = opem n peD.cuU ' =
T 3tebe(d)  { W\inzn)' he ;
wiklh Yhe obviows resivichon Mmaps, N A 1 (3 ,./

r \R Some fcp T"‘ 60,“

f"‘ £ |

RrmK . coldd assume t:fL sine can reglae Dy with Dpm (= b&). \\’s‘&\h««a\x{z
© ol juk ask S =1y on a smalls” open peEVED. . 0, () 6y,
3 N A . ll

COM?M'ISOV\ With C,(MS\CwQ “Q;’;&VMLC ?COMC{:(} Eejaig.douo‘ held

* X affine varie eUEX open nbhd REX)= klxy-.., %)

1‘9’ ;) P P I/(X)

F:W—k s reglar akp ¥ I open hd peWe U wih
f= .?_\ on W, g,bhe RCX) , A(w#o YueW
Rmk Jofact can assame W=Dy basic open (i €= 25, ctplae Dy by Dyu=D,)
@x(U\) = lQ"oJ*!an DJ, fnkons U= e rgulsr ok alh peh
Ox", = h-—odé,t\ora of germs ol funckons nea” p Rgular ok p
(So pairs W, £)  with PeUE X opem, f:UR repulor ak ¢ )
amd Iolm%'\% (U,—F)N(V’%) & 'Flw: %|w on Some open peWelnV

Theorem GX(X) = ‘Q[X] G(RW\_K Thavs Hreoctmn 1S not obvious in C3.U course.
X="5Spec R[X] 5o by Lemma 1 40k GX(X)=)<[X]

* XSAY alfive voiehy L/QM D= ANOZV(zx-N=YEA

e t e (b47)
feR=kDx, ,x)  polynomial LY) = kCx], = kCx, 2]

V(¢) = {'F ZO) c X kyperswr»)caa ‘& P"i‘)d' o Dx
'ch = {f—#o} € X open, bu} idenhGable | ) ] A

it affine vovieky. Y=\ (2§ 1) € At (DY, aro (&, L)

and  RDY] = ROX] /ey = ROXD
Z e

fact 6, (D) = RIX],

Oxp = kX1, — whwe wm, = T(p)={ feRX): £(p)=0]
/ P is max  idtal corresponding ko p -

= YYIP -k EXJM = germs O} foncong near p Vam{sh\'f\a N\'p

P
sidve Ky = Oxp/my, =k, %'_’ %ﬂ)
P



.13 Morplq;s,m between Specs ,,\/ //X

(@: RS hom of cings = [Spec(y) : Spec S—> Spec R
P 7P

Exag'& (.e'- R — R{_ , T— 15 |oca[\‘Sq‘l\‘or\
Spec R «— Spec Re 7 an inclusion with image = b{_ .
°(=S'pec(.‘€) Y — X p — @ \(p)
LQ"\_M A~ (D{_) = bge(‘c) /\/dgﬁmod\'ct\"‘a ‘}’Ne,(.
Prod7 faeX : £44Y = [peY: {Up)=q some 9eX, £¢ ()}
= {eeY: 9 é¢p). o

Claim 3 | ¢7: 6 — 0y sudtak ¢l :0,(0=R 5 S=x,6 (X)

P£ vaow:)lr\-lw Luu“ (e on basic openg l.oM(a&x\)la with reshichons

¥t | -
¥ : )_’de (-F)-— 0 (°"1r_) =0 (Dcpm\
(3 'ﬂneorew\) I[IQZ forel II?_
on B-sheaves I AL don ? 5 Q)
= > _‘”” = ¢
£7 W) @le)"
EOLSv) ekt compakble Wi reshrichon VoS for b,a__ . n

Cloim @xf, s local and Le is local
‘i Lcrhma?. GXP_ R So |0cql with  ymax lAZaQ YV\ = F R

Fo eY . 5 is direck lAMl"’ of MA{.)S henc :
”Z \I'l_ < Q@ LE)
R(g"lr SP . a t ¢ (‘evl? Se (e“‘-)¢ P

%’n\eof?-"'\ (r;r\g R) —_— me“g (iug&a\ Sp (Sf-ccp ) Gsp«a»
(f\‘f\a hom R 25 S) —> ((Spec‘{’) ke#>‘(sl’€6 5, &Sfcc_s) — (S?QCR 85(&.12\)
Contvavasiant functo— | Spec ¢ Ri\nas — LoCo.“la_ Riv\aeo\Spaces (eﬁa:ﬁ)

Cloﬁf’\ The fonchr is fFul\'a -Fm'-H\f\;I —ie. 3V7) 2 ins. (50 .-so) on mor‘ok.‘sm spaces
PL Gven a hom 4 Loc. r.,\yui spaces (£, %) : ()’,9 ) (X,0y)  X=SpeeR

Y= Spec S
let  y:= g% . RS oxcxs—mce (=0, (V=S  cing hom _
X g g &— o calisahon s
‘f'f’:\l,’ -F \II (Llemma?) for OXIOY
R GX-FP P ) eyp S 'D YY\P —F S

= 47 f) = <{’" ( L (my \\ = L (K7 (my 3\ = +p
P Amaroum m’FP sine 'F Lca& rw\a hom



= f(p)= ‘(—\’P) So -F=Spec(&e) is ¥ mao on Specs indvad by @:R-S.
Upshot: have 4wo mor\oks o‘s_ cheaves 'F#) <{'l=t J (9x—> Spec((q)a‘_ey L"r_r) @)
and £72 Lf#s:ncze_qud on stalics (by te dingram bave —Fff = ‘?P)D é.—: ‘5_,“)
% AfL :Cod'eao{‘? »=1_ athine Sc.(kke.mes (and morphs of Locally n‘aaﬂA spaus) -;:’_’ (g;c_‘:)
Locally risged spaces = (SpecR, Sper ) e cing R
= | Spec : RM%PP_) ME s an equivalon . o CA.'/'fﬁorieS-

(2: oPpos\‘i-e.;:w}ev%ora = feverse asrows

V A~ 4
So arRQcially vwnake Spec covariank ‘\'{\)”) 'ﬁd“\}/(/ €ss 2“‘)\'0«"'9. S\N‘)'C(A')\'f, *Emc;lvr‘

A Closed affine sukscl\emes each object in trget calegory
X=Spec R, TCR el s 50 4o am object in image
Y=\V(I) = Spec (R/T) are cafd closed @fine) subschemes o X

(PSR prime 2I) — p-RE R/ = (s dop-spoct, W (X)=V(/T) buf sheet

remembers T : Oy (V)= R/T)
Examele T=m maxdal = 9wt o closed point {m} = Spec Rpm— X.

Na(n-b\}

Rmk Spec (R/T) is closed sabscheme of Spec (R/1) means T 2T = V(7)€ VI(T)
Def Spec Ry n SpecRyy := Spec (R/ . 5 | Spec Ry v Spec Bui=Spec Ry D 5 gt iz
begl\-&ﬂsy\eﬂ-{" of— :dﬂQl.S —j=jx/7 on X : C‘A_SS;CAJ' M—?-wa\:

(.-atiiiﬁw) J(d) = TR < R, = O, (Df) ideod (—‘3“‘) are the regular

funckons Vanishing onYn\

Nokee O (D_F) = (R ~ R — (D Nole
Y Cre)e ™ e = 0500/, *rafku(ww/ )
S| J = Ker (0x—j,6y) <« where jzyl_:_x ' R,
_ (anclvSion. 3 (® )=Knr &(B}\‘*GX(D")
@Y _ OX/j T moce precCScLa s iS ‘ixey ¥ (X j(/b{\)

Def A sheat of ideads on X=S‘°ec_R (13 Q‘U\G.SI'—-CahQrent it arises as] as above , some (Al TR
RmK Lafer will consider more %«u\eml\\a_ sheaves of R-modwles and quos i— coherence.

[[1S  Closed subschemes

/Thfnk of tese as Hu reqfar
fvackons whicl. “vanvsh*9on Y

(X,@x) SJ\GMQ_} Skea\( oi, QMAL J means J (M) < GX (M) ideall CoMpo.-\\‘U‘a with sestictions .

Quas:-coherent means: ' affine opem W, 7] | is quasi—Ghrent RmK J =
d “u Ker of Sur)‘ed\'ov\
closed subscheme means .Y € X closed YopAogicad space / Ox — 3.0y

. Sy - Gx /j Some Qquasi- cohecent sheaf of ideals J on X,
st Y(\(Q'F&ne. open M) C WU s dosed o#.‘,\e_ sabscheme {or Ha ideal Jn)< Ox ).

Rk 3 11l contspondemca |{closed subschemes of X €5 quasi-coh. sheaves of ideals onX]

.
Can rewover YE X 'FNMB ‘pVM Hhe Svfgof)c of GX/J: K|':f-é$§fs;meniepsmp

>/= S”Ff’ GX/:]: {)Céx . (GX/D)X#-—O} = fxéx: jxﬁ‘:@xlx}

Example closed point PeEX (50 {_P}:fp}) = pick affine pe Spec Ré—m)( Hen P ﬁ(mm)‘—-ﬁ
=) Sheaf J on SpecR = exlemd J 4 X by J(VI=04(Vv) £ p¢ v (o Oylv)=0)

p-R

|




2 . GLoBAL SECTIONS ARND THE TFuNCTOR OF POINTS

2.0 Points of SpecR  (no* necessarily closed)

wokent
R h R i kf(’)_Re/YnP = Spe.c. K(p) s Spec Rp &— SpecR

Loc'(mp)=P <— F'RP =Wy & (o) {(O“J O m——7?
So Foilﬁ? SI, Spe_cR Con'ﬁspov\ol Yo Y max dals in Hhe Lol \"\"\24.
2. Global seckons and basic open seks for locally, cinged spacas

(X 9,() ﬁ_a(_AMa r( GX) -T.Of (X) ré R\{\YA M I-—L-’) GX(M)

Y't.l\gl S'oad- SZC‘I\OV\S 'ﬁlnu’or‘ indude ’\[‘/U\ n G);L("GS)M‘-&

3 canonical map X — Spec G(X), x — res;! (M )where res: G )= G restaich,

Trick f¢ 8y (X) Hen fe Ox,x tovechble & fo)#0 € Kix)= Ox x /My

image of £ vo&G (x) — 6, . — Xx)
PE £, Ox N\ 1y = finekblesd 8} s fudmy g | <02 P

= S fédmx &
Lamma  £¢8,(X) =5 [ Dy = (xe X+ frrdo KO} | e oo s il

P Teick = 3960xx:f9=1 5o 3 opom xcUSX st. f9e0,(U) £-9=1€0,(L)
= X € US Desina Vyeld, -F” 9y™ (-F g) I€(9 So +\9e{:nV¢rkaes of & tgﬁ so 1Cna):lzo,.so YyeDdc D
L.Qm ‘F| 6 (9 (D'F\ is m\&l‘-‘\uc

P£ Lemm@ £ is locally inveRble. 1€ F_f« Lon U %79, B=9 on UnV. So wn glebalie.n
2.2 What iv means 4o Le affne uniaveness of inverses (§=41=Rfg=1-9=3)
e locally Finged space Iacd on stalks

(X@'x) affre & 3 rma, R:.:3 X Hy S‘ﬂec_R lﬂomeamorlol\ omd- 3 6 —) o( 0’
But O (\/) so R —> v (X) So S}Lc@ (X)) =Y.

l9 (x) RDo((x)—)res"(m,)cs(x) ‘ ¢

l so X canonica) Spec G (X) Y

ey 4(x) Ro(“)_’ ex x d("') Ro((:.)_) m X — res’ ('ﬂ\,,) — o((?()

So a Locally rinped space (X8,) is affine P,eoiszﬂ«a .
- He canonicl mae X — Spec r()(,@x) 's homeomorph

- OX(D[.) S(r(x,ex))f Ve r(X,OX) and esdichons o (,oCo\fimﬁonse(L\a Sec.l.12)

2 3 R}(\C*L’f Bﬁ fo(r\'\'s

MoTIVATION ‘/ set You rewve set Y from  Mor (point, V)
?N"lo/ / P sek /s Y Mo ( Z_ Y)

(leoCa.l 5 _)




0p= Opposile
E\Ahc'\*ofo(- po‘wﬁ‘s &Y : S'CLO‘)H Ces . l\\/(x) ~ Mo(‘ (X’\/) J ;N;g%org
N ?>ﬁ on moiphs + by (Xef-2) =(Mor(X,y) 25 Mor(2,7)) || _armous
v Think ¢
\/ MOTIVA'TION "X—valvw{
Y= §pec ZLx) /(x*+1). C-valved points of Y? points of. y"
Z0x] /(%41 €, x> 3 morph X= Spec T— Y so € fry (X) &{ofhen weike Y(C))
HWK L naleal fcansformahons V contravariont

Y e " [take image 4 Ady € Moc (YY) = by () 2% F y)
Yoneda foemma. Nat (hy,F)= F(y) Conversely given e F(Y), @é hy(x) ;nb Flip)(X) € F(X)

Yonedn. twhedding [Ber Sk —5StFRT Y By 15 ully faithfuld (s, g 2o ()

UPSHoT o ~ st ro - {Ob; ave fomcdors Sch™P—, Sets
TO| Ay bw & V=W \(gg+s = Gtpo ‘9-{ MOrph ot nakirn) Hansformations

@ Can wow ask which funghrs Sch®— Sets are =Ly, ie. epeesented by a scheme Y.
Exarmple Will show that A'= Spec Z[%, ,xn) represents Q(”J'e” me who your frieads are

N
dn” k n 9 9 ,6 \} and T will +ell you who Yyou are EY)
S %SU"S X > {MOrphs - which are ‘0, - Itt\ear‘ —
/) ;. 4 @ X "Vx /-Sckemexor loc. cinged sonce Mor (X, Spec R)= MOIS‘.‘E’ f@ecﬁ{X)

Example 4 YV abfine = MO"()‘Z, SpecR) — H:FM (R, F(Xj@x)) bi‘)'edn've. 1)
¢ = SPZC R 3 9’\/ %S}oec K a‘eobaﬂ s€e. are udjoin{"{)nd‘lx

EY EXAMPLE Y : -
y=A| -L'F 6\/”(\/) m @x (X) — f(X,x rreuv\a% g Wiy 2/1\/25‘ Fé S{’CCR =Y
=Sjltc 2[x] R\ Y= SPCCR My defines 3 X——)SY / 13\“;: Il .

. v VwJ -t = . ee 2. r basic
MOF(XA‘) g, S con',mn 0\(); (OL\LCK 3’ (-D'F> D‘_ef_3 Opems "é»q‘c“"'j ﬁ'?"\ S'Paas
T - 6,(D,) = R,c—ﬂ@x(x)v — Ox(Des) = 8, (97'Dy) = 9,6« (Dy)

OX(X) ) ’ £ y\g:\vrd Moy indwad by repiichon Oy (X)— GX(D‘H’)
(sfnu. T localise ¥ (,s.:xuz @£ inverkble in gx(bw;) See 2.|
AZD"]__“%AX) Twese Qre GOMPA.HHQ Universal proewty of localisakon : Rli) R. and
bgﬁx\%{x witlh reshichons O @(S)< inveckbles 0§ Ry =5 31 R—S™'R,— R, .
—h"—‘f Obvious:

Cor (X IOX) scheme. = Canonical hf\orp\'\ X— Spec r(X)GX\ + Qs
Exanmple 1 Explictly : on sebs x+— res”'(m, )& GX(X) 0, (X) rekres Oy (D)
for R=V(X,9x) h c E cest now localise at £ )
and id:RLR On sheaves over Dec X : ex(x)g——) Ox (D) using Hrak £ javarkble

RW\_K often wot usef| if X has few global sechons (e-g. P only hasconshnh)
RmK C(anonical morgh i injechve if global sochons separnle poiats meaning :
xFyeX = 3 f¢ F{X,Gx‘g, FOE Fy)  (quivalenty B'F'--F(I);O,-H%)#:O)

fEMK L £¢my,
Classicad alogbeare geom. X € A" abfine voviehy (X=¥(T) , Is k\f‘xn,...l‘a;c,\])

' v
Separotes poinks, and X Ny {CBSUL fo'm\'s} C Spec k(X)
a > maxideal Ma'Ck[X] (&> max 1deal 01_ O a)
in €ad g&l— Qm\;e_oulv\a. { Ca¥egory of Afbine er{e.Jn‘es} < > Sch ’




I Vie-

Exoryple 2 X =5 :
. =Spec R | §feMor (SpecR, —s
mckRkR= |o’ca\| ri(\g—ﬁ { wirh »f(-(;n\c.:xq,\/)} HOMJ'C_?:;\g (971‘3- , R) :F;—)é’:
PO Specr L v £
f\b ) R T—t G.'ngcg’m < G_VI? Lol Zlomoi r.‘ar
m & (\‘.F me W € Spec R open thew U=5pec R sinee
Spec R\WU closed 3o i€ s£g thew wold find ancther vaxc ideal

@ Affine case Y = Spec S

Y- gpﬁﬁl:) SES.}—)R = Spec b — SpecS =Y
‘(’"(MF%'S” wm " — f,,c,-m%ojq"m)=%
Geneal| case Vo S5y \\3.5‘,}

g€ UCY open sffine , Hhem Oupy=0yy R gives SGecR Uy
Wniqueness :  Svgpose £: Speck =Y giues same
Mr— Yy
ik ueVeyY dl = £7(V) ogem > m=[unique dosed] = £(v) =5
P \a' Y ‘%\I\e opem ZF ) (’7"\ m (?o?'\\' 51, Sfecﬁ) (zxuc\‘s'eé ;.-\Pl.eli‘:o Jeick)
so F:5pec RaNVCY so redut to affine caze. D

Cor2 -)CQX=)-3 c,ay\ov‘{cal W\orp\'\ Spe.c lex — X,
(39 e’“’“’\"“‘") - fny SpecR— X fadors as Spec R— Spec Ox x — X some x€X.

ad le-,l, —)lex
ok ’UOCGJ f'l"\a indved by o locak fil\a— &om
eN N
A e A A
J/kms::S.a_,R induud by -;: Spec Oy, — Y My, —%
Em!m\e_ Case. X = Spec K {or Keld K. EMK feld K

quot
A Cocal hom REU K=feld fadors R — kK —IK
(sine Kerg = @ (0Y=0M)_Since Lo

Thus: {qu Mor (Spec K, Y) } <] and Spec I Y faghors :
Wil F(co)))=% & Hom (K.(l\a)’k) A )y fdkers
0)’,4/YV\\1,.,_ Spec IK Spec kl\d)—’ Y

UPSHOT : Morphs fom focal cings oc felds don'd give more. taformakon
than  altady know  fom Seec Oy — X amd  Spec ko) — X.




