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Chapter 1

Introduction

In these notes our aim will be to build the background stochastic analysis
to enable the development of the theory of stochastic differential equations.
A stochastic differential equation is simply an ordinary differential equation
perturbed by random noise. If we take the view of approximating the ODE

dx

o = ta Zz),

= ft)
by a difference equation we can think of the evolution in time of a deter-
ministic system as

TiyAt = Tt + f(t, xt)At.

In order to add noise we can imagine introducing a random shock at each
time step with a size that may depend on the current value and time. Thus
the solution will become a random variable and should satisfy

Xipar = Xo + f(t, Xo) At 4+ o (t, X)) AW, (1.1)

with AW; an independent random variable generated for each time step At.
If we were to write (1.1) in differential form we would have the following
dXy dW;
— = f(t, X t, Xi)—— .
= (X + o (1, X0
How do we make sense of the final term? Before taking the limit, if we write
Wy = >, AW;, we see that W is a random walk with steps determined by
the distribution of AW. In order to put everything on the right timescale
it is natural for the random walk to move a unit distance in a unit time
so from the central limit theorem we should take the variance of AW; to
be At. This suggests that W, = dW;/dt should have an ‘infinitesimal’
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2 CHAPTER 1. INTRODUCTION

normal distribution. Such a random noise can be modelled by Brownian
motion (Wy);>0, a mathematical model developed to describe the random
movements of pollen particles in a liquid, as observed by Robert Brown in
1827. The mathematical model for Brownian motion and the description
of its distribution were derived by Albert Einstein in a short paper “On
the motion of small particles suspended in liquids at rest required by the
molecular-kinetic theory of heat” published in 1905, Annalen der Physik 17,
549-560. About the same time, in 1900, L. Bachelier submitted his Ph. D.
thesis in which he used Brownian motion to model price movements in the
stock market. His results were published in a paper titled “Théorie de la
spéculation” in Ann. Sci. Ecole Norm. sup ., 17 (1900), 21-86, which is the
first paper devoted to applications of Brownian motion to finance.

On the other hand, the first mathematical construction of Brownian
motion had to wait until 1923 when Norbert Wiener published his article
“Differential space”, J. Math. Phys. 2, 132-174. After this the unusual fea-
tures of Brownian motion were revealed, mainly by Paul Lévy, in the 1930’s
- 40’s. Among them, Lévy showed that almost surely ¢ — W} is nowhere dif-
ferentiable, and therefore the time-derivative of Brownian motion, W;, does
not exist. It is thus customary to rewrite the previous differential equation
as an infinitesimal evolution

dX; = f(t, Xt)dt + O'(t, Xt)th

which in turn has to be interpreted as an integral equation

t t
X —Xo= / f(s, Xs)ds +/ o(s, Xs)dWs.
0 0

In order to make sense of this we require a definition for the stochastic
integral

/ o(t, X)) AW,

The construction of such an integral is non-trivial and it was Kiyosi It6 in
the 1940’s who first established an integration theory for Brownian motion,
and therefore the theory of stochastic differential equations. There are many
powerful applications of the theory, both within and outside mathematics
itself. One of the most remarkable applications of It6’s theory is to finance.
1to’s theory was brought to worldwide attention by the award to Harry
Markowitz, William Sharpe and Merton Miller of the 1990 Nobel Prize,
and Robert Merton and Myron Scholes of the 1997 Nobel Prize, both in
Economics. It6 was awarded the Gauss prize in 2010 in recognition of the



extent to which his work had influenced applications of mathematics in many
disciplines.

These notes provide the core part of Ito’s calculus: it provides the nec-
essary background in stochastic analysis for those who are interested in
stochastic models and their applications.
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Chapter 2

Preliminaries

2.1 Toolbox

2.1.1 The monotone class theorem

A collection B of subsets of 2 is called a m-system, if it is closed under finite
intersections. By the monotone class theorem, we mean the following lemma
or a version of it.

Lemma 2.1.1 Let B be a w-system, and F = o{B} the smallest o-algebra
containing it. Let H be a family of real-valued functions on Q satisfying the
following two conditions:

1. 1 €H and 14 € H for every A € B.

2. If fn € H, each f, is non-negative, f, T (in n), and sup,, fn, < 400,
then sup,, fn € H.

Then H contains all bounded, real-valued and F-measurable functions on
Q.