3. PROPERT\ES OF SCHEMES

1S, S-S¢5
3.0 Useh! fack Gom Commotntive alstbra
- Wr:\,{“ m* | Mod = module
R f;l\g_ , It R‘MDO\/ SER mu|-\~.'p\\'<:«:|\‘v€. Set- / S\[kme nWeS

=) localisabon SN\ = M)(S/relo\.‘h'ov\ (M,S)t:V ()8 w: (tm-sn)=0
whidh 15 an STR~mod omd have R-mod bomn MN— S“M Locakisalon Mo,

. m— &
Fac{:‘ SS M= M ® N R Cﬂnovnm"‘a_ <_(v|a, m l—er\@J— ond Z_Y' m\(-\Zm 9—!)

Exerwise - M—rN hom (ofF R-mods) = 32 nabvml S™u: S M— SN
Fact Localisahon is an exadt Nactor.
G STMMN) = STTM /S5

Pe an|‘a- S Jo eadkt seqvimea O—=N—o-u— MMy—o 10

inAeed take
foct Submods oF S™'M have form S°'N for submoeds NCM (A?—_-:a;

viee M= S'‘M

Fad:' S'M = Zuv\ M-f via. focalkisakon moys P’\;—EV\ whenever 9= f£4,

m BN < findvad by R—HR
(Q‘J PmoF LM M@Re = M@L\M RF M®s- 'R) -F"H mgn S Via :&@RB—»I‘?Q&?
vlkplicabve ek S= R\
Lol o..Qg).Lm, Heorem l/m phosiiese Rip - same cesults hold
F only use
@ xeM : X=0 & ')CP:OGMP V Pe SPQCK MAax i%ea(: ‘P
@ M=0 & M, V pe SpecR
@ r\ —" M —P’—)M QK&C" @ M °(P M / fsr M‘) QKQ(A" V Pe S‘Peck
® f: M= N n& -FP-HP——H\’P iny. V pe SpecR
y. Sur‘)', » sur) //
7 iso, Y iso, ” I¢Annx if 140

PE @@ Ann (x) ={reR:rx= o} ideal £ max deal M (uﬁ\ess X=0)
X,=0 €ERyy = 3 re R\wm gk, rx=o0c¢cR 2

® bv ® (exac(- M —>P’\P(¥PM ”)
@@ H:=Kec(®/ Im %H ’E(W(%Mb‘ﬂ_o“owwe@
([ L:oldf‘ Sinc ) ‘“C‘Q'/C)’:v Ker 3 __* " L o © nch I e
otalisation is @act = 0 (kv Alp — M —.(’mﬂ) 0 exad, so Ker(r,)= (Kerp)
@ b'a @ é—@a iny means 0—) Miﬂ\‘ exact) 0O bm ({’-‘r3' (lM(’))P
(A €<all £:)

RmK Spec R = UD{ them above cesalts hold & hold whem localise at each f;

P 2. =0eMg =M @Ry, = Locakise firther af peSpecRe;: Mp=M@Rs.—M@R,= M,
(Noko, Very PE Spec R 15 in some Dy =Spac Kp)} O=x¢ } > Xp,50 0. 0




| -f~3~= Finitely generaled

ideals in R shabilise

Real - Cing R is = ideals o} R oy submods d s asending fami
Noethecrian are £.9. i'?e ’R;-—%nads

Rmk  |oalisakon amd quokewts preserve Noetherian proparty

Dek scheme (X,0y) is Noeterian i€ quasi ~compact amd Locally Nostherian
M An affne open (4oc He £ing R) means am open subsget UeX

admi’cl:\‘r\a om 1Somorphism

(U—/ ﬁ'xlu) = (S(éc R) 85#"-&\ for some ring R.

( ”Mccnd)'na chain Condfh‘oﬁ‘)
ACC
5

I‘ S ILE idd
= IN=I~+=‘~~
Some N

Note:
OXM'ER

Claim The Lllowing are equivalent defiaiRons for (X,0y) 4 be focally Noelerion
1) wey (ou'n+ has am a//cne. open heTghLourﬂoaol U wih GX (W) Noederian

2) X=0W: {Lar op%nq}/-\'r\e; W, witk O, (W) Noefhwian

3) gq'ven any. open %ne for a r\'r\g, R, R must be Noefrerian

PL (1) G (D) amd (3) 2 (1) sinee schemes are Locally alfine .
M8D=(3) :  considm  SpecR =2 U € X

Vpe U, afbre opon peV=Spec S witk S Netthvian by )
=3 3 basic open peDg < K for Spec SISOMQ 2¢eS

T Seec (Sy) amd Sy Noeth. bine S NoeHn.)
By He WEFULTRICK, WLoG Da is basic also for Spec R, sapy. SpecR, .

Since Spec Sg = Spec Ry get S9 = Rf 5o Nothherian. Get cves for W,
so need:  Alatbra Lemma 12{__ Noota . V¢

@

SpecR SpecS

UWSEFUL TRICK R,Srings

PE Spec RnSpec S=Y< X

=3 open~ peD cVY

whidh s basic for bethRS

P£ 3 basic ped.cY for Ror
3 basic pEDED. oS35

= se S =T (spec S, Ox)
) J, reskick
be r(by—,ngg R

D4=2 o (Rr\)e\: Ra(‘

r'\

<all £:5 54 = R Noei.. =?/D; = {xeDe: sex)%0)
all £: >3 S~bu " Covering Trick' SpecS ={xeDet e\(‘X)*o)
tf\‘)oc IQR \\ottdl. (M I is —(s_) Y venng e pec g =SFCCR¢M‘=DM~
=) I-f-; 1= 'I_; R'Fc < E& vdaad y -F? Sin Q'Fc No-e-l*l\./ Say aenemlorg 94 = %
= £\I_g_ = £ %5 €1 also generate (S\'ncz_ ,-F\;-,J eR&) :

4 Ymendor ol i copy o) R

= @R L, gty sakife g
)

(S'.'ml Leﬂ('e;s):&l\)' gev\Qka-)
bew Lomma by proving the ACC fr R

Exercise

(Ke‘a,

3.2 Properkes Hat are affine —local
Above we had o property & of affine opens
Affne —local condihons
‘3 SpecRe— X & = SpecRoen X *
2

we an alternabve

A

ek -

_proof of akpe
“pc (IL\\

where @t R— Rg
You may need He famous Trick : SR = Dy .o Dgy s T £7=1

localisaton ot +;
suryedhve £ 50 (o sur.0l

use Sec.2.0

is lecalisalson .

)

(hr \‘na 1S Moeu‘ufav\\\) sa NS -Fa.'na_

VfeR <—|
SrecR= U Dy, SpecRp s X & =5 SpecR <o X 4 <

So ProQeHy is presened
by (eco\l.l\:?:ﬁ‘kor\

con a-lo\oal:u from
basic agqnes +o affne




. ”i 0\& (od
Cla\ﬂ\ X =0 Spec R: each Zm * = eV open affine in X has *(—aﬂf\er, c’f‘

holds affine open
_ ) (2)
PE Spec R« X = spec R _—HHLD‘RJ ) D;\,J_ S SpecR: = D,t.-,"ﬁ? = Spec R£&0D

w s . N use USEFUL
Exam?les of #¢: ”ﬁ‘l\a is reduced \/ ,”'\'2 15 NOC‘H\-/ # e is £ .B-d%lﬂf“\(mKK"‘ 3.\

“locally of -Rm'\f-l'we over B \some fixed ring B (“base’)
23 Reduceed S‘o‘\etv\es so T sury.homd B*nla,B[x.,, A > ring gfzﬂe:f\sfjs %(Q/P:'
(X Ox) redvad i€ ol O (U) redwarok rings (=no nitpokmtrto)

foc. fintetype /.
Huk 1 redvad & stalks Oxx are redvad <(so “stalk—Loord propecky®)

& VpeX has am open affine n&:aJ\bourZoaal for & redved ring
RmK By 3.2: Spec R reduced & R reduced
Lemma, X ceduad T,9 €0, (U) 4uke same values {Lrx)=g(x) € X(x)= Oxgx /M =>f =35
PE. TakKe £-9,WL06 g=0. On affine , KIPYZ Frac(Rp) 50 f€ N p = NilradicallRi=fnilpohnts} ={o}.0
(o't confuse s vith gineul fack Vscheme : £, =3, €Oy VxelUl=£oge b,

Cloim (ot %*"S*“"\x'\} atondchon e.9.£,9:0— ¢, £=)=3, §(2)=TF &ecent, but £ (0)=§ o), Spec=fo)
X rtduced, f3: X — Y,-(-‘:g as Jopologicall maps, £=9 on opem dewse set = f=g. 5"(|me)
PL @nongh show -F:g ﬁomll} by sheaf peoparty. wLOG Y=SpecR,X=specs (Pick specS € £7(5pec £

Y= 'F#ﬂg# : R—35 4+ show @ vanishes 1+ is ?.Y\ouLgL\JwS'\Ao\.I S=wlh)eS s 20 ‘?‘ﬂ:‘?(""))

= Q@)
IpesSpec S: slp)=0€ K(p)} = VY(s) closed & contains an opem dewse sek, hemea s=o by Lemma

3.4 |reducble schemes "-since Lp2 5p =0 € O | contoins opem demse seh by assimghion
Det Topolsgical spact X is ineducible i X is not & vaionef 2 propardosed sets -
X=CvC, =2 X=C or X=CG (where C: closed)
Easyexerwise 16 X icredmeible s * Any non-empty open UE X 55 dense amd imreducible
. A,\a fwo 4 n U,IUz have U,nU, +d (o\ozn/ densalirred)
Reaall: Ni€(R) = niladical (R) = §nilpolemt elements) = (o) = M\ {peSpec R} (R cing)
Hule 2 (X 0x) intdmable & alf affine opens artirednable [Example V(T)=Spec(R/D)< Spec R
Hwk { Spec R irreducible & N:Q(fz) prime vdeal - = S‘fﬂ"{{;&‘_j i (\/% )f:;";ter:“l'
< R/NRUR) indegrad domain itred. closed sabsehs o} Spec R’
< 3|/ generic poiat, namd,a Nil(R)

axe : Y (P) Soc p €Speck - So:

. . - icred. nents : i ini
peX genecic point if closure P =X (P is dense) ‘Z"‘(i,,f;'_‘"{‘fmx”i.r.t.g”_)"‘ &6,\.,0}{)
c

Claim ()(/Qx) irteducble = E!gbnm‘c point ¥ . amd Y € every afAne opem #g —
PE albine open g FUEX 2 Wined. "= ! gbnricpt xeU = 2 U =X (3 in X closed and2 W)
Suppose Y€ X generic = it yeX\U thev T € XNU=X\U not demse. , so yeU, so y=x.0

Hwk 2 irreducble @ Connecltd .  Fock SpecR connecltd & no idempotents #£0,| )

RClassifes connecled components of Spec R in Y&rms o} {denpotends reR with rT=r

Exyise R Noetherian = 3! sequtna o prime Wheals Py, P (op de reor*ef‘ﬂa>={?.r‘;;\‘®
(Same Pf. asin C34) in fact theyare the minimal prime ideals of R) ¢ 54:;?"
= 3! sequen (e °j— icred. closed subsets C;=W(p:) (upkmorolui'\a): Spec R=UCc/ Ci <

R_(which as top. subspaces are the it€ducble componemls) s fopdogical spaces JH
\Na.rv\ina : Q=(x*)Sk(x}=R = p= NW(R) = (X), C=Spec (R/P)={o]=5‘pec (R/q) &s Yop-Spaces,

notas schemes

Reaall




Non-examinable (see C3.4 Nok’;sr on Lok —Noether Haeorem) , .

To ewover the scheme Spec (R)= () Vv(93:), V(@) Sé UWV(@;) 7(@ ceredundont ' )
. . v ¢ JE J can't omik %

need pomay o\Q(.OW\'Ooh‘hOﬂ <(like Yunique factorization” but for ideals)

[o}= 9n9,0-nq 00, whee q; ae primacy ideads sk % 2()9;

q €R primary ideal i€ er0 ali:’irorsai R/q are nif,ookrﬂ' RmK P=\/_ is prime ideal
(Equivalomily: abeq=acq or beq somen (i€ a,Ldq them abeVq) (“assosiated prime ideaf"™)
Example p™ is primary i P prime ieal, e.3. (3*)c2 ?:'ﬁs;mi?:af;‘f‘e
Exarple (1) = (2:3) = (2)n(3%)<cZ is primavry dicomposidion . [So: abeq adqbep
The 9; are not unigue, but the p;=V9; are unique (up fo reordenny) N |
(Ve P ark precisely. the prime ideals arising as mdials u}anr\ihilw\m’s of elts of R) (“Ztlzs:d :{;P;))

The W (q;) are called prmar 4 components : not unique. as schemes, bk ace unlgue -|~o‘oo|oa.‘ullg,.
*WLOG P1=V2, - Pn= 4, ave a5 in previous exetise: the minimal prime ;Aealls
(So NQ(R)= pin-npn,which is Hhe primary decompasition for Bl o))
Fve He isoloded mponents \V(ﬂ:) (as top- Subspace =NY(P;) ;rreducible comp.).- These. 9,9 are unique.
*The oler Qnty -, m Ve rise to the embedded components W(9;), jyn+l (ot unique).
(Nok Py2p: some ¢, so \V(PJ) < \\/[P.) c \\/(q;) ae closed SM.bsohemes, but V(7J) g-\((Pl;)a,s' s‘ghem.!,)

RmK Can apply above 1o R/ Yo b VT =p0-0pn, T=9,A~-A9nn---Nqu , ehc.
e T2 ()€ Kaa)— . x-SR Fonr
annihlator . 10
(T =9, , L=9 09 fr 4,=(%), Pi=(9) minpime, V(q) i isolated, irreducibls
Thiak :'ﬁh\ch'z‘r\s vam‘s\m'na- on C'Z: (711‘9')11 PZ.: (71'3) Q_m\,uud fr.'ng\\/(ﬁ?): ,(a.H'CV\QIlOC\‘y“ s o,\MLeoUeJ
[x-axis tn A’ oand 7 ordes2at O. 'K_no’c-‘je. Po=2°, s(n;\o{-\minim\. Q-!miuf‘z, 2=CBN¢ |€g'“f\
ni y \ Iso prck x). € {dQals ™A ,
3.5 Indaral schomes notuniqe, eq could also pick (Y5 (M:K K:a“’s‘# ‘-"‘:"r:-i Jeals
Oa2T, 3 2T, =0)

(XIOX\ in+:3ra.f A all GX(M\ ID (—(hml domain=no zero divisers £o PR i
Hwk2 & Ox(u) ID vfﬂ"“ opem Uk I,=(X9)20=1I,

Fact L IS non&xaminable
b?;’;{_ﬁaﬁ;:; ﬂ("\ ‘)reservf I ‘PNMJ‘a" 'Fa_cl' 12 Xis lo ca"\g NOQ‘HG
sadbiy 2 key Non-€xamples e » connecied
Coc X Mkﬁfd%@x’x TD (but not &) / —I—*"'ﬁ,‘{‘;“ _I_ X ineyoul é‘){ {f‘:sﬂc@c
Hwk 2 | X integral & Rdvad and ireducible f?ﬁ?ﬁ) t\j‘:ﬂg\/{zwz kL) @ eCy]
O Whble : Wnon 4 S

Spec R in\@a-ra& < R inkegral domain « Exomple Al ireducibQe abfine Vaciehes XSA'
. Spec
Claim (X ,x ) indegead = resheickons Olt)— Oy V) are iechve flor Vatg) 7% *ET)
= +al| sechons can be ompoved in G, Y = generic point
- Kly)= OX,Q < Hac 0XM) viareshickion (anq U£P)
PL Oyl) = 6,(V)— Bx,y 50 enowph sho s, =0 = s=0.
|6 show 5=0 on every open ablne S U then s3,=0 all xeUd so s=0€Ox(U).

= wog U= Spec R, y= Nil(R)={0} (since RisTD), so Oy(U)—> (9,(,.9_ becomes

Res R(°)='Frac R, e 'E Cn,‘_ sine R isID- “Thus S'Q:O =s=o Q

Classiced Ay, Geomelry X< A° imed- fgine vor = (9'x X)— (9,:| (Dg) —,(l?x, o //k(X)
(so Spec k[X1) k‘[x) € kLX), ¢ kIX), < Fuc kIX)

&— called fackion Feld K(X)




3.6 Proparhes of mMorphisms <all propries we list are presentd whin compoase such morghs
A mocph of schemes £ ¢ XDV is: (Wil svppress £%6. 0y beom notation)
©) aféine : quivalent condibons : < £ (affine opem) s

» J affine open cover /oo Y F"{V;) [affine]
- V affine open cover /¢ )’j F(V:) [affne

@ quasi —compack : replace by [guasi-compact ]
(3 Locally of Hnite type = + VY afhine opems gsx, veyY with flueV,
> . N =
(‘“A&s: A-B finike hype ) £7: Oy (V)— Ox(u) Faik type
S

means B f.94.45 A-aly. e (M{am'f\a : Gy(V)i Ox (£71V) Lt 5 Ox (V‘))
B A["-'v’(-\)—) B '}A"’Qj 3 open afbine overs Y=UV.:/ -F"[V,;): 9] U.\:J'

‘F#’ Gy(Vc)—> ex((ch') fraite hpe
@ ‘F\'I\.l{'e. +‘1(’Q_ : ®+® : 1u&$‘|-—Covv\Pq_d' L LOCa.“.\a 'f\‘n'lk'l"ype.

@ closed immersion @ (so onto a closed subscheme. /‘l‘“’;(’ Fnckions
on qre
. s . homeo closed cesioichons
Exp\.c\"'q»a : f: X PN = funchions :.(4‘.-7

£#: 8y — £,0x sucjedhive  (so ideal shea) J=ker £%) Javlomatenly

Quasi~cohecent .
W aff-open U=SpecREY Tideal TSR sb £7(U)= Spec (R/T) Rk Con specy
b~ ) an idea TSR by

U =—3exR asvryeive €ing hom

- 3 aff v Y=U SpecR;/ ideals T;S R;,-\c_‘(gpec Re) = Spec (Re/1)) R—»S (ge+ T=Ker)

Conversel iven

EYGH\@—)X: )’re d € Y closed subscheme : X=Y as kfa(;ojiml e and | T consider a.§=R/1;
(reduckon 0'1,% it's rﬁdu.d.o\) S)\Qaj'fj_ ideds J() = {seﬁy(u) : s(py=o Vre M} (so 6x=06y/3)
Nole locn|l|g= on U = S'Pec_RJ j[u)={Sé R:Se (\F: NIQ(R)={n-"f¢kn‘*S}},SO -Zocaﬂa J agrees with

NiL(8y), indeed T is the sheaffecaton o} Ni€(G,)<— need not be sheaf e.g. V=LY, ¥, = SP“(Z/Z")
2€0y(Y), 2 & Ni€(By(Y)) but 2eNit(6y (Yn)), 26 IV

@ 0Pen immecrsion :k iSo onfo :’: opem S“LQ’MMQP \é’gn\/, On= 6)'|ULX
b . omeo ° ideo : funtlons on X ar
EXP‘\CI ly« £: X 2R £00) = Y e, s‘qi;,ne. onte 4 Y I°c°‘"3)

'F# : 8\/ —)‘F,'Gx 1So (@ iSo on stafks —\Cf : 0)’,{-‘:;_79)(,1)
@ Fe“’;‘t: add. GZ@;—" ex,x one 'Feoi‘ ('i'l\a. e\OW\s

Not in‘l\/ik\’elg c\?Ar, bat ensuces Hhak Llosof £ Varg in & contvolled way :
Mama iavarian's of ~bers Gike dimension, do not change unless yow “expected™ ¢!
It is wWeaker Yhan Songing Hhe Rbs ace focal’y iso ¢.9. it allows hwo points o colide as vary fbes

ﬂ?“’ﬂ“‘ R-mod M s L!ﬁk it M®- s L¥adk fvadoron R-mods

@RS ;Zd-fh_ss bor means S Llak R-mod (using ©-S= (r5)
Basic ‘FG-C'\.‘.S‘ ’/irjcdi\le. (thom of R-mods)

) H®g' alwarys riabk Zxaw\‘/ so M P{;J— R-mod & N,esn, mplies l"‘@gMc—;MQ}{NZ
FUL_C{' Enouae\ do check V\@KI < M@gR \7’4‘.9_ idell T .S R.
2) M fee SMHak  (Pf.M=QR = Med= @ N 0




3) R M, M %ﬁ R-mod (So M= Rm;) P M FlabkEOM _ppee_/‘ey,&x)l“"l

fReite but 8x ¢ s
W) ADB R, Boc fb = A—cC ok . Carely Ette over

P_-(- NN, A-mods = B®A Nt a3 BQANL RB-mods = C@e,B@AN' <> C%B%Nz Q
5) A—B Hat = A, — B, =B A, Yok Y p e pec A //B@AAPéBA:’(:B‘,@A:'\
& Noes Ny Ap-mads = Nies No  A-mods (via A— A-P) = B@;‘N.MB@\N-L o

6) Ring fom €:A—8, mAkplcahvre sets SCA, TC B with Q(S)S T then localisation
¢ :SIg=s"'A ®,B — TB, %8\5 — Y@b  factorires as SR = (\Q(S))“'E;LT_'B

wis) ;

Since isoS of rirxas amd Localisakion are exact functors , 9ot ¢ flat, %®L — t?%)o %
Example : pcB prime ideod, =@ 'pc A prime idead, S= A\q, T=B\p = B,l:B@AAa‘%BP foat

Theorem Y:A 5B ﬂa} ey bom & @*#: Spec B—s Spec A ﬂa\}
4 ™ ¢
MO A8 Mok = A8, ek for =y by (3, By— By Ak by 6) S A, 1

Recall Ker( B, N,L BB N)Fo & kv ‘f'r Fo VpeSpec B/ +Y
KM‘(. N\ | Nq_) =0 = ker (A‘\QA-N‘ —_ Aﬁ@ANz\ =0 ‘R?'\us w(Bp@ﬂA“%N(—’ BPAO“AQQANz \:o O

Mo hvakon (sce HomeworK 2 2X. 6) = B ®AN'

— © N defined rigorovsly Lakrr in S.1 fornow
Flakness = |-pwameter famikies o schemes fave Lmds - X =T (kY= Spac K(bY X, X
Fact B= Spec k. [t] = Spec (K (L’)®|g['t3 R) i X=3pecR

also B* = BN\O =Spec k[t,t"] ; v MPanit e X
i[[[t]] X & A} dosed subscheme (ﬁ Hat over 0 &= Rber Xo s “himit %:o b

1] Lim Xy means :(kbes overo of closuce of X*=T1"YB')
\r'ork{.&) K % \will define lw'-?// S i So &> X* =X g see/gt\:
hm . “B: SfQ.C k[{-‘jzlf"/x'\] - ( B* XBX

Fact Another nice properhes :g’f }(yl’ morphs £:X—B  for B X Locally Noek.. :
dim_$7(b) = dim X —cim B whe b= Fex)

So dimemsions of fibey don't “jump" vaexpediedly . N %,*‘,’";ﬁf,{?&i'ﬁtflcid 2;:

Greomereical rmakvation (Vena Qoose%\ i"}ézpi 2S5 2.5 -SHEU
X{;:V(u”-t) =¥ Xf\/(xj) minimizing over open x€UESX

k ¢va,Io_: A has dim=2.
\ ‘ P} € Lne < plane
] I I

l l how many if have & ;ﬁmfé SEER
' Knes does for whick inkrrechon ]
sl RS
Infrsecr fehes ! : be will a|most alwa
=Y (x 3-t) < A3=Spec kCt,%y]) c\ iﬂt\:%ak :?—SZ{O Z:: He Wh\ess S

YAl = Spec Tk



Remarks about calculakng closures of seds in X =Spec R

Recall -lopo\oab:
¥ -I»o(o(o;-xml .viau_
— C :
,) PESpec R = =V(p) Y?_:Xnt( subspac
PE pe V(P D F SV (e V) closed) Gz
— Say o anw closed ¢ 2
ConwWse : p € P L—(\/(I_) = IL< P}#Ié PST = 9€ V() o éwk?RSsCVZC, AI.Z;
qeViP)= pcq

" B*=Spec R[¢,t] \/:U--- \/v\ =?,U-~-v7n
M X =V.(f|'Fz""'Fk)SA%*ﬁ>J£ RCX),—DX.,,,‘E,{‘."J prime ideals PE \/:g Yioer U Ya
_ = Vle) v Vi) Nwvhere V() is VU calevlaked in A% | = 7S oot
= X*=Ve) v v Vipdc A

. e Conv®S SR * _ —
Sinee pc € X"¢ X" ) ATERTY ‘/,u-..u‘/n
= V(fl'??.""f’k) omd ?.'GV..(F;)SV{(’;)rFC closed _

= \/,a--\."’.\_c_v'u..u‘f...
2) For ¢: R—S ﬁl\a Lm,o(: Sra.S —’Smk J e((r):v.e"P :
Given C = V(T) C Specsj «(C) = V(‘O—'.T)

tadical L b/sau}
gfs,fecs fsr e~'(p) ';\d SrecsS S ITLY'T
—~—— A(p) =1 pe V(e J') peSpec

2 V(e™3).O
so ?GC ‘e-‘IgY-( U‘QP V(I) (e
«C < V(ey) P

! 9]

<C & C
Example S= R{l localisaton . feR | if @:R< R injedon tHhem @ 7'T=RAJ in (i)
e.q. X "=V(T) S A% or B=Spec R[t], B'=Spec RL,+")

So 4’-\'\B=5p?c RCI,'...IXV\,*.], '\Ba= RCX),—)%-,,)'E:{'-—‘J
= | x* = V(R[x,., %, £)nT) € AR

is the cosure

RmK Also Know inverse magss rj closed sets:

PE T =<h>, SpecRA\NV(T)= UDg

UD,, = « ™" (UDg) = x~(5pec RN\N(TY) = Spee S\ V()
) \\o.:, )

= d7VI(T)=Spec S\ UDgp. = V(<¥4:7) D

L (V(I)) =V (<yT>)




4. GLUING THEOREMS
4. Gluing sheaves

X = U (/{C oo LV, 45%{‘5\/:64{ u‘,) = U, (\\/\J- ) MCSK= Asn u.)'nun
F; shea b on WU;

Q\j : F\'l Ue; — FJ' |uj|.‘

Cow\pa,Ho\'lf'\'? condkons D W = id
2 Y = ‘?%‘
3) . = @, o Y..
Eyaw\e. [ sheag on X, F‘- P= F|u: (So F.(v) =F|u'(V) = F(McQV), Vopen VSL(cB
@; = ises indweed \ma, double ceshachons  (iso aj-ﬁlv\dorr .|\4;‘u 'lu.,- )
T‘Mo_rew\ 3 ,up o uniqr iso, a ske.a% F on X with ics i w;

m

<

Fle, | ——’Fl o
is the nabval iso F|u-

z| L
Flu

.
Wy “J‘C Flu;

U\
B olet E= LI = (F) / Gquisalemce elabon (F), = (F), for xel
3 @,

N (using conditions)

Fln) = {g-. w— E : S s Zomlllg— o sechon of some F } . O
(Vxeu:! ,3 opom xeV: C\A AteF; (V) s(=ty V.aé\o
T‘\&Orewl Gm\\lev\ Sl\lﬂ\ﬂ&s F Gi COV\.S"WC‘l'Cl as ALOV'(— -I(‘OW\ ‘bd d‘“k"‘ F\., ‘?\, on u

5. . MPJ ° ‘P:J-Wa

o'V
oL n\o,v»\ J—F_) 4 Gawn Lo_ u,v“qvelj O{CL-V\LOK ((OM dqi\'& So.-) J
W . [ — ~ & Q-’j
morp ; | -'F, F > _ . Fflv\.--_) F.)llk
Co mypax «\ouh)-s, tondikon : \|) jl° Lﬂ-J- £ | ! 14‘;)
u.\, ;. v Wi
’ Gil —°)G|
Uy I
St via deakfakions Fl, =F. Gl, 26, rewve §[ =
-2 Gluing schemes .
v Uc M‘J Q;J
W, schemes, U; © Uy  open subschemes (Uee = U;) “?ﬁ‘a e
N : 111
cp. U s Uy ises € (Hhink g fom s do ) [~ 4
,1')4\ . )¢ o Uki Uk
Z v_\gc‘_:m, ons 1) @y = \Auhjd‘f’;h

case k= ) 2) Oy (u\J nwmcu N Uie

L€J-_;'=<€.\- 3) (fk k _ \.J»\ev\ rtsh’\d-u\ as ma,,p; u_ nuk_’uh



Examfle_ 1€ U: €X opem Su\.brokevwcsj Can taXe M;j'—’ Mcﬂuj..(-:)( wit ‘(;J=':°\
Claim {exmise.) 3 vaique (up 4o iso) scheme X with open cover X = UX,

. isos a‘a_ schemes U; %Xc

.
||zl;§
<
2
=<

G(u"\a Lemma S\lffoso_ we bwilt X a5 above
= ‘F" X—Y Morp\/\ can be Um\'qvq'; defed Lom morphs £ Xe >V st

covv\pa'h"oill')'\, condiNon * X;Aﬂlx"- — % \;\‘Y ®
XinXe — XJ /'.F,’
fo o Ceamparbly)
on sheaves heed ‘F 9‘/—> Oy <—(r€m// gt Oy— fu bx é’3 adunehion)
({'“\6‘{ |)( = “H_‘ = ‘-‘ 8‘/ (X\ = X lN-IuSIOI\, frgn “P f Oy QF""{')

£F ¢ Mor (G’y,(-F)a‘Gx)_Hor(-F Gy, O, \ amd &, —exl .Sm-(a,o&hml:sc
Raally e can ofve Hre £7: 'F:'(9y—)9 |x; by @ o gd— £7'0y — 0,. Q

Consequimce : Top (X)° P Sets 15 a S"\C’% ol_ Ceks.
(X,Y schemes) U +— f, (U) = Mor (U,Y)

4.3 Afhkne Sprce by gluine (see Homework for projedive Space)

Affine n-spac over SpecR * Mg = Spec RLX,.;x0] (=2 AG,.¢)

Rmk. R— S ring hom = fom on poé\r =) Ays‘ — AR
Exavple R — Re= /{4“ ﬁ A'[\l is #he basic open set of A’-\?{ dor £€ RS RO, %]
£ (Acspeckow\éu uD,, = /\=u/¢\ C A goved alon
(Some +; eR) Ri: kope& snl:::(sp“ R'fcff_gfn %
X S'ckew\e_ y A'C‘G'I\Q N\~ SPAL ove, X - AX = UAX whece >< UX\ affine open cover

IK A AI»OV\? AX(\X
(V\°‘|\Q— AX = U /A\‘x 0X; / then Id(’m’hfg +hese copiesy” &-/OPQ" in affine X;

Claim A" =Spec Z20%, %] pe,fwesemh fonctor F: scg,_,gzh. XH{MOrpks GQ"_’ Oy st-VU, }
Oy lun)O" — 8x(W) is homdf leu)—vv\oo(
E Fl.roPCx)of s a shea!_ o’& sets (eas-a to hack : can 3&,@ morphs sinee Gx(i\zea{-)\
do isSe
/A"lTOP(X) b 7 La Consequem(2 above - s if Hhe o :fwr\c-lor.r aj;w(e_('\gn q#mes Hen
by sheal properly Hrey agee emtrywhert. Tor affine X = SpecR just need compore global seckons
F(S-pe,c_ R) = HOMR(R“ R) In both CQSQS' J\IS'I' {-

‘R (SPQC-R) = Mor (Spec R /5‘\“) = Howm ( Zf"fa,—, X-h] R)}wkm aene.m-kr: %0

Y |Top[)<)°f

,_(o )}1/03' AR
X
a




5. PRODUCTS
5.0 Producks in Cakegory Yheory

Ca—\{_ﬁor\:) ﬂupr\az C k., (¢ eC

prodwek  C,x--xC, (iF exists) is am cbjedk with morphs T, to Co st
vz
al

@ T—
Cyx--xCh 25 C¢

%) <— Yonedo Jfonckarof points in lo rehation: produch

& of sets
F: €% Sebs, F(2)=MMoge,(ci/2) =Mh.(2)

Is i+ representable 7 i€ S0, call Hhe object 1€ A e =F= ”f‘c,‘
CothNJF Ciu..u Cn : Exph‘u:-\{’ 3(?6)6 ne\c‘.(f') ;.‘ve; Ulnl'qve € e\nc:(%)zﬂor(ilﬂc;)
V2

AL Wh 7 e 2
" ; \ b J‘f,t i MEES 'ﬂ:,a E{im‘)edwonsc} seds e\gci_ ﬂe\cg%)—)e,cj(Z)
& L.\l_! Cn <L Ce * oFthne:, hgl = M°"(ﬂcf,cj) 2T;.

Exawyples Sets / Top.spaces : X = produdk, Tie= prajechions, U = digsoint union, T, ant indvsions
Vecdorspaces /abeliangps/modules :

Y, U= drect sum ; T ace inclugions.

Rings : 7 y U = H¥nsor product (M= 10.07®.0\
: / W IMPORTANT EXPrMeLES *
Fix BeC (“base") 21 All schemes X have @nonicall X—SpecZ
CG\."‘(.%O{'% o{, B —objeds : C/p

L\g, %dir\a anonial MapS on ﬁ“nes:
obj : morphs C— B y morphst  C — 5D Spec R — Spec 2 #om Z—R 11

A Schemes over fReld k. means have
nC \' / X — Spec k, same as sayi~y &l Ox(U)

ot R —alathbras and rtsinchons are R-alg.homs
fibe product ¢ % D is e produdk in C/g of CER DHY (k)

@F pullback so:. V=7 v : )
or (a\rks{m\/S'QuMC) ’ \N «7| Fandec of points inkrpretaion:
Cx D 2 p Hom (2, Cx D)= Hom(Z,c)x  Hom(ZD)
Simlarly 9et 3 8 Hom(z,B)
imilariy V - 13 So we are asking whethe
CiX .- XChn P °l £ f x ﬁb is representable
B 8 cC — B ¢ hg

E)(agfll- for Sets o Top. spaces : CxgD = { €d)e cxD : 'F(C)=2(°\)é3}
{or exawple F -Fjg.

are inclusions of subsers (Subspaces) Hnen C*x%'b:C(\‘)
Pushout M™e opposite d

o (reverse ovrows)

Exanpe: for Rings Hh pushout of B, BoD is the ensor prodwit CQBB “;'q‘z
EXample.: BL’C; B-2D inclusions of open subschemes, then P“‘ha“*' C gd is ""‘9-5‘2‘""3!
Exercise s (co) produck, Sber product, pushout A Unique up = Unigue iso if thary exist,

(Hint 1 COMPOSEe UNIGue ags behteen them (S.(:. L‘ofrwv\ wmmu‘k-s) Hen coW\oqs'.-\-c_s::H bg Wniqueness of SdF.har:\

Examples of fber products in cat. o] Sets orTopSpan:Cbi= {(c,d): £ ()= 3(0‘)} SCxD

B=point = Cx,D= CxD
C £, D=38 = CxyD = €D

D E5B = CxgD 2 f ') for examde D=point=beB get fiber £7'(b)
c=D5 = Cxgh = f(x)‘a) s 'F(I):S[‘a\)ébe (”(qua\ltyer‘\)




5.1 Abe producky exist in Schemes/B RL;XEZSQ‘:\/Z e
Ax schene B,  consider %(3 Schenes /B :
Theoremn f\\;er proddks X,x xX e xist

|f\JA’dW€\1 sobfus do do st n= 2 F-rsl- need Some aly,larmc. (Ordw.mr\es

Ao K-alpebr R is o ring R Logtthe wile o iy o AR
(Ar:\a—\ <=> Ris Acmod va a-r = (a)\r‘)

RS A-abbms = (R @, S)= free R-ads. on RS H(So general element is 2 1; @S

relokco TS "aenm%ry are r@s
relokons : « ® s bilinear

s o (r®s)= (Y@ )@s = tR(%)s).
In parhokar A—> R®S s ar—a-(10)= %@l = 184
The pwdl.lc-l' on a—cnefalors (r‘@ 5-) . (r‘l@s') = v @S‘S’,

BmK RS rings = R®S = RS
Facts

) R® S = S (Voo = ®@sc > Zeosy)
2) RCx, 5%) @ RL%,-9m) & RI%,-%Xn,%-5 %]
NE/DR,T = (ST) /(T (S@T) whee STae Ralpbom

Affine case : Spec R ><s\‘,ac A Spec S = Spec (R@ﬁs) exisk in AFF/Spec -
S I®s
ll\a\r{ PMShOM+ : R®ﬁs 'H[S\‘ —

o /7/[ T‘f’s Now agply Spec. 0
Y|

Claim = Has is Kby podeock also in Sch/Spech = fob X=S5ecR
7= SpecS
a-('{\l\e- VY . u

Y B'—"—SpecA
of Schame F = Spec (R(%S')

used umversal
Recall Rbor produck  are unigue Vpde uniqe iso iF Ay et / propecky ia AL )
Btg wnsivdion  (as U, affine) 3l W —F Ma\f—l"j Aieg o Commute



£ can show Hrese afcee on oves|aps Uy =Uin \A)\) Hhem s fo uniqe 2F
¢ M;J were affine , Mass would havt been immediate .

UCJ' < athne U; , so Cunning Same orgument wilh 2 replaced by Uy

wWe  Ccan w\I:U' l U:; l:-g loasa‘.c open %r\es D;h.C_ ML . now Dﬂ,_“ b‘fe_= —D'f'pfg
= e Uniqutly fo e Wi —>F o "useFuL TRICK™ ia 3.
Recq_ll -}r:(_k -H,\qk Con p{ck oPen (ovar#u,-j H,\afau'e_ bms“c opémns .Sa'mun‘mneomsb -;(ar ME/UJ-
= U5 —>F amd Ui—F ageree .

O\FA ne l

Geneal case buitd schemes/mosphs by 2 aluing pro wduces (ledions!)

) case U; XY with BYaffine | X=UU; affine open cover | = 3 X x afbne
arkhne
-)-) cafe X XB V) wihn B affine , \/‘—' UV) y b & = 3 X x Y
‘H’\ _ , , axv\t.
3) Case X th\/ W) B U\'Jk p R B = xzy

Gluings work becavse a_a.(ezmav\‘,’ on O\IUZDY)S is emsured by unijeeness up to iso
,4 {her pro Mo{'s Skekd: Preimage o opesm set viewed as opem subscheme of U;

/(ecu‘7 check bj Cﬁ)‘?ﬂ(\] %&r))
O (£ know Y Xg 7 exist, Haem 'I\"_‘(Uk.)-) is Rber prodwct

ch' xB\/ So Ip-7 uniqueness 3 iso 'lTl"(uc)-\H T (Ug) , so slve & 3e)r Xxgj’

@ asin Q) swapping roles X,Y. o griniopon subschemes since. preimages ff optns

@ 2k Xo= £7(Wy), Y= 97 (We) = Xex, Ve ok @ (e5e.)
Key frek: nohee XY "wh\/lz = ¥Xe YB\/

3.7, Z
"bec inages are ; N B A TR ~
et ase O 1 ot w ped In Ve Yo amyueg | A, BQW ‘él
n use () 4 X} Xg Y. nQ e ~

whe X= VU, ¥y=v VJ' AR/ ” “. & bpec z%:x,g’)
E xomples /| more points Hhan

¥ N 4+M L‘LU'KMAM(J’ OF&S
) AR Keor A = Spec RLX, o 9,5 9m) = Ak o
2) Spec @l Xspez Spec 43 = Spec (Zz @, Z) = S¢ec(0)=¢ « (0)— ) #3)
Exercise Xx Y =X, Xxgd V%X (KXBY) Xy Z2 = XXB(YXBZ)/ XxaBxY = Xx,Y .
5.2 Fibers and preimages

'F : X— B W\orp‘f\ S‘J\o,meg ’F—((b) R
'M over point LeB £ (b= Spee K (b) x5 X «—] L l
PRimage oj_ closed subscheme YEB 'F_‘(Y)= \/XBX Spec K(b) — R

0o+—b




5) (‘ R = “-I{«CLWCAQ%— dosed fedd  «(so classical alg.gz_omd-fua)

. FrAe— Ay induad by FF RO k[Y) xsyt

\I/f 'F{loe!'o\fefo : (V:ew foif\"' O as Speck —_— AL so k'_:kl:/x])
. > | fler = Spec k XS ec k(%) Al ()
0 Ay P

k = Spec (R &,y kL4))
= SPCC k[:\a.]/((é'l) e(SO can't GVO\'O\) QW)\W -F?x):\g-"
’-I—) Mumford § P\‘CJNrC of Spec Z[x] :
(2) ‘ (3) ‘ () , ®)

schemes
(o) '
_ 3x12)| (5, %+Y) (3248
X=Spec ZTxl=|Gvan) g By G g V(D) G
(3,x +|)\ (s, x+3) (3,x+3) z(?o",‘*') l A

=z, x+1
T (29| cafj’:;)z T
()
Viey—=| Viey—=| Viey—= _
| )
(0
B=Spec 2= @ 2 @ .. —.)—

T s indvad ba, inclusion Z — Z[x]
= W) =V (=3 (P, (p.fe0) : £G) mod P is ineducle in fFe X7}
(S‘o (P\ 'S a olemSe.>/ (i«C PEL then Z[X) /T & fF‘,[XJ/_T_ whee IFPSZ/P
point in T (Y. 1\;‘3:;; (€) prme & £ iredor O
RM_K Curve \/(xl+|) passes -Hnmvzﬂ\ (f,m—j) E %241 vawnishes o} faak
point, so 1FE Xk =0 in ‘F?D3/(=c+)) =8 sy, 50 6 oo
Classical number -\'C\o.orv& Says o square root o 1 exishs in¥Fp @(E:‘P":;”)
hber over () - K(p) = Z(P)/F'Zq:) = (Z/Qcp) =f =25 —ied R0
= TP = Spec (k(p) ®, ZI*])= Spec o 43 = { (o), (Fea)) ‘monconstotnt
Bloar over (0) : K(o)= Zp) =B

= T o) = Spec (klo) @, ZL*])) = Spec Qcy={ (o;,};&x\\ }

' . T _ fcred ) : :
Gauss's Lemma : For £€ 20x] Primikve ( 3“““"“’)"0] r{:o.enc;vr\\sgrc\‘:])wwé “’eié')\g&ﬁnt

£ itred €2[A) &Y £ irred. e R Lx]
Consequente  Syp. Z[x) = {(OL ®), (£)_, (P,_H%}—FeZDc) icred. mod p

Nnoncovstant

Q?&Z prime fe Z[x) irreA/ nontonskant




Foraz#n\ frackor |12 Sch— TopSpaces, X > |X|= undeying toplogial space
“  worgh — vmwly\‘r\a nRVOUS mayp
Claim F:X—B morph schemes = |-F-‘(b)| = I‘F|-|(L) *(ﬁtxefwwrph(c
P;L Wog B affne = Spec S

4o Jopological
amd b is prime idead PES
fFRY= U Spec R;

%,;\N/v\ lo? ce‘_ :t S — Ec
WLoG just consider one aF(w‘Mj so R=R; , so Wloa X = spec R
= Spec k(b) x, X = spec (K(b) ®_ R)

KD=GR), > KUeR = (9, & k=595, 08 =

R

R, = Rup

| @ Q(P}R /'?(P)'RQ(P)
Al

= gpec (K (L)Qii fl\ & {0] <R Peime ideall c.on'i'a,\‘m‘t\;L Q(p) but not \‘nkr‘scc-l-{rxz q(S\?)}

9. RP < q (= preimage dq 9Rp via localisabon R— RP=SP®SR) f,1=F
9<€ R\@S\) = ¢7'q < SN\ (S\p) =p 4

so gt Q9eSpecR: Yq=p].
12 @) 5 ¢q2p } 1 9=P).a
g— Given f’x_’B; d:7—B, o Where fex)=gl(xP=b
Aber of |)<><B\/|—3 |X| X|B||Y| Vo (x,4) s |Spu(k(x)§(b|)<(‘3\)|
PE fbe of XxY — X o x i Spec Kix) X (xxB\/) = Spec Kex) %, Y

£ber of  Spac kew) beq Y o9t Spec K(x) xBy xyS(u K (4) = Seec Ktx) XgSreck 1)
£ho ofF Spec Kex) XB Spec Kiy) 5 B ower~ L:

S Kx) Spec Kly) = Spec K@Ky,
pec X e K P J
(alds in b)c 2 A\SP‘ (k) K(b)
ot algebra. level » if A, A, are

or ok c;.kgorg Lol i abuse of notahon:
modules over S = R(’/PRF Hem

hence 3
T I XX
S® (A, e A,_)'_v;_ A, @5 A, tsos ity b S
R

/1——) 9
\"‘,r/ namely: %Y /,B‘f/ |
RPCQ(R/P)Q £®a|®az =L @e) \,

v

X —)

Warning | X x YI #+ IXIx 1Yl ia gk e Seec?, ¥ Spec, = @

e.q. ,44;2= ’NZ X ’A‘Z = Spec Z20%4) then (X+9)r—(0) via both Prejetkons but (x+Y)(o)
RmK 1 %,y dosed points of schamte X, V& R and k alpebanically closed,

Hen Rber over (wp) of XY 5 Srec (KEO@K()) = Spec (k@ k) =Spec ke=(o)

so over desed ponts you gok e prodwok r:_ seks . e(&'o Sassicad Aeﬂ-J‘}ﬂM..)
\I\)M““f\z /A1k=ALXAL does not have Hhe fprodwck '|‘°f°\°9‘9-, €.9. consider V(X—‘a-\

Non- Cxaminae Rk \ﬂorkiz\a oveS am aCVJ:m:cang dosed. f:dd k ) e stallle of X ’fsmk\/
ok (x,y) is Gxﬂ_ ®k Gy,na Zocaised ak max jdeal mxlz®e‘h'}+ Sx,x®"\/.,




5.5 Rase change Xp: = XXBA — X (S base—-clr\mv\a&djfx—)B'\aA

all schemes — \|/ J’
A —8B

Example Ay = //L\Y\Z XSPec?_ X is base okavxgloé. /A"‘Z do X via X—>Specl
Mokvakon s g,emep\,l\'.ses Hhe idea a’s. d\ow\a—w\a He “base coefficernds™
Cxa.vvxple : X = Spec R {x,, . 'JCn}/(FU ...,‘F,\) real. afhine Vwid? < R"

Ejssffclg\ } amd A—B via @: R—C indusion
XXBA is Spec oj_: R{%5%A) R T o € [x,, -5} so afbre varccC"

F— £ R &Y,y ¢ ()< (.swne polys
Same works i replace. R— € by any r\‘f\a bom S5R. W viewed over @
FACT Many poperkes of A—B are inhended by Hhe base OL\avva Xy — X!

(DQF-F\'AL,@‘IUA.S\'-—COWAO*',@ LOCA”‘J Raike ‘)"'1?-2-, ® Rnite vp<, @/@ c‘ostrl/opu\ imm@/'slon,@%'\‘
as vell as propures fom 5.3 : @ separied , (3) univsally closed , @ propes

5.3 Moce properties of schemes (anl proper Kes we list are presentd whin compose such monphs)
Nokvakon  Topslopical spact X 35 Hausdorff & disgonal A=3(%x): x€X] S XX closed

« £: X>R morph of schewes is separated € X\?‘!XA MX
X
A=A e X — XxSX is & closed immesion. d\xi - |

X V/a opm v W of B, 7)Y — Ui separaked T\me'—znouah
Yo dheck imone is o closed set
Rmk oftew wrike A 4o mean imagt S XxgX o} wmocphism O .

Rk Any subscheme SCX over B is also sepaated since Agg = Dxng N (SxBS)
Bmk X separalld means separated over specZ so AS XxX dosed
Exawple {or affine varieRes (similar Jor- projechive vovriekes) work over B= Spec k:

e see next claim
Seec RCX) ngpe.c kIX)= Spec k[X}@kk[X)Q A has idead fRN- 1+ : fekDX)D
N\xa good T 1t disallows fa\‘i\o(ogces Like “abbne Line Wik, dvo origins" (Hwk 4 ex. 5)an‘s;n%
|

S, -1 xX—Ss M do X— I _ i.
by 31;«{/\2. SPP:: E%z::_’ j‘; Spec R [x) by =3 (€ 3 -1 them oot Pg : Hwk.2,ex

PE A spec R — spec RxR Comes fom RR 2y R, aA T T v,r
Swf')‘edﬁv{:m(r‘l):r (and ker=<r®) —1@r: ceRY).- O R«—2Z -

: ) W .NUs afne o Muthely cesirickons
Cl X separafed &> Y affine opans Uy ‘_) AR Sue;
A e ot ol e iy, — ) T (U, 8) @T (U, 82) 29U, 0, 65)

p_’(;.@ulnu'z_g(U| xul\f\ A, So U.GU,_EL(. Aosed tnside ﬂ#-‘nﬂ_ So A#-'AC-
U afbne 5 C(W)@TIU) = (U, x \AZ), by () WU, = Spec A say

) Wnu, = ((,{, ,((AL)(\A = Spec A‘/I. Some IS:.A/ so [(UxU)— r(uuf\“z)
n Hn
@ lover XxX=0U WxW; by prodvds o a#-‘nc opems . A ? A/T
U, x W) = TIU)Y® UL (c'c)>) r(UH\U,_\ so AT (ex W) = Ueay < X C‘,osed(—‘i‘ts ideod
Se A dosed ivmnttion (wse 3™ deknikon in@) Sec3.6) hom (&%)
HWK 3 Claim holds also in case Axsg , ofter ‘|\.J2A|<\‘r\? condikons S“?M*IO-




Claim X scloam’rea{ =AY @, : Y —X if Y=Y, on demse subsek | ‘equalizess are closed”
then @ =Y, as topological maps (so if Y reduced then , =1, as mocphisms)
PLQ @xey: Y XK, [@x @) (AYS Y o5 closed Ademse so =Y, 3
S Y=An {MCXUD p

Gl Y= X projeckons =5 =, 5 preciely the sk Anlllial).

£ 0
Coim X5y | Y sepanted = govph Tp : X— XY closed imm X._.%Z_)\Y
PE Mxf :YxX—DVYxY, = (Ad x ) A closed [ on exnminable £ K"L

Can also view Hats |4

as & base a,v\\> X_‘-f_;;()(
@ MoRlvokon For op- spaces, X cowpack @(V\/) Xle\'Z \Is ec'(;?:éﬂc’t:‘soed S("S) - £l A l G4, ¢)
Y T to dosed sets Y =977

£: X— B wniversally closed X,= Xx,Y — X Novn—exanyle »

! Spec e
VW base exdension is closed MOf—)\L v L‘F is closed map < ;\Al\xplz\l i;'Al

Fadk f univ. C|oseol=> £ quasi —compact . Y > B S\:;E?o'ﬂs!:m
f: X—>B poper & ©,0, 0 (ﬁ‘n‘k’fveer separaled fw*) ionoge o W/ (x9-1)

univesally closed IS ANO
Mokvation AV\a\Lo?Ve, in Smoot wocld is ”P""-“‘Ma%s o} compack sets ave compact”

Exaryle Proedive n-spact "D-: = ﬂ”?z xB  (buitd [P% bj 3‘(4?1\3 n Hsz)
£ X>Y is a projechve morphism £ factecs

Non—eXxominakle RmK
X closed immecsion  ph proyecton VAR Quasi -projedkve morpla XY if
4 ?

open l'mw‘.) Proy- mogph,
Fact £ XY Noewrian s is propes. |>§- X‘/Not%?ﬁ‘s,t—épé
S.4 Va\rtekes MOP abstaact Vaxr-'ei"a: ‘/alaeobmicdlp osed field | (ﬁn\k/hpex.svwa)
D_C‘F A \M“a. is & sSchewme over ke means we're given og,marph X—) Spec je
s.t. (0) in-\eg—r‘a.l =3 Oy (W) is R—all{x\om. al:no\ r;\so')n'c’n'oﬂs

e are - .
3 X— SPQC R faile +'1P€ @ 59 2.3 same &3 g«\:'\ng o~ é\.‘ff;\ ;:\._) r';;,ox)

() X— Spec k seporated (® | i k~algelmn stwthre on [(X,6y)

. &— Somehmes don't require icredvability , just
e

icredveible componemt- at a Kme.

’ﬂ,\e, definion nclvdes all quasi—- projechive vorehes from classical «ﬂg-a-LMc gom .

but 3 more: Nagata.(1356) T variely can't embed into any P:/(kmls £inile unionoFquasi-compacts & quasicompadh
You gd' Variekes by in %%Hnu- -F:nil;elfﬁo\ng affine var,
(Yhe separnted asswvy-haoe: prevemts pPathologies, see )

A vorie (s C-ogp'gk’. i+ X— Spec ke proper ’ So exdva conditon : @ Mm'vu_rqllg do;go( @

PM/OVU— C 'F"f'”t\a{ommhxc. quw" you ask Whehwer oo e\.ﬂe.OW\p/yHc Map D'— X
on Ha punchced Msc, meromorphic at-0, can be exjindid o o uowml,\,;(_ mep D—> X
be- dhese ace no “missing posaks in X ( Made rigorous by “valvahve cilanon for properness")
Huk: | inkg/ad dosed S“b“%"d' variely i vaviehy «— exclude e-9. icced. closed su‘osck.spu(kf*] <Ay
tecedmci e open subsch. of variely is vaviehy ) —53)
Examples ComplereVoriekios: Py, Proiechve voviekes (MR, Nogata’s 1956 example

Varienes: A, afline voriekes (llc Ay, Avesi-pojedive voviches ([ S proj-variety)

Nnot complete (except point, @) —(uses Haak k& 15 aly . dosed)

Rmk A point 2& X of o variehy is dosed & KZk - Eg. Aj=Speckx], Kz«cﬁ@f&

eRes a.ﬂona common optn sets




5.5 Scheme shucivre on subsets
Claim Prr\-a closed subser CcX of a scheme = 3! closed reducad subscheme (C,@a—))(

Pe __SUA\:: {seax(u) : s(p)=o0 EKI(p) \/Fec(\u} is ske&{ufiolmls

Locally : U= Spec R, Cal=WV(I) for uniqnre Mh\@_z—/‘j
Hen  sp=0e kp)=R/p), YreV(T) & se Ny P = VE =T = Jspec =1

Same HicK shows 3(])4) = ch , So 3 s -\'kn_quas\‘—col\e_.-e.r\i- ideal sheatf coccesponding to T.
Nole : C :s‘aﬂ,(Gx/j) omd Cnl = SpeC R/I y ond we defne Gc= ex/j . a

so sheaf¢
Db call Yhis the 7 induced reducad schome stchie on C . R( Cou ._'3'(9,%“)
- J
Example Whem we consides om ireeducile Cowponemt Z < X, we wse Hais scheme siwdtue

Exervise Tor €= X E€X get He educed schome Xred (see B in Sec.3.6)

Def Z2E X Lowally cosed means YzeZ, 2 opemzelU s-t. Zalh is closed in U,
© / G.2. 2 closed C wirh ZaU =Calh)

Lemma. 2 locally (osed € 2 openin 2 ( i-e. 2 =Z AU some open UCX) Q‘La Lermmo., C= Z wocks
M &E: 2=2Znl for penUeX = ZaU=2Z2=2Z20U
= AU closed in U so 2quals its closuceinUl which s : CQM(ZnUL}:i’-/\u .
= 26 200=Z "W & Z 50 2 contains an ofem ne\‘gLLowfkooJ of 2inZ20[x¢ CIM(%"\A)
Rmk. Z2< X dosed, so 3| indvud edued schame shwvre Oz on Z N Vv%%“;;lsu)
Z2<CZ s open so g&‘— v & U 92.=92|2 CSO GZ_(V)=G§{V)) Se X € Z butalse xell

The focall desaiphon is the same asabove ™ 2o U = Z Al = Spec (R/1), 83, 26, ¢,
I

RmK I& 2 credmctble (= Z tredwble) them T= Pe SpecR whert p is a generic point for botly, 2,2
Hwk3 2 ined locally closed S verieky(X,9x) =5 (2,93) vaciehy

Non—exam'nable PL

Z has vaigee
N . i bili ° e point
e G483 ek, 2EX bl s ot sthebiritie) (B
be’ﬁhe SLQ«,{_ 02 own Z: for opem Ve 2 1o be ceducible se 2£F£E
-, So p= i
92(V) = is:\/—>u K(x): ¥ xeV 3 openn xe L X, tél_(M,Gx)} P
Prove ook xeV Such that s6x)= t)eko) Yxe Val ey
(2192) voriehy =3 2 Gocally closed amd 6, is Ha inducd redued scheme shuckuce | amsure
dackons on
. 2Z act locall
7 (universal proparty for Hhe albave sheaf) resirickhons

L&mm& With Phat dckr\ikon} i€ y redwced SJAQMQ/ £ Y—)X mortoka'j. sch. o€ Local

(€ FOY)C 2 (a5 Jopological spaces) Yham F fackerizes £1Y—5Z—yX findhons o X,
PL Need check sheaves : se By (UaZ) Sor WS X open them 3 open Sl:'-‘f/eql?:d
Cover UnZZ=0VUUinZE amh {:e SX(U¢), s(x)= SR K YxeelU:nt R”‘?*‘b‘;‘z\,
= {#(s;) e Oy (f'U), F6i)y)= F#(SJ)(‘Q) Yyef ' (Uinth) goms (el
= by S2¢.3.3 sinee Y educed - -F#'(s.-);_= {:#(SJ)‘SGGY,‘} Vjef_‘(b(mb()') )I((;)ZSEA'F

= £ gt do o unigut seckon e B (£1U). Define Oy (U)—s 8y (FUY 51, ¢| i R 45
and wnole O, (U) — O5(WnBY—> Oy (£7UD), s +— Slu‘-m,‘_’ r|‘c_|u‘_ m]

Rmke A\’Pla""'a Lommate Hee case Y = locally closed 2 € X with induced reductd sheaf will show OY?‘ 9-?:




6 SHEAVES OF MODULES .
6. | Oy - MOJUK&S‘ [‘ (XISX) f\f\al-ﬂk Space EXAMPLE
% Ox —module is : « sheaf F & Ab(X) FZ@GX
ot/ O -mods\ ¢ FLU) s an Oy (U)-module teT
(or Sheaf i GX " AS) . reskrickhons art )éo akble Wwirth o drlr shuivee free ox’md
Morp\n'\Sm F=G6 oj, Ox —module s : o morp F¥% G sheaves
G¢ W\onomol‘p"\,]-c_.Quin:)ed:'uz_/f:ig 05 Submeod ,"G) v FW) &y G(U) is fom 01, OX(M)-—W\M(S
RmK sl Fis Gx,x' Moo\l omd foc wmorphs F 6 gh F oG, 1S 6,(’,,_""004 boon .

E_Xaﬂk. A sheaf of ideals is an 8x ~submod 4 Ox &—(justlike R-svbmods O&Rmﬂiﬁnﬂn
prook similov

Fact . Ox —Mods = (calegory of Ox-mods on X) is an abelian cat| {4, Ab(X) abelian

or: Mod, (X)1
% " |ndae nokeows o} submod , quokent mod , ker, Colery, I agree with what get in AL(X)

. 9. FmG = H exact & exXact in Ab(X) & exact on stalks
Wil weile Homax for morphisms in Hys (a‘-ql.ora .
6.2 Modules g—e”\e/‘akn\ by sechons

Hormg (8, F) s F(X)| W Fe6,-Mods Janoged HomyRmem
(W: 80— F) > s=¢l) sine (V= @, lr-N=r-s| YreOxiu)

g.\‘M.llal'lg, Homex(G,}@h,F) &S F(X)@n defined by n %La‘ seckons §,-,5,€ F(X)

Def F is geneated by global seckons if

3 SWJQ‘J"W‘ ‘%IGXTF of §y-mods (@ Sile gonegie Bxx—med F FxeX)

Ou—module
same as picking sechons S‘CGF(X) « as@é‘“—o» u\;lu’)

Def F is docally generaktd by sethons if VxeX 3 open Telh s.b- Fly, genecakd by global sechons
. oSsibl
RmK Com produce Ox ~swomods fom 3.;\/%\(9@1 sechovns s:e FlW) 4—{5"‘”‘“‘(3 U~ fs:l‘uej\'ncv
wmbos
Det A sheal has Rnile e if locally g—er\era-kd by fnikly many scbkons_v

(s;|“: Meu;)

-3 VQC"Qf bVI.V\oMQ._S omd COL\erQI\\' modules (Q?MEVAI&{’O(C'F\'nEHM\S) .So GEI'\_»F-IMl
Def Ox-mod F is focall, free O, —mod o'j. Latde rank ("or“ued,or bundds) i€ SSOM{oftméeu
el ome n¢
(not fixed)

UYxeX 2 Open xed : F|VL g Ob{@n <—(r'an|5 N Can depend on

le A\
W unless we say ofCank n

2 |

. \0-5 Qu—mod.s

2. (oca“n genealed bj £inike 2 of "independemt seckons® bcally 9058 =
De€ X inverkble sheaf (“of” line bundle) i€ n=1 (fxed) (—I ;ec,\:,:ko\‘tj one. se"‘;_i:,\ si:ll\

(X8 locally ringed space A3 Oxammods)

Queston Is it 2nough to ank B = 69,: \x some neN deptnding on ?

clearly =, for & just Pick gtneraters s, S €Ty | 50 S;€ FIUY) some opern x€ U,
WLoG same U (take NI} 9215 03“ — Flu whidh is S‘urd'_a\k X , 50 Swd'edx've Pogs‘{lo\g
afier S\nr.‘nkina W. But is it injechve ? (worl"} ,\:e,‘J‘, Ko ing. vveUL) rcicnf‘ﬂ-{ff;
Def FeOxMods is coherent i o sheadi6y, s

on_ L7 Qured boms, ¥ openit, VneN  [aft aoi some
F fBnile fppe amd  Ker (68"— F|,) Raile hype R A




Veck(X) = §Vedor\mncl|es on X} S Oy —Mods |, but wot an abelian cat (lcu,colcu
- need not be free

CoL\ (X) = E(_o\r\QrQ\ni' Qx—MoAS} (—M‘ qbelx‘a.v\ c.a\-e-a—vﬁg l. (?Xf(cdl\f par-H_\g < imeor+an&)
Claim Fe Gh(X) amd F =607 = F e Veck (X) (‘il‘fi‘:‘ff'“;“:[‘,"m}
E A!)OV-C %c\' a(?h L> FLA ’ we Bix .\4,?,_ Fomk
Ker @ il -\—-792_ = foSSi\g\) afler S\r\(inkir\g_ U) W exadk seguIme
9&9'“ — 0@ L F, =0 < such Fare called locally fintlely preserted

(KQF C?)x=0 bU wnSiihon g0 0 — Kervp {U/J‘{d{vf af 2, H\M}L,\e_ afier
shrinking U Forkher m Bmes can assume \p(e:) € Ker @y is in fnal? o}
0|“—) Ker @, , heve y(e:)=0, So 4/:0) so Y iSO.D\in i—-l’lo\:_of\a4(9“ in 3‘9”\
RmK F € Gh(X) = F Lecally Railely presented ';‘\’gj‘ﬁabgy Finteness of m
Pe GS\DV\ —sy Flu Hher onsder Ko 03
Converse of Claim?
Cor X locally Novherian scheme =yVeck (X)={F € Coh X+ Vx By, = @‘2'; some w) S Coh (X)

PE Feved () =5 F hnite Tope, ingemumd oeHasiam
Ker ( Ou@h ;ﬁn FlM) gﬁmufﬂ‘khﬂ) skrink?na w wwoa U a%\',\q_ = Spc_c R

In sechons below we will prove Haak becawse eﬁ'] Flu are “guasicoheent” the Problem
reducs o ‘I"\.k\'l\a, ?(pLal sechons: Kel (an% F{u» amd Hais is ‘F\ll\'l\elp gememded Sinte R NooH.

ng gt exadk seqenae RM — R™L, F(U) D0 amet ths wil imply 93"1‘_,59".3,;:—-)0 exact). O

“i -4 . -Mo&
64 Ox-module X on X = SpecR, for R-mod ™ 8 it & vabrnis e £,

shealt ™M on X = Spec R by Sec.l.12 veflod: | Mg = localisabon f M ot £ | & Woeth.
)= hy (o R=RE)=M) ], Z NG —
£ £ _ ! MF=S"M |oca|\’m‘}ﬂ‘m¢l"\d‘§=R\\°
. stalle M = ﬁ%“? M(Dg) = %?Mjc =M, <Ly MOREMBIR, ZMory
73
. I?J’\ (u) — {S: Un— LI Mf’ : S(‘:)eMP which ave ﬁomﬂ!’} compochble :

P€ SpecR
F Vpell , T opem Y\(\‘M PEDCU  with sex)= +,, }
dte ™ (b R_ |\
wikh W obviouws resivichon mMmaps. \\Y_"\\ +)§ c Some £€R Vxé,E{-? m
" TmeM Mz\‘r"
Rrric . okl assume £= 7 sins can weplace D with D (=) Via rotal
© o) jusk ask S =t on @ smalls open pEVED. . Me— My,
‘| A = sheakfeakon of U M®RGX(LQ EXAMPLES . ?i =8x (X=SpecR)
Call M the sheat associakd 4 M O = oM , so @R = ©8,
UPSHOT M s QX,MOJA,Q,_ o~ X= Spac R €T €L ei:_ iﬁI
\P-H—)N R -mod e\ov\n =) TJJ\——)’[\\\’ (9 ~mod W\Or‘f\ 5\9 UL M{D \—3'\”0‘
(us} need duck :h@,ks,‘H\en wse Sec.3.0) N L onverse +:|<-0- 945 bal fed‘:o'\s 32 ¢ I&\f_ %%’:
s R ¥ 5 i
=[Fully faitfol exact fonctor [ R-Mods — Oseciry— Mods M@ Rs ssiNaRs
I




i ) \ N - = €x6x(U)
05 Dirtch imape amd iove3eimage (L F)(U)= F(FU) i O (47 () —modk
Oc-mod 2 F  £F Example o{: Spec S — Spec R q:o(#: R—S
£ l<__’ Z * VX o N S-med =5 [, N = ?{\T?ﬁl\i th-lm\::::iue
- s .} Y . —~ _~ _ _ K
fiogedoe -h:: i i @"N)(D-F\_ N (Dteﬂ_ Nee = (N ‘»?n’leﬁﬂa&mn
Ayebrz: Recall R3S hom ef, rings, Hew Sis R-mod yoao s = Q(r)s .
'F : X Y W\oop\f\ a} ‘.:Az,_}\ SpA.UlS/ e - (_,,(rec-d\ Mor(&w‘ﬁ.e,‘):: I“lor(f"awex)
£70 (U1 6,(u) maxes Oy am {70 =mod on cinged space (X, £70y)

-1 Oy~ Mmod B =
f |F F,( v £7UF) is £7(6y)-modk 6P JE’;:N&SM“D

x —_ y u Oy(v)
‘w(-sf f ‘im\%d 5. S0 an ack by
(-f "Gy)(\})r \%:,uey(v)
6-6 Opsatons on Ox — mods le€texact B
in F and ia G

- \Y .
HomeK (F,G) : Ur— Homexm)(p‘(m , GL(UL\) IS a sl\g._d_ ,f_ Ox—WJS-

coprodvct in Ox-Mod: F; Ox -M”(S, @ F. = Shtﬁp"‘FU— ( U— @F:M)
Fact 3 amonical ise Mor (®F:, 6) = r M°rex(.ﬁ‘/ 6) nabd in ¥, G.

e Yioht exactin F,G

Produt in Oe—Mod: | F&p G = sheakfy (U — F (W) g (u) G(W))

Fact 3! O -mod stwulre st F{u)@axm)G{U)—)(F%xG)(M) fom of Bx(U)-mods

Universal propeshy U £ H)= Rilin VIR . n
Propurty OMGK( ®9x6’ V=B earg (FxG, H) fmiﬁﬁqgtiimkl}

Rmk Stalky art Ho\rﬂ@x’*(Fx,Gz), @ (F.), ,R® G, . g@\f—);,@'f_) "o
> %, Y\ 0

Examples onX=5$ecR: O™, = @M @R = A @ 1, Fom (19 % Hom, (R, )
v J R - ex / R ! - W\ox /

0 Hom
Aka&t:(h HOMR (M®ﬂM/ P) &= Hom&(ﬂ)HOMk(N, D)) C.Mhon?Ca"j/ﬁar R-waods MIN,P ;dt@;t'm:"')

Fact Hor\/\@x (F®8,¢G' H) = Homg (F, HOMQX(G’ H))  canonically R fackeiad inFGH.
Lor F®0K‘ y H°Max(6,-) a-ddain‘l') F®9X' r.‘}M‘ exc{d-J Homax (G,-) U exad.
fact £: XY = £ (FRG)=47"F® £7'G  canonially (56 Dy-mod)
é.q' ?\A\\ back Oy {-‘Gy < 3:-;52:5_ ﬁ\;s;-&n%p
Rmk R—S rings, M Rovwod, N S-med %?&‘s’k‘?f%‘."a Y vont®
= M®RN 'S [R—Moo\ sine N R-mod via RS (- (M®n\=(rm)®n=m®rn)
S-mod by S. (m@n)=m@sn

- F -
S'Mllm’"a: | g ey""\"* — ‘F*F _ _F—I(F o is om £70 ~mod
X i’ Y = )4@(9\, X but also a\r\xsx" mod|

~ r:r\gplf '




fﬂ.d‘ 3 ' 6;( -Mot*

shudvre S-&- P&ShMmSor——F"(F) (\A) ®" y/u)GX(u)_> ’F'F (M\ Ky (9x(M)-moJ hom

0, (U -mod as by EmR .
(s.'m.p- —F"G’ ®
X £y 22 = £%9
. (F®9 G) =

Example F*Gy = O«

GX = Ox canonically)
Exucse -

* ( o £)  Slase last Bk in 64 using Su|°))
£¥F ®OX-F"G canonically 8 ﬁmo}or ‘al
UESL\O 'F X—s)’ MO(‘P\'\ 61, rnazo( spaS = Mods (X —)Moaﬁ {‘/) and <

1"‘30“"\ F, 'C* e awbow‘- fackors Ho"ox(‘F‘F; Q)2 Mor; ‘/(F’("‘G)
(£20e5)) o £, lett exadk, £7cght exack

HwK 3 £ commules with Lmiks LM forexovyple 1, £ Commules ik Colirmis Z,vv\ for exomple®

\ dock in ca r co NdMC. in Cak.
Example £Y@8,) = @ £*0y = ®0x - (orkparin <o) (Srgnching

6-3 P\/ on_  anv scheme

ASSUnE given a. ing borm R—I(X)
M R—W\od (danI\'CIJ . )__ 9 / Iy X
) X —_ ? S‘pCL [x’ Xl’;) Pec R H\@v\ 2,(" ]:\::O( M
oL / GIVEN
Easiec: (X (9,<) LI r.'qa,d Spact (poin'l:/ R) (on Sheaves T, O, = T(X) «— R)
Faz=T*M

= Sl«e_a—p\(b (u — M@ 8x(u)\> <—(.Sil\uz T'M ® Oy and (TT"R)(\A\=R
R TR (M) (U=
(?A’ Same MmsWer Sinc Xi:‘S'P"-‘iK T (posd, R), M =T"M by conshuekon, T = «*T*)

CI“""\ f:y—X @\orplr\ spucU) = £* F, = F,
M [(X)-modvie (cm R4, 1))

whee N= M&,, T1Y)
is T(Y)~module
ik y —£ ., x L
o I £ M= T, y*M

(PO\I\"' r(‘f\\_)(()om{' ('(x))

YM=¢TMe TY) = M@ r(v)
S using £% (00 0(Y)

' rex) )
Cor

Cor |[o¢t Spec S— Spec R

,\/

< - (9 R-rmod via
M R-wod = « M = M®KS 4_(44\: (‘./\a brom, R—)\>
ﬂ\e_ —D{- :S'fec R.p < 5pec R = F’\J|D = M@ R{_ = ‘M{: (—‘SM‘\WSMJI.MW‘
£ R than“say;
6.9  Classificodton of Oy—homs T — F P(be) =M,
Lemma

X=SecR = Homg (M F) L1y Hom, (1, C(X,F))
(compace Sec.23)

V0,mod ¥
— 0,

N (x)
Fﬁﬁ T (X BK) — (Pom't' R) morph 51_ (.AQLA Sparces ( Tr# R —5 T,.0x = Gx(XB R)

M =T*M |, TIXF)=T,.F s b
= Homg (7, F) = How\gx(T‘ M, F) Lo e

= Hom (M, 1\¥F3 = Hom (M,T(XF). 0
EKQI'&\.SQ. \A-S\/\a- 6'6 ‘ HOM@K(F—M, F)H HOMR(M, F()()) U\Sll\a K

=53 1%, Oy) 4o make F(X)



. (QUAS|-)CoHEReNT SHEAVES gact 7&=" holds

mlso \‘F JUS‘)- assyme.

U QCh (X) Ox is cohectnt

ReCaH F oherent = F QOCA“.S 'Am-\bb p,-esen-ko\ oW weaken this
(Sec ¢3) and "E" holds it X |0CAN-‘7 Noedherian scheme Condition by A"’”"‘a finileness

Def ,,)F qua.SI—C.o\\mV\t' &S| F s locally presented , te- Vx, 3 open <xecUEX
- weene 3 @D 6, — @ O, — F|— 0  exack.

Crt re Tds (X8y) hemeq [ €T 4T e w\.\L‘Q 6= 0,]

Z‘a 'nYea spact X)) Oumods w— Vxlu

SUMMPARY ¢ cokren{- = |OCAU‘) f\mkb Presenttd = 1"“5;“4‘213"'\- (=|°m"\/ ?"“"’\M)

> l by sech
veder bundle => locally ge.nu‘nkol 5:9 Fokly many) sehony =7 loc«]7}me{‘a'kol 7 sechons

— ¢ ~
Lemmo. RrX—SpecR <5 exéc’ Sequn of Ox—mods )@(Fg M some R-module \"\)

Oy —7@9 — F 50
el

PE S Let M= OR /o (@K—)@R) (Faking, global seckons)
I J

by Qxad' %In(}{-()r‘ .F{Oyv\ C,Ll-. @(9;( ] @ ®X — F — 0 exatk L um\q\lenesSO"-
"1 1 I Cotiarels vp o so

~ F=M

%R N @R_)Mﬂo exact
E F=: px T_se+4ww4or, m; far R-mok M (9. T=M)

bk L= 2 - Ry 4 4 KUC@R—)H)
agply 7~ 4o @R—{@R—H"\——)o a 't-zg;;&jkn;:‘t.

semd 4 In -Hieo R 4o R;
Cor for any sdieme X, ot

1:GQC0L\(X)® VKEX | Oﬂ'me open ‘-’CEM SMCK Fl = M Sorv\e_ R-mod

FeCh(X) & in addibion requice M is Jcofecent R — mod 7““’6 = et
as Flu(W=M(W=M
PL yx pick - M &mk\} %n%‘k* MWM;VF womod
o took Tanma L RET (R 25 M) s £ig, ang neN ot Mo have e sty
opelies - N anvy hom of R-mods Indeed e ”
gtb exadk sequemct
RmK |£ R Noeth. Co\'\mr\'\' -Fa (sine R” £.9.50 its submods e £.9.as R NoeH) RW\T’RA_""‘?_’O
' Ox is Co\nerew!: ™Moe o gens.d kery

E
XO\-m‘e X Loc. NOQH'\ SJ'\M‘"Q = idheod Skegq— o‘&_o‘n\a. Josed subsch. is coheremt -
Rmk For any scheme X,

PGQCO\'\(X)@) 3 ofhine open cover XK= UW; st F|u = F; for Ri-mods M;

(z\vr:\edgl:_c) FéCoL\()() S 1 amd M; coheerk . (WLOG : R; _e,l{lu)—f«#cg(u))

RmR  pesiickon 4o opem VX1 QGoh(X) — QG (V) coL(x)—> Coh (V)
,, o
B e Va=UD; e £ R then Fluly = 7 |, = (%.ﬁtﬁnsms)
So afain locall, me, -0 ‘ ‘F \Exaw;:e:f\z ;”P"h’



Why 5 quasi-coherema o 5004 nokon?
R{n35°' — AfE, R (Spec CVR)/ Osyec 2 ) @quivalenc o; caty

hee
E—ﬂok — Gg‘,ec(g)—ﬂokj M — F\J h_°t' e_qw'umlema 0} cakT L/VF\TOGG);Hoo\r
Example X=Spec k[x)=A| sk heaf ok 0 ¢ F(U)= {REX] 1€ ot
Xample X = Spec [x]_ R, S y Serapes s ea# = { o clse

= IF Ha above Wek am equivalene ¢ cats, Hota, F XM somt k[x]-mod M

so klx]=F(X)=T(X)=M . But &lx] =Ox is not isomorphic +o Fl
Solukon restrict whidh (9)( -Mods jowa”ovd : want thew ﬂomﬁla fo ook ke M,
Just Zke whem we sivdied sheaves =} idoals Yok Locallg fook Like T

Will show \ader: - ) : . R
show | for X= Spec R : R~Mods —> QGoh (X) equivalence of CaporieS F’:(l>‘<)<_i?F
2.2 Overview of general properkes o QGLh(X) omd Coh (X) for X scheme

) Coh(X) althan calegory  amd (X iy g Hog S i)
QColn (X) / P BCoh (X) 4’& are exact functors

In parRcnlacr com take Ker, Gokes; Image in boMs (not in Vect (X)) Easy for QGh sinca

‘ locally hom of mods M —
?.) 0 -F—>F,—-F —0 ¢xad in @x—ﬂoAS_ So ke ot K:\"j":k!f,l'"\ﬁl

Two of the F: € Qh(X) = all theee are - Same holds for Ch(X) (not for Vect (X))
Trick O Fi—o R Fy exadk, ammd Fp,Fyare, them Fiis. (P F, ZKer(F,—Fy),use (1) 0)
3) Com ke finive @, -®p, , Homg ) in QG (X), Coh (X) and Veck (X)
'4) Gahrlz\—RgSQv\\oU‘a Hm “for @Co\'\, HOW\GX(FJG) need assume £ [OC.%’Ai-\Ql\) presented
X quasi-compact & Sepavated (e.9.variely) = K is delrmined vp 1o iso \,.a Qcole
5) - X oc. Noet,. scheme, 225X closed subse. = 0 — Jaj — Ox — {, 05 — O exackin GhX
- Bnite hype sabsheal FC6, € €GL(X) = FeGh(X) }c_ml,-.,\ewmw._
"RIFJ G, GelhX , F failk fyre = Kery Rnite iype Kernels exist in CohX
‘WIF DG, GeGhX, @ .: R —G, injechve => |, :Fly— Gy ir}- some opemn xeU

: we Proved it
Hwk 4 : Picard 9roup Pic (X) =€ESon\orpkisw\ classes of inverhlle sheavesy in dase. F=0
B coomhn 5 - @y (i yop g 2, s
7.3 Pullback PreseSves 4uasi-cobsremce

! wilhout s can il €9.£*0y=0x
f: X —> Y morpl,\ {‘:I\W Spaces So 1€ Oy coh, By not coh, M:/\‘Fa\'\s

Cain  £%: QGh(Y) — QGh(X). £ X foc. Noeh. sheme =5 £ (hYoGhY.
l ul
PL % 67|w_)?(97|u__7 GL{%O exack (FxeUgY open) Ve:’)c \/?Vecl—x

p

a,p(&a 9¥ whare %=L|F"u: ,C"U—)U/ using g‘ right Xk 1 commukes with@®:

?th_lu—; %B_ 9"|p"u_’ £*q LTu) O exact  amd xef™'U opezv\.[u;;,\a X loc. Noek,
FEGWY) = F locally faidely presented = £*F lF.oEr 43.-,.;)4;7 fgska = 4{*F é_-‘CaL\(X)G
F.4 Push-fornords far X Noedusian plove prook o T, finide) 'ffrfniﬁcufsfﬁ)

Claim £: XY morph of schemes, X Noetherian = £,: QGLX— QGhY g{:{gﬁff;;ﬂ‘_’gg“

P O F— Flm; — I Flu_‘bf—md' by SL\QA{_ Property, Where X=VU: afRne optm coves
Sec.6.7 rest. ke differthets 0 secHons on overlaps (Sec.l-U) ucf\uj =VUUle # 72 7

Reaall fi left-exad X ommubes Wikt Limds eg- with [1= 0 — {,F—)FI-F,(FMQ—) ﬂ-F,,(Flu,-J,} exact




W06 Y opom afne =SpecR  (replace X by 47(SpecR)), WoG Fly, = F(WL), 5o £ilFl,)= ;ﬁuj
sielarly for W 1 show T, (Fl,.), M4, (Flagn)e QuhlY) Hhen £,F QG y)eTrek®Nsec 65
X Noeth = QUaLﬁ—Cor»\Oo\d' = Rakecovrs = [1 ¢s @J but ~ ommules Wil @ so -Rna.dl» done! O
RmK_ ¥ quasi—ompact, separaked = £, QO X— QGhY ‘—lm’f ;Lﬁ:‘;*:ﬁi:!f eg. AL Geck
Non—examinable fact £ proper, X, Y Loc. Noeth. = £, Coh X — Goh Y 4‘,%1= l[x] wokt

X £nite k-mod

Otherwise n gzngmﬂ £, can ruin Quasi)-cohecence €3 X0 1 252y

+.5 Gk\kil\g modvles I‘ig;g)éiali:\/éiz:ck
Similar 4o Sec. 4,1 R cing £, -, 44 st LE<a £;> @ =)|-(2/(_‘9x3=o‘°—n7k;z';‘_°n

— .
data: . M. RF: ~ modk «—(so0 have M; on besdoech | cne IJ‘Q (ME)F-F Wil (Mh\_’r . Case k =1'9'Qb
Ty (Mg (M), ise of R —meds [ ongition ™ TR T 4 RN (%0 =g
y ()i 3, Yy Condalion v W ~’
Wy =l o M) o [Tee e
e ,\(S'o M»‘E'MJ'O'\D-&F)'S Seec R) "“F;'(:p_ Cond“’ad.sec..‘f-l

Defsne M:= Ko [P =€ 5 ® (MC>-F- ldea: |ocal datn which
: < ©)5 J agcees on overlops

() —— (- vy ()

t

CG-QQ '[l'c tM—o MC 'H"-L (mo“)e_(;kar\s. € (Mc);.j/é(Mj)ﬁ

G(“i’\} lemma T indwas isos M-F;—’ M: and ‘P;J-ow =T Y meM
see Sec.).0 '

PL Enou?-}e show T, ise a fler Lom,l\'J\'Ag af every prime 9 & Spec sz
=9=p R-F( with —F£¢P€S'eecﬂ. By exachus 4 Lo cadisalon
. _ @
(M-Fe\"l - MP = Kzr(@ (Mc)P =5 @((MCS {JFJ-\ T S o

"ILOG™ in Sense Mot
. . &
‘Fe e?\, it umt so WLOG replace : R"%RP ) MMMP , Mo~ (M;)P/ 'Fe A{‘l{:?:’;’nﬁ‘mk;u
ALL!‘C\IC«RN:MQ So: '11'2 . H: W‘?Pﬁ (N@ %QM‘)HN

— Re""'\OAS

_ Ve i€ now d
", : Nhi’(M")l=Mc l_fk‘“""
WLoa M. = Ne.  (idewhfy vio Ye:) ) 5° Co eyt cond. becomes - N‘F'FK;, (M‘JFJ
~ ~N v
L natvral e = \P“"\ ne

N-on N, n : .
( ®gﬂ .F.lni—vn@é%'\ (xc);—)(? _ ?)
Sub-claimm This is exack (ﬁ N =Ker Lel, =W, T, iso, \I;.h=(¢ undar 1denhfcakons via T El)

E Enouﬁ‘t\ Yo prove afie Lo(a,(l'.ﬁna ak ead~n max [deal ™M &—See 3.0
B\a ® vnof all f:em oMwwise le<alllk > M 2

Sag £, d M, so WLOG welace N~ N R Rm £, M1

= 0= N — N ®@® N, — @ Ng¢
S WL TR S B

W
cleacl NFK n n; € -H\l,h N—-n; — .
rnSedriVZ. @i?k For T nT € N;"Fk_ N Ve O

— n . . .
heme = @B so image of N via previous mape



':'-é QCh ()()/ CD»\(X) P Vect (X) for X = Spec R

-— “ F N Mcq S:
Theoem |For X= Spec R—} 3 equivalence 0 (Cq,-l—ffor\ﬁs Jeans: given fonclrs
R Mo&i‘ _— QG:L\ X) Conppse o Fonctors
FX)=C(X,F) «— Fg Fondecs

E‘ Easy direchon: Mi— F=Pe— FX)=M(X)=M. Comverse: yven F want Fz 1’:\()?).
€ ~ Gr in 2.
- |oc_a\.|lgL YeeX,3 Pe'D,F_ sit. F|D-F_::) N  Sow RF—moA N 5;!;,\& DFI e

.n, so Aezal £ basis o $9pologry
) amd. Spec R 4uasi - corparct

=00 overlags ¢ Y. 2 (N AL 45 NG, s kom o] Since (9
overlogs * Wy (No)p =22 Flo =2 () sakety cocyete ““'*’“*‘wmifﬁft
\ RY Are idembfred
=) \p\g_ ?l«m\a#\m I M wiry M_r‘_ = N; Cowpor}\'bl? with Hae \(J;J- wh Flbﬁ;’.&_
Bu¥ Hen 'P(} F have isomorphic Qocal 9!,4'1\3 doaka for cover X=Dg v...uDp 5o MxF.
7 @ " a
<Exfl:u'¥l3=me 1i— me= "_:_‘ e H-F;:Ni —f 5 5. € F(‘D.;_) amd, S“lb_‘ ‘= s)-lp >
' iy 4.5

so ybbalcw o unige seF(X). Reall M= FIX) defumines M F by Sec.6.9

cover X By finikly many such, Sasg NioaDg, =1,

~ FO) Jand i R Noeta. otk
Coc X=5SpecR: F e GhX & F=M for coreent module M %F(K)?:j.kg-&md

ﬁ F= F(X) by Thioem. |a delniRon of- whesent FalCe %LL«.Q sehons = F(X) toherent R""MG\,
ond conversely. if M cdhotnt gek M cohectnt since 7 is thack & Ry faltful . 0

Fact X=3pec R: FeVect X & F=M for f.9.Hak R—mod (¢ fg.projechive R—Mod\
means in R-mads
7.7 Flakness Horm (M, ) exack.
(C:) Mis a dirtet SumMaV\&)
DeL F o -pecd‘ @x—moJ N S FQ(’X- s exact

of some free R-nod
So & F'x W QX,I —mod  Vx . sine exactness can
be checked o~ stalis
Emtfle. W =X opem subscl.. => (',“_GUL is ok Oy —mod <_15-[-,\|k1 ts el 0 o Ox x

s O x ®Gx P =k
Asee@insw.36) *

Rmk Norpl'\oj schemes £ ';)(_)\/ is flat & ex £oat ‘F_‘OY—MkoQ.c. (_I(S‘Fir_\'tgy)rec;\\eyc

Claim £ XY qu- = £*: Oy—ﬂod—)GX—-Hoo[ i§ exact (not just rmoght exact)

PE L5 exadk = 0y-Mod £ £70y-Mod exact
(Sec.1.9Y” TRl p-q:'y /

4@ Oy exadt L7 Rk = £+ —'F ® Ox IS cowpos'\'-k Ki wo exact functors D
"o, £

o (8% ringed space ’ sokemelsae bt |1l Ectont
Facts - free = flat ), ﬁ-?ﬁ &na‘-l:iobi
- Can tnke @ of Hak mods R,y 5F shaimenk’
Conuine. { O- FF.mF,—0 exad : ouler Mo or last two Hak = all flat

(brgak;,\-h 7 y) F3 'Feﬂd" = SQq"%“-@ any GX'MOA G s exact
SES’s show ~ T qu Fi>FooF -0 exack, ol Yok = /4 O
images (FaF,.0) £0a) (s0 #£1ak resoluben of Flat Ox -mod F™)



3. CQCL\ C‘ol\.o Moko?r‘a—

g.| éeck complex Uj = Uraly;
v Jop. spaca X = U U; opom  cover M :._-u r\M nUyg
uI — uio a - n W for T =(y-m5) mulh-indsx  abbreviate [T| =n
F € AL (X) ‘\ordex{.l)anu repekkor\s g;&, is
= octualty n+
C {M}_ ||——|-l=hrl (uI/ F) €— so SeC” i5 o collechon SIGF((AIS
d=d :Cv\ N Cr\+l
n+| — whee T.=(i ... % . in
(ds)_ =2 € y S I
u omik
L |q.'I'C(' 0\.\50 wse ﬁo*‘q"’\on TI. h ]F‘ OMI*- (. \.h

EF(UL) So sum makes semse .

Examgle  ¢° =T (|4 .)"‘_ﬂr(u--»:c'

('0:"/ "I:)

(s:) '—3(5‘—5‘ ) I:(‘-Q:C.) .
ub' Io= (<) =)
|
C ) LI \—UA.JIJ =cC?
: (55) — ( s £ T
¢ Sie| — Sik| T+ S; C3\A ic To
J Jh| i Sk Wijle ‘) \ notice S)M\\Pf"ivp
ClaiM dl =0 , So (C*’d) NS CaOWple Simplictal diffetnial
E n+2 k‘l"") [ Tlr.| Wy .
+y—\
(dOlSN = (“) (ds) ‘ = Z Z Gl)) S_ | Z Q) ) 3— |
J k=o uj’ k=0 J<k V\E‘J MJ_ Jok ——— “Rj u]_
= o.a (e, 7 M, ,:)n+\) .nu_kaiss:;\a ia Tk

\-an"r\—S;ije'Lfb e SWep J/ R (nohw. Nl sum is over al? J#k)
Def  [H(XF)= o \’(X, F)= Kerol/\ A7 «ean deperd on dasice of U,

Lewima. HO(Y,F) = P(X/F)

E SJ \(AU = si|u‘.l’- SG\‘)S S 3‘“25 4o 2(9Lo\l S‘-EC‘HDV\, (A
Tefm‘nok%‘ﬁ D drorm JIL cowploxce s f:CN=C" s chainmap € fod=dot
Dh: C"— " is chain homatopy Lethieen chain oops £, W £—a =dofy +fheod
Consequences : ) L: Y "5 4™ yia £ [)=[fc] wel-defined H'Ecm}-: Lc+db)

Df =9 : 1" H «(de=03[fc—gc)=[dAJ=0) Fdu) =[dfb)=0

ken '|ﬂ¢-\< To shou H*—O con find chain homolopy betvcen £d,0 .
Rie. C¥ s exad- also Called a.qzcl\c




F.2 Jech complex with ordering <9 iF[X Uas’-compact
Repehhons oF indiws act annoying Since CN#F0 all ny0 evonif fakt # U
Trick  pick total oro‘er;l\g_ on indices so iF fintje cover

o oo . with N Sets,
Citoas " bw{'ont\a. allow IZCCOI___,L,)!F Vol (& Klp d as befoce s Ch=ofor nyN

Cladm H'\ ’E. HY\ RSN 40;47 o ;\mu(.r—O/\ fr'ooﬁ ased on
AV + Serre ’FAc,“l r{;ecgo} f.zmaw ¢
- - “ ! A G odement "Thioredes GSiavy | ¢-60
Non- examinable Proof (“Secre's Trick') Eilenbery, 2 Skenrod “Roundutions 4 Aly. 79" 1952, VL. ¢
Let S, =+ree abelian gcoup aenernted by alf index seds T so: Sa=<I: Izi=n>
D:F—((;(nhal : 91 = Z(..Di IJ So 9:5h— Sn— - T is really a Amehon {o,|l_..,n}—»{inol.‘as}
S*t—=

« = SUegroup gememled by shricHy ondered index sets 1 So shricty inceasing,
+ — e s R Rackon far daorer
S"‘_(-‘ i S.v.,s_. are acyc.h‘c — L= minimal tadax fotl oke on set
e b srost, am =107 0F f1E = i e SRT-D=Te )
= T =QA+823) T . Exerwse : check same holds if€=1s, ho1 =4 ZON'Ly '_‘Z("y@Jﬁ
= id-0=2h+£d VvV TFor Se it s aver easiom: A(I)=(4,I) works. O
Step 2 F(]’.)=:ZO £ 3 epeaked indiasin T oS i<
Sen(a) « 6 (L) oHherwise, where = unlque prrmubnkon s.t. ¢ T ordetd
= {‘ chain map, £=id on so, ‘f'(g-v)g S:’l{o": =f (i-c. £ 35 ¢d on S':/ £ i5s a ijeb‘)"or\ ‘o S':)
PE T(T) € S} amd W I ocdsed hew o=id. On So: €)= (o). v
2FL = T =) sigmlo) aYT); fr k=a"()) get fame set, slan(d) = sign(T)-) " since
1 =T (- Sigm(T) ’C‘(,I:F 0 does an exim k=) ’f:'nnslsg:i\\'anshmoﬂ ¢ 1o posion k O
Sep 3 General Hrick: C, Free acydlic tonplex  a chain wonp £: C,—C, is Wd:CCy
e £,ih ae dharn bromolepic : Ak €, —C, ., wirh, f-1d=0k+k?

P£ Bu?:@A k induckvely by equaton 9, o R =% ~id—R, 9, Teick. l&u
Co <T Ci want '31 kOCo =0 but: Co choices/ prck basts for Co,
°=‘d»l/ \ l-FI (.[:o_;d =0 [ \ =) prek such ¢ for
-G k.70 /0= (_2040G <3¢ sint Cutrack  gock basis elemet o,
. P 2 -l define h°c°= C,
Ch-l‘L Cn-n‘_n Ch

assvme by induckon : D knoy = £ —id—ku_ .7
9 N N Sn— n- N—=—24"n—\ @
£a- kn- :

Fral ol "SR 00 (- id — k000 = £ 20 2n—(Birk) 20

Cra O M1 9 N @ 'Fn-—l’ah_'a'\_(fh—l—cd—hﬂ—lra“'\)’an

Cy eXact =0 sinw 209=0 9et equahon ® G ntl.
= e Wik @ n—id = Rn 20)Cn = D Cnti - Repeah drick t R (€ :=Cney for basis elks ¢, of C.o
S‘-kgb C.Lafm M{.s/ homolnp'er on Sy ,S: Ao R wCrCSpMoul\g. d\air\ M‘ff/ hp\'e-f on C ',C“'

— l \% -
PEIE q(D== nep L, npeZ Henw de&-nq_ ((e(s))I—ZnII, : SI'llAI
@ fiom on Sk or s (@ hom on C*or C% rRSpeckivelds)

Exarvle d = %, amd for £ of Slep2 :(£()), =§o £ 3 tpeated indices in L

§i ) S v
Conclusion: C*—C chain hore 4o id and Surjec:’;(n{i Czu;lul\:zf—;:td! H~<u{(—‘g{\&l.n
Q . H’:- 5 independent of choiwe of total ocdering on set o tndics (since H:_’-:H') .
’ H{&;}(X,F—) =0 for mz N if X=UU; if fimtre wver Wit N selts (SI.‘nuu1=¢ l'r\C:.
M X:IPQ \I\I\IH'\ over \:\3 N=wn+| affne sets M\EAQ (H\.IK2) s TN




8.3 Afhnes have ne Caolnomol,og—\, exapt Ho

TMMX:S(&CR v
F € QGoh (X) = H (X ,F) =0 fr

X = U UWU; Finile afne open coves
P_'F' X S'?,(Jexrod-e.d = UI all affne

(Sv_c . {3/ )

(_(cowpm H¥C™)=0 for
in algebraic fopology

General case
X = Spec B = QWU , U=5ec R,

iﬁEasn case @ mimimoll indy £ sakshes U, =X

3 : —
Fal choin bowsleg: Dz =f0  HEh e by
,Eé’: fo T wita CO*Q'- Z‘I ! Lo F (SO ‘o

B S ey Sy

3 (0\ (&S)BI_Z( R (Q‘S)IJ- = 26D SE,IJ- k = id=da+Ad
< (% (dS))I= (dsyﬁ,r = SpHe (-0 2,1; = Tisi'i 8‘6

xz\)

ny\

use ocdered

Cech C.o\'\omoloaﬂa—.
seC”, hsec™
I = (':°1--7 ‘.'V\—\)
<UL . Linmy

Uy r=Uga Ug

=X NUg
€—CExercse check

case I={-e) “'l)"‘)
alse werks.

By easy ase, know resalt for spacr Uy with wvering U(\AinA;\J@r mimimal .
Ocdering of indices does not affect H*/ so know reslt for D any I L? GCor of 8.2

= Reduce +o claimm : i€ C* exact whem resivict o U \7'\‘J Merw C¥exack
.6 o~
F e QGh(X), Us afRne say Spec Ry = FlU\I = Mr Some Ry-module M

Cr\ — r—l F u F = ﬂ . — .‘n. pu"\—?w\&fjm E-—mod)
|T}=n Uz, F) ‘I\=“M1 (ﬁ,:\lj:- E’I’;ﬁfﬂ}fﬁu;@ (s‘“"‘ R—Ry fom Up —X

is a complex R-mods
01' using Fr /“:=MJ:/“: g/‘@/p‘. Lla 6.8

<_|

= ce A, ¢4, .
and by assupron of exachness on U have :
W over X

oand, @m =®N..'
o pelh: Some s

C"@k R: — Cl@g Ri = - exact V¢

= localising fuctwr by -®R_(‘R;)P gt exachess o} Localirokon ok C ak eack pe Specl..

= \03 Sec. 3.0 dpdww exochness of c*. O
8.4 \ndepemdomcs of cover

FeQCh(X)

Theorem X Se_‘oaxra\{dl qua.si~compact — {-\—’-l*()(, F) todepemdent of chotce of
Rnite af&ne opem coves

P_'C Will nse ocdeed Eﬂ.c\n C.o\r\omglog—\a_.
X Seporated = (N abfnes is affine (sn_c.g_gl)
Ainitecovers,, Kok

X=0uy,;, X=

b\/ take mixed interseckons: —~ ™™
J I Xea in ethons: C = m
ITl=n

T(WrnA Vg F)

hl- —~ b4
ITI=n Jn I}g__ fiote affine vy ofthe s complex™
€ e ) &y (Pl e Ve 65 et | A
- {u V. '} Vv 3 . T T T
\Tl=m N VT 77 similer CoOrt oMt aCH, ...
= rows columns are exack except for 429'{2 o: T | T
o n,e — r'] _ v Col —)C,l"— Czl‘_‘h_
HYC™) = LT (U, F) = Gy (P e
Vi, F) = C{V.‘} (F) Co° — "%

Ho(cn,m) — [—-l r—(

1T1=m



General fact from homologica| algebra - A

/4
C ‘é.l: (omelzx H (C )—'O V\.§0 Vn H (C ) Corv\plex i n widl. iso Lol\oMolo

)20 H'(C*™)=0 Vido, ¥m = he (s B o *(A')'EH"IB'?\I
Skebch PE T T T eNow cows &ecols are exact,so

O-= B - Co' — C':‘ - Can Aaqf.raw\ d\o.se ond g—d—a.” %—‘zo%‘.

oo doe _y Luo SIS )= H(E

o- B . — - - H(p 3¢ —c —o so H(Ac)»:ch B)

A o A D ! >

+ T —Cc—0 Vo Hhe iso

o ) TH'(@AD u

?S lnduced LES on \:\"
Recall (X.): Ab(X)— Ab is always left exact (sec.1.9)
Lemma L open affine € scheme X' = \"(M,. ): QGh X —> Ab is exact |pecwll Sec. 6.4

P-F . R-mod — Q’S‘ok(s‘)ug)
I* Qiven FimiFa 2 By excack . Exadness s Gocal conditon (indeed shlks) |, M — TR aully it

~ ~ o~ o~
=S wWloa FC|M=H¢_ Ml_jML—)Mg exath (=) M‘_)M-,_—‘M-; exact 0O

. S = .
Clain 05 F, —F =R 0 55 in QGK(X) 3 Slongh o e

= & LES 0 H°(XF)— H°(X F)— H (x L5) = HIXE) = HI(XF)- -
{ es. Ker measures failure
( xIF,) r ( x,F,_) \'C X, F) (oc (%) being, right -exact

P;(‘ 00— FUp) - F, (MI\ — F;(UI\—>O exact by Lemma.. /‘homo\o‘j.ca.\ algebm

Ve Vo Ve S_S'{‘ 'I\ Co le €s
= 05 E(F) 2 E*(R) — E(F) = 0 exact cloim follows 0% [induces LE5 on conor

induces LES on cohomo
_ (25.5¢e My C3| no i)
8.6 De_o\,|ir\3 wiHA IhBnide ovess

& Yop-spac q‘{“’""'l
A relnement oj_ open covem X=UU; is an optn cover X=UVj st V), VS Ui some ¢
« L ¢ ) (shsz- on V;r y}-r!sk-uhoﬂ{mm F(u )__“h.))

Make dhoiws =) resticRong F{ut(ﬂ) — F(V ) = C{M }(x F)— C‘{V S(X F) chain mop,

Fact H (X F)— H (X F)  does not depermd on choites maule_ C&m FAC- See.2)

_F So ead OLU‘! iy ftfmu'.led [.,7 o éok c:oc.,.,& Lor
—Dé <—(/S‘ome. CoVe” Dok idenhfy cocycles if Huey it by

a Bo\h\o{W7 afHr passing o some Commen r€finement

Nor\ e.xwvw\aue Rmk o Jo olo al homoto equivalent Yo ClWJ conple
r any e a—\c qu(.c omo (\7 ?u olen ( o\.{ anawx\ﬁf\‘ u)
H(X A) H*(X,R) = singular cohomology. o X will. otfFitonts 1a A <fso for Smool

(A is ‘Lonstant sheaf witl. valves in A :achvally means shealfy ,So Alw) —[locqll-g conskant U A MM‘H“

Rmk X abfine scheme =3 can use finite covers by basic affine opens amd
can refine any cover~ by sudn o coves

u:)
H (X,F) = bim H{u;)(X,F)

= can calavlale @ by only using such Raide covers W =00y,
COr TL@ofevn n 83 lr\o\cls VY cover (\ASm deBnikon @) X= \J) b;:f
Rmi X sepamied Quas; —wmpac'l' sch-=>can Cﬂ""“"“@ witn fiaite affine covess pick Emﬁc. Sc;iw\kr

Cof" Theoem g. 4 = Mogs in @»m {for sudn covers are isos = ca.n calevlade wiH., Qné_cover!
Wince By, (6 F) o G o 5 150)



?? A?plfcﬁkoA LYY LV\V\MQS omdk I:Il()(/@;)

called o dnvializakon oves U
X sdewe  F € Veck(X) o
: = ®ne
= 3 opem coveS X =U(; with F[qc T au‘. some n:eN

amd cam compone Jrirvali zahons on oJErlafS:

F l L) ) ©n; oy called hwmnsition maps
uu ¢ :UIJ- / Gug_—w\aaue_ iso deseribed b? an, inverhle
|| Xy nxng madix with enlnes in 6“\:,'{“9')
~ v (see Sec.6.2 :
Tl S o _gey ez o)
J Ju )

— ne=n; i Wy FF, so He ramkoj F F:ﬁocauy constant .

Conver.rz,&a , P~ sudh daka ‘er, o sq,ks;?,\,} He woyc&_ condsBon o(J-kv o(L:)- =X ONn lA.‘-,-;L
delermines Lg ?&/,‘Aa a Vector Lu.mlﬂ.e..c
\'ﬂ'\:r is Ha actual A%hﬂ-\'o-\ at V'Q(}or Lunolll_ in
temmg ej compakble Locall drivalivakons .
Def G;g Ox sheaf of loverkble fmdions. i Og(U) = Fedy () : T IO, () st. £-9=1)
Nole #at 0;((/\) s am abelian grone unda~ mulhphcaon ,
T heorem {

isomorphisem classes o Line lounJlu} v o
Hat admit o frivakzakon over W H{u;} (X, x)

md  Pie (X) = H'(X,0%) as groups - — (Pic X dfingd in 7.2)

- . D . . Q *
PEay Ou:j — Ouy;  givem by mkplicakion by clemonk € Cuy oz
MSarif\.a Line bundles Haad admit oo Mivalizabhon oa ulb-: 0u9. X 0"':)'20“‘:)“,_) s,l:j,:? %_ '%-'(9”‘__
Cocy Lo o b Len: ol » oot of. = lipbokim by o0 . €0*
6'1 COV\A,L-{'\On Cawn beQ rewn-’-kn- J‘k ’ ke L., = | 9 ‘J ) u:.
(wWhids 15 Ha shalement

y J
v X
= (°(U) c Hfu.:\(x’GX)

Sjk s gcl -+ s‘.J. =0 [Ta mJeJ\(e.CAAwe noH‘Han)
(s;)e&®, d(sd=S;-5: on u‘-.)
in addilve woiaNow J
Jome {‘;;é‘@;‘

In ‘:l/' we idenkfy [("7.‘))] = [.(dij\] &= “cj = Q\JJ (5,) (”:l
TWis Coresponds precisely fo how the &' clasy changes unde™ an iso of Lire bundles 2,Z a5 in claim:

be
= ¥ ~ e—in e case L= Hre di Am;)\oWJM
— O‘uij'?c flug:" flu T 9‘4"-1' He ¢! class changes b) :;:DV'\’\N‘) Aain oF
o(l,l I I 10(1 we change Hae choien ~
'S x ¥ _ \vializaboy on eah U —» F|, =50,
u. €= flu__’—_z .flu = Hemu Mo H'class doeg N ik
“w i [ | not deperh o Hrr o ias . N
o of Hwe ¢.. lu.'

Y:

o lll R



RMK ’f 041\2 Lu.v\oLQ’— Wik, dcamsihon Mop € °(\-J }%4 (@i 8 ——-Lanf
Ox

=2 Y ¢ v 2 e e
FACT line bundles on A are always +rivial Seme’s Gnjedre 1955
indeed vechr bundles on A™ are alwasys kiviad — «— (lele,\ qu/m Theorem 1996)

EXANPLE  Pic(P')

IP( = A'o v A,
AN Have homogtneous coontinates [ x
S k[t" §neous ina b S 1)
Spec k[t) pec J M A copesponds Jo fLI0L]teA'] whee £= e

L Line bundle o0 |P = [|A +fwal ol A=z
Fio: Ll — 200 € k[4x1) = Tat® tack® e} <|non=gurss]

(>0 € k [£)* = k", pLE k[t"]* = k* exe,rase .

= PicP')= R ‘(P! OIP ) = So defone OC) by using l)'é

0k) <= (x,=t) e '°:tt_L A°

Rmk O(0)=0 P! {ovial line bdle .

HWK Y  Idead sheaf of a closed point in ®' is & 01, for Aisjoint union of n closed pts et = G (n)
for ordsr n point (1)< RIE) ge+ O

Nop— exam nable Rmk (-far diffcenial geometrs): ( delvmines Ko Cheen class ¢, (£): -_%f'(“)

TR is (2 sinw 2=A(P)=X(s*) amd ¢, (T1H')=€vlerclass 8 P!, amd T P'=9(-2.

(9(_|)_) P s LL)W-V\P of- C*ak O : Ho, lines 'H\vag{,\ 0 n k* ace He Rbees, (M. gonsded part
{:‘1|/x’ So homo geneous Pobas

Theocem | t<o N W e {
e <I)H (P 9(i))= {{Fek[} hak&_/k[%m n,* o Mjre

_‘M C2.Y4 course: view P'= k" \/_,f,,mn\.\a

Culdornd Culborpl Rmk

i/ 5 wf L 2) H' (I o)) = { 7
: tntdua h na )= ‘7=
ﬁ,';ea“;.)) H"(o();e;a» k(" I]/la+t k() = kD%, ¢ <
=er=-2) ) [P Ol)) =0 for n32 \exm\sc
F_‘F 3y 8.6, Sin ﬂ) separafe &quu\-—ww\(acl—l vacuz{\ J= caloAate i—c\?ﬁo A} (P 6.
3) no deiple ordesth overlngs or highe- exarple O(1)
) HP=1: g ") ekt on A, Fi1€I(E) on Ao onortrdap: 4'9(t")=f1Y) eRltE")|s=1 on A,
j
= JJ-g ‘Fé v mo\ p 15 delomined Ly f— fon qu;dxon} i_;e’L‘T\R,:JW“
A L=00) C(Ao, ) @ M (AR 4 5 rihonn, 2) — o
f I —
R(t] k(t™] o k4t™]
(£,9) y thala™) — F(4)
V‘ _ . " \_’—Y_/
H' = k6 kle) + £ kit Creshickon of gl 4o Ay means
5 all of RLLE™ if ¢ poq Ve tarh %
0

* does not confmin t":f“",,,.,'c':"" € 1< -



EXAmMPLE : P omik aic

3

called X = 'T: =AocvA,uv... v A, A~‘=5f"’°h[¥"" %‘3
%var(m , . e =X

pite 200 = ine bundle with iy =(Z0): [, 00 XL ok [, oyt ] ' cnse: 4=
S‘:r ‘ ) ("5 R 'x':/k. x-’ )J] %o i kIt) o k(t™)
erce’s
4‘,:;,4;,\3 6 (m) = O’(I)%m so =(£)m bok, equal Jo I'(AGAAJ,BX) '{;H:ﬁ)':tn
sheaf HMsor wm Kmes Xy *

Rmk L9(-l) called +an)~olog,:w& Line. Lumﬂe. becawse in C3.4 course ead. (closed) point of P°
s a l-dtm vedor subspace YSk™! (P"= k”'\/ _,.,,“],,\’>
So 9el- obviows Line bandle: over the foint [yle P™ have Hhe ine V,

M Pic (I?“) = 2 yhef‘akd L’D He O(m)
r (IPV\/ G(M)) ={ k [%,___,x,\]m ‘IF m20 1—‘5‘0 MM‘”“‘@OMJPO‘,J ﬂJC;=M

se on A: 9t fal)_; ! .ua <m
en He variables Xo, . %n
Ao x

0O ¥ mco

R-8 Poodwed on Eedn C.ol‘\om.ol-ogy\?-

(No,\_ex aminable Sechon) (x Ox) any r‘maul spa.ce
90 (% F H“ (XG)—aH (XF®G)
((s2), (&) » (k)
nole Z@ =2
Ox—

Rmk | 8.6 where we took comstumt cotfliuends F=G=2_
We rewver Hae o prodadk om J:naulm/‘ cohonmaoloy, (eespectively on da Rhanm wk.owloﬁ

us:na F=G= E_
Ox = smooth real
f~ackons

R K =
so L;%XE__!E



MobvaRon: # coesent’ an

3, Skea@ Co\'\ornolom
by “nicar objes™ at +he st of using a chaincx (sec.1.8)

9.l Resolukons

right resolulon of MeA wmeans om 2xack sequence 0bM—aI’ I 7Tt

left esolvkhon - 5P =P P M=0, or B0

o)sjec\.- in an abeltan Cﬂ'kj”"? A

— . win A
-

abbreviated as M— T°

Def T tajeckve i€ Hom(, L) exack, P projeckve if Hom(P,) exact «—(bot. alutays left exact)

Fact lajechve resoluhon M— £° means

?f’o")e-t‘\\'vt resoluhon P, —m M

T are injedkve
u Pn  # projeckhve

L left = rig,&t - derived Fonclor

exo.ct

Lng (M) - Hh(g(Po)

g Light = left - derived funcor

X
Warning £ lef} exadt only implies 0 — FMEL°— £(TISHTY))—0 exact, Deduce : ROF(

/M—)T inj-res.  |Laterwill soe why
R™E (M) = H"(£(T°)) | (see 1-2) chotad I; P,
‘//P SM ors; o0 does V\ol' MGH:U
) '<er(£1 —4T')Z Im(FM > ET°)
)X A1

Sienilarly Log = g, so R°€ Lo rememw-l»ke.ﬁmc&orrF% A
S-mo

rma.
A= S[ Mois f= HOM(M ) N— I* inj. res.

Classical Examles
= EBxtg (M,N) =(RF)(N) = H( Homy(™ :c-)) (ExtQ (mN) = Hom (b, N))
S-Mods™ o5 AL, Ext ] (MM =(RM)(M = H,, (Hom(P )
. —M P"’J s,

(Similal Ho N) :
e jc M( |eH-Texact-

§ = MB right exack=3 Tor (M, N) = (L) (N)=H (MR (Tor? (M,N)= M@ )

3_ ®s'\] Tof_s (‘V\,N) ’(LA%WCM) = H (P @ Q) for P.oM proy. ‘Qs)
— e(“ wpore lingos

(SIM\(N(‘Q .
Tor R-mods : T injechve & if T Sanymod M Hew Tmod T: IOT=M algebro “exlending
P fmjzd“"ﬂ & P is a dicech SJMWWW\A of o fcee R-mod * basis™
%Q-“A any) 2 chotees =>’F(|"\)—> H G »3!
ace chain komo*n(\C -F(N)—)H#(‘F(j.»

. M
fact H_’I. i/\j.re_s-jJ,Morf,L=)<‘_om Qxlev\o\T 13
N—T N N—oT*

MerT® o MTO
I _>¢\L3

Mmono

Coc R'% (M) =
P£ Apely fack o M=N , gek H(€T) — H(¢7° )—

Keju/d'eq T inj=) Hom(.)T) night xatt = i€ A 5B thenany AT can be exiendsd o BL.E.9, | .4 -;
- o
“('FI ) \f\du)bml%k of o f;

an s. M\—T*
H H—I ) C-ompos\k i Ad by uniqveness [1

Lemmo. £ left exactk, O—p ", M, — M, >0 SES = 3 canoniwal & functoriald LES
O g° F(M)—’ R"f-(f"z)—) R°H°"a)—> R‘&(M Do RYF(M)— R'HM3)-; R2$(M)= ...

'FHI '“'\1_ 'Fl"\3 X
D2 AT, 261, T o e \‘:,;;:;“%gw

Pf Le o T:
rtemm 0—):[ —)Iz—)"g—-70=> 1\

using Fact Facdk — () T
0— £N, > £M, M, 0

0—M oM —M,—0

LES indvad O
r 1 :ZW“\SSE'S agel'ed Jo e SES

conplexes 00

Rk [adeed R°£ saksfes universal properhy Haok R =£ amd Lemma hlds, and i+
(see %oly:_ r\ex-)- Szc.-hon)

follows Mk R £ (M=

H*(#(T" )) 4'or ony) iny res. M—T*

Hwk 4 Ab(X) has enough injecdives i-e.cam build inj-resolukons of any objet Fé& Ab(X)
R™(X,F)

H"(X,F) =

(X, ) Ab(X)— Ab left exack = can dehine Sheaf colnomo\ou

(sec. 1.9)

We now ask how Hais relades 4o FIN(X,E) fr F €OGWX)C ALK amd X scheme.




9.2 Acyclic P€So|ukor\5 in an abelian cat ) 4 n
Rmk |6 T inj. object = resolohon 0— T I%I—020-- = R E£(T)=0 Vnyi
So {or sheaf whomology : H™(X, TY=0 ¥ny| if T iajeckve sheat.
Def An acyclic resolubon of F iS5 am exact st OO0 F - 37°— !0 ... wik
H™(X, Th)= O VWnzi e(Sgpwﬁif\JgAalier:_:i i‘:;ln;ﬂ#m

Claim An‘a a.cyc,l\‘c. resolvion can be used +o compw‘-i sheaf cokowweow, ie.
H*(X,F) = cohomdogy o chain complex T(X,1°) = M(X,T')> .-

P Teick “break down fade SES ard ke LES" :

W 2Xacknesy
2ot ¢ = Coker (F — Jo ) = 1lm (Tp—7 T,) So 3 v\cd\ira& MOhomorP)\. Clc_a j-l
Cryy = Coker (Cn— _j"\ Zlm (3, — Tn+l) ‘ ‘ Crner Tnp
O — F — Jo— C, >0
o — Cl —_) -S-'o S CIL 50 b‘a.d-l MJ 00— F— T(g—ﬂ‘}"\—‘(]j‘_l—\ 3'3_’___
O — Cn—7Ja > Cpyy ° O < JCZ

Tedrnical Lemmae O— F — T — G —O Se5 = H(F) = H™(G) w72

(°£‘7 wses LES in H) Wikh H(I)=0 n%\ H'(F) = Goker (H°T - H26)
P£ 02 HF S HT R UG - H(F) - H(T)> H'(6)= HYF)- HY)» -0
T ] 1 1\
SoSurj.s0 W'F zGker® O So = 0]

Finskh ?roo(l, abbrtviale Hn(F)': H“(X,F:)/ r(F): r(X,F):
H? (F) = HY'(G) = H" Q) = -+ = H'(Caa) = Gher(H(Tna)- R(Gh))

M le€t exacdk a/r(w.,-.)““—-‘» U (Tn) 2557 (Ta) = ) Keron /Im ooy
4 = ‘o
xackss of HO(To0) e@\ur‘ A kr( J = ',‘”'T“j :““ ' f;ﬂ
n P / Ch Cos =M tn/1Im inf
O-»r(cn\—vr(in)—»\'(Cm) H"(F)= Coker i Y, ( ) ') = (G / \m Py '
hg’:\."e’ Kee rn=\"\ “'n H (C") via L“/Z Coker Fh-—\
) = H"(F)- a

Non- examinable :
Rmle Tor o UF+ —exact fur\dor F-A-3 -4.4«}:¢Lm caks o cestuRon 0T is £- acydic
£ RP(F(T%))=0 ¥n3. Similovly for coht exadk fontders 3 for Pah—0 says L, (§(P))=0 Vn3).
Ffact ln)ec’n‘vf_ resolulons owe awrﬁfc resolukons or |eH- exact fonclors
. . ’ 7s “  oaht 4 <
?no‘)e.d\vt 7w 9

J.3 Eec)\ coL\oMo(og)'g. vs sheaf cohomoloay.
Theoem X seporaled guasi—compact scheme. Sugpose H": QCh(X) — Ab are fondors st.

&) H°(%X,F) = (x,F). - €QGh(X) by Sec. .t Rwk
) ¢: Uk —X = H"™(X,qF)=0 T2y, ¥ FeQGh(WY.
akfine optm holds for Eoch cohonnologry sinen W aFhne
(i) SES jadwas a LES on H* A (%@, F)=f1"(¢~'X,F) = H(W,F)=0, n7l
{u {q"u;} {“nu:)

Thew H*= H*



P-F X= U U; fnile afRne ope coves (use X quasi- compact)

U aflre since X separated  (using ordered T)

Nokce Huatr Haa Ce_c.lr\ oow\alzx W‘\U‘C (.FI'.(/(IC—QX is Hee inclusion
&= MFlU) = M (ug €= O R (x & 61y = {x M (F
[El=n (El=n [El=n ( /QI*‘( l“?} /(t|=,:(:l'&( Iu))
===9 (:h — r’(:>(l-3'“) ovv“* »\ﬂ)ﬁ& S{qu{Nij_ C)-—é F: —_— :ro']E? :rl——+ “.Cal|4kis :r"
7
B'a. Sec.9.2 1t %out.a"'\ fo heik ‘HM‘S/\T VUL Nm.d‘o“ :iu'\rn\l;ﬁsp;ﬁl:;\c‘ﬁfzo&my
an Q(A’LQ\Z {‘Cfo&l.‘kon Sinle ‘n\l’/\q F—’Q (F|U\ blecempial on'V Lo CoVQ"Vr\ul

H™(X,F) " W(T(X, 370 = H' (G %) = HM(X,F)
By )z H'(X ¢ Flyg)) =0 VYny

M & a RKajle pmo‘ud' So = fnide @. So IH“(XITK) =0 ¥y, follows by indvihon Ly:

|I|=Y\

Tk If G, G, cQGh X, H'(X,6:)=0 WYn2| = G,®6, also, sin
o G|—G, @G, —G,—0 SES = ke Les gk H(X,G@6.)=0 , ny1 v/

(lu\)

O-F = T° exad & exact on stalks (4;_&)) O—-)F(M,F)—)T'(U}'J') Cxac{—va\”ﬂ‘mofu\bt

0— MW, F)=T(U,T)— T(U,T))—.-
\_’v
exadk sine T(U,) left exact (Sec.1.9)

siconger Hhan quasi-compact

exatk Stac2 l‘-’l (U,F)=0 far nyy

't#or cover LalW;

S W\ M"Rne_ using sec. 83 [

Coc Xs‘eeamkd, Noetherian = skea\d Colwmsfsga H(X,F) = H“(X,F) VFeQGh(X)

i Non- examinable

PC 5\'\14 co\r\ovthPZ\a H(X Fl= Lo’mowxlgz-a dj l"()( T° —\r()( I)—)

Check He condiicons of ﬂ\eOrem

for FaT' any.
m',eohu résolvhow.

0— T xr:)—>r(x 7% — X 1)

) T (X, ) \eft exact = H° (X,F)= T (X,F) (_‘ generak Covsequnt see 9.1, 0 explicitly:

AKR) Lemma. in 9.\ proves = LES exat, so |m.ri

is k.ero‘ﬁ’w\mdals H

AL) by the Theorem below. D

Culived RmK

Serre’s Theotm -

Theorem R Noeth. , FEQG(Spec R)= H" (Spec R,E)=0 V¥n3z|4

X Noeth. scheme Yhew:
X abfine &5 H(X,F)=0

Non- examinable proof (deas The cleanest proof is 4o build madhinery:

= 09 M 4 '_[ Lxact, eadh T* Flasqr , So com wse Hax o o

RmR lnjeckve O, -mods are ®asque (Harkshorne T 2.4)

DA shea] Fis flasque if all mtskikons FI(U)—F(V) are sugechve.
)V ‘Rﬂ? ue F on a top. spack X, bhave H (X F)=0 VY n3l (Harishocae IL.25)
3) ¥ aned'\\lQ. R-module T ,omd R Noell = T o~ Spec R is .Fea_:quz (HNklg(ncH 3#)

Cor Flasque cesolukons ame_ acydic by (2), so can be used +o compuie H™(X, F) by 2.2

M Thm Fo R b - M= (X, F) by7.6. Pick injeckwe reselbion o Ha @-modole M : OoM o I
mpate H'(X,F) by Cor
= R (X r\)_. HM(F(X,T)) = HM (T )&o Sine I exatk sequence exugt in dzna,eeo .0

h> | (in deg=0 ot M, and HOxR)=Fn=M)

Vn>,)
V FeQGh(X)



94 Prodnct on Shead cohomoloan,

(NW\ -examinable S‘eckon)

(x’ve;) any r:«aul space.
Fact 3 produet HP(X, F) x Hq(X, Q) — HP+1 (X, F®0 G)
X

idea O-OF—TI’

/rowa-ols 5
hot exal

= O0-HFRG—I'®wIT’ U\n-ﬁrhl\nk\) no¥ a resolukon
067

T~ bi-tomelex (compare 8.4 )will, maps d®id, (2 @ d
Hhen talte fotad cowv&x-'la-l-nllb}:ﬂfs Sum o] d

eed I°7 L be * cyclie cesoluhons™ o (0.0’ ‘4'4‘“

N 7 pure acyclic resoly 1o omsuce phis €-9. kefree 2 part is

is ceselubon. Then Fven any in)-res. F®G K", (Iz®3°)Q(I l(“')dl"@f))
e idembhy FRG 4 FRG extnk 4 IT°'®@T — K.

TaKina_ \_(Y,-) \J;Q_ﬂs e cesutt.

See key Idea under Hat Fack in 9.1)



lo. Qloh(IP"), gcaded modules, Proj R X=1P, =AcvA,u..

- v AL
(Non-2xaminable chagter) A:= Spec k [_ o z..} omit &
Def gcoded Fing means & ring R st S ((‘Q (oo, x ). ) \ I~
= "
R:Ro@RleRl@. as abclmm Grovps
EOASnAa AtﬂA'=$fec k[’b LY ]t.mw!ﬁke_
R:*R. € Ry, So gvadad by N J %) 0-tn gended parck
o) ) J <'_) =S
The eements & R are Called komogeneous glemends °f deaeee n - feC((k[n(,,__, z"l!-"-,')o»
Groded module means R-mod M s:b- ;‘&“ﬁm‘:‘w
1S L povt whith
=...OM.,OM_BOM2H O N, @;—- as abtliam grovps Z',ff,fa'ﬁfl}, -«veinci
RC . MJ <M " S0 ta,pu,\g_o[ 57 Z wnder k—dsaln,\;)

A hnorplm'S‘vv\ ul ?-l‘mkut R -mods is R-mod low T’li)N, with @MY= N Yn

on noV own ¢

R = h[-'lo,-') JCv\J Rh=h0M03€mW folj_r .D.[ dg;:m (So Ro= k)
i 3 1geaded R-modsh — QGW(P")  exact, full £ Faitlfal
Ni——

P Lt M, = (I"lx;)o amd M =(“*'=s)

To-th graded prece o /(((n“‘));‘fg E(M*"x)o>

Pethe F{IAJ =M M Fe sna FJi'A;nAJg ﬂ\'; = Mj'AmA
Exactness is o local tondibion, 5o (b bolds sine it biolids o~ wJfina cane .
Fall Afoathfl : Hom (R], Rl )= Hom (77 ,RY) = H°'?R N mg((n,,g,,,m,“)o)
s reduces Hha fra“lm lo am execse in Foadsd Z_W,L; (omitted here)
Wa(‘nmg Not an e_quwnlwa of ca_-llaonf-f lpcc‘a.use &oimi -
HW\(LI H Ma=Nn or nyN then M= N mLary-dl-; es

Fact |f work wikh gradtd R-mods modulo” idemkfying Hrose which everibvally Agm&
n large acading , thin gth equivalince with inverse

and GA(p) = QA2 F —— @T(P", F(d)) whee F(d)= FQ O) «icd

pn ‘h\h'S'h'l\a
cocesponds o f—\/
Fg-graksdmols | pyckicalar | F o= D (P, Fe) 50 Shift e module dotn *’a m:
S0 -t o ]
D6 MI4) rew groded Roved Wi MY, = Mo < 1= [
~— n =" M[I]_ o
M f = R[‘*] Oon |P 6(5'0 htx""”x"}[d)) so [ine bdmﬂe since. on ead A
2A) = (R41, D, = xt k[ % ko =% Ry have Red, =, 204¢), L X
odl exeruie Nole Opn (A;) = (g! (i? ff;«;i.)
r-? IV\Q e U|H\ ;. —(x/Z\ H@Vlbl o( (9((*\ M(/A _[(A) o A/ :ﬁ/)
S xd x‘*!“‘ﬁc) = GP"’A- £ a: .
Exerc;re Mtd] I"\ (d‘) ( G @ 6(&)\&(230%4330’}“&@\

M k Elo Xh] = d;or(lP 8(4)) (bu¥x Hus does no} generalise Ase o above 15508 about (o\‘b)
The Consiwckov\ o‘j, M is so similar o Hu Spec R cooe aol/"\ becavse 3 anologveoj Spec R:Pro;R



e o ” homogeneous™

PNJ (R) ={ 3—-"0\.3&-0L prime idealls TS R not contmining He ""7'{“"”‘& ideal }
R any means T = @(InR,) n(_;)ogn X
geaded "0 in IPY we remove
ring (<=> gomenked 'E) Hae mosc cdal (%o, 1)
omoyr\eous (irreduandant tdeal)
. becaus n'}
WV ( IQ 2“(1 { 1[:- i Py R p2 I} defing. 2arisk: 4oploge, dm;”::‘; L.;‘E‘:f’:cg"*

f Lom?l/hﬂovu' /| degree >0 = D= Pro; R\WVH) = geer R : £¢p} Lq.s\saj

Warr\.ma P"OJ R = UD.‘: S R+C <all £:.5>
Fact :D-F = Sfec ((R-F)o) A Jofu(.o UJ spac2 s
P — PR 0 Rp), (mvm mag: Por— @ fae Ry
2,0 _Fk
Sheat 0:= 81’«5(&) :

dea(-ﬁ
€ P )

®| =0 Yem a&vo_.
Srec((Re),) TS
moere en\’ J X . .S =3
Wasning, f’ro 1S v\o{T fclonal Like Spec P goneroselbies Ok )

1€ te R—S graked &pn4r.n7o W(Ry) 25, thew get morph <( : Oro S— Prg R
but not all morphs arise ia Hhis Way.

Exa-!‘_'[( it i)
) S = RD%o,.,, %n] wikh wival grading => Py R=T (o B, )
2) R(d) =0 Rd-r\ Hhene Hag inclosion RM)_;R induRS G iso Projg = PN‘) R(d)

%o

3) S gradsd cing gomwraded o an So-alpbrm by ntl lements s, .,s0€ S

= Sol%, ., %] F2S = S Sl = Poszwvrs
. - N - So
X —I50 — %L Losed swbscheme

Exawple  k(x t3] D k[x? ,%49,9°]

Iq[_)(lylizl —» k[x’-,xb’!f'] ) XHZZ'YP—WD/Z — Yy

=P Pre; k(z gl ij k[zm]“) & Proy R[X,7) 2]/()(2 —)/7') closed subscheme of P>
is the Veconese det"\a Vy o Pley |?1_ S\'m;lqrb axﬁ- VA - IP";—)“)N N = #degee 4

mononals in

L) every Losed subccheme ‘1 Proj R arises as Proj (R/T) some ?I'AM-J. ideal T Sox;;__(/::_d)
L d
Fac(: R= noo Rn g-mAD.A fl'\a = Line bundles 9@)— Ral on PNJ K amd
Z@-{a&l& R—Mods\] — QGoh (Proj R) Nole: 4hi dels
and M ™ iy RCGh()
f,frj,‘j;g}) R(F) i F whone T3(F)i= T(PiR,F() [ 7000, Fotie
V| again ,wot an equivalinee o cats, w ‘r (F) = F.
& | 70 (1 e 2N fr 40y oom P ) Fi4)= F Qo)
i€ idowipy moduls Hhat %V"M‘f"a.ug ,f{u Hatan opth- 2givalencs, 0,=% on Ox PSR