2.2 Probability spaces
A probability space is a triple (2, F, P) consisting of a sample space §)
of basic events (also called sample points), a o-algebra F of events, and a

probability measure P. The probability measure P is a function on F taking
values in [0, 1], which satisfies the following conditions:

5



6 CHAPTER 2. PRELIMINARIES

1. P(Q2) =1, P(0) =0 (where 0 is the empty set), and P(A) > 0 for any
event A € F.

2. Countably additivity: If {A4;};=1,.. is a countable family of mutually
disjoint events, i.e. A; € F and A4; N A; =0, then

P (U A4) =) P(A)).
i=1

By a random variable on (2, F, P) taking values in R? (or an R%-valued
random variable), we mean a measurable (vector-valued) function on (2, F).
Recall that mapping X : Q — R? is measurable, if for every Borel subset B
of R?, the pre-image of B under the map X

X YB)={w: X(w) € B}

belongs to F. Loosely speaking, a random variable is a function X on €2 with
the property that we can determine the probabilities of events of interest,
such as for example, the probability that X lies in a ball B: ie we can assign
a probability to the set {w € Q: X (w) € B} .

If

E|X]| E/ | X (w)|P(dw) < o0,
Q
then we say X is integrable, denoted by X € L'(Q,F,P). In this case,

the expectation of X, denoted by E(X), is the integral of X against the
probability measure P:

B(X) = / X () P(dw).
Q
In general, a random variable X € LP(, F, P) for p > 0, if
/ | X (w)[PP(dw) < oo.
Q

In this case, we also say X has finite p-th moment or is LP-integrable. For
p > 1, the space LP(Q2, F, P) of all random variables X with finite p-th
moment is a Banach space under the usual algebraic operations for functions

and the LP-norm
1/p
X | = ( / |X<w>\pP<dw>> .
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Remark 2.2.1 If p > ¢, then LP(Q,F,P) C LI(Q,F,P) and || X||; <
|| X||p- Therefore p — ||X||, is increasing in p € (0, cc]. Indeed, by a simple
use of Holder’s inequality we have

x| = /Q X (w)[7P(d)

< ([ |X<w>|q5P<dw>)Q/p

- (/ |X<w>|pP<dw>)q/p.

Stochastic processes are mathematical models which are used to describe
random phenomena evolving in time. We thus need to have a set T for
the time-parameter. In these lectures, T is either the set of non-negative
integers Z* or the semi-infinite real interval [0, +00). T is thus an ordered
set endowed with the natural topology.

Definition 2.2.2 A stochastic process is a parametrized family X = (X¢)ier
of random wvariables taking values in a topological space S. In these notes,
unless otherwise specified, S will be the real line R, or the Fuclidean space
R? of dimension d.

A stochastic process X = (X;)ieT may be considered as a function from
T x Q — R%, which is the reason why a stochastic process is also called a
random function.

For each sample point w € €, the function t — X;(w) from T to S is
called a sample path (or a trajectory, or a sample function). Naturally, a
stochastic process X = (X¢)ier is continuous (resp. right-continuous, right-
continuous with left-limits) if the sample paths ¢ — X;(w) are continuous
(resp. right-continuous, right-continuous with left-limits) for almost all w €

Q.

Remark 2.2.3 A function f : (a,b) — R? is right-continuous at to € (a, b)
if its right-limit at ¢o exists and equals f(tp). Similarly, f is right-continuous
with left-limit at g, if f is right-continuous at tg and its left-limit at ¢( exists.
For example, any monotone function on an interval has right- and left-limits.

Example 2.2.4 (Poisson process) Let (&,) be a sequence of independent
identically distributed (i.i.d.) random variables with the Poisson distribution
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of intensity A > 0. Let
n
Thy=0; Tn=>» ¢
j=1

and, for everyt > 0 define
Xi=n ’Lf Tn§t<Tn+1

Then for every sample point w, t — X¢(w) is a step function, constant on
each interval (T, Tpy1), with jump 1 at (random time) T,, and is right-
continuous with left limit n — 1 at T,,.

Let X = (X)t>0 be a stochastic process taking values in R<. For each
n € N and collection of times 0 < 1 < t9 < --- < t,, the joint distribution
of the random variables (X, -+, X3,) is specified by

Kty o, tn (d.’L’l, s ,d.’En) =P (th c d:El, B ,th (S dxn) R

a probability measure on R?x- - - xR?. These are called the finite-dimensional
distributions of X = (X¢)i>0. If d =1 and (X})¢>0 is a real stochastic pro-
cess, the distribution i, t,,... +, is determined via its distribution function

Ft11t27”',tn(x17 e 71.71) = P(Xt1 S L1, 7th S xn) .

We need to overcome some technical difficulties when we deal with
stochastic processes in continuous-time. For example, a subset of {2 such
as

{weQ: X(w) e Bforall t €]0,1]}

may be not measurable, i.e. not an event, so that
P(we: Xy(w) e Bforalltel01])

may not make sense, unless additional conditions on (X¢);>0 are imposed.
Similarly, a function such as sup;c X¢, which is often of interest, may be
not a random variable.

Exercise 2.2.5 Let (X;);>0 be a stochastic process in R on (Q, F,P), and
let B be a Borel measurable subset of RE. If F is a finite or countable subset
of [0, +00), then

{w: Xi(w) € B for any t € F'}

and

sup | X
teF

are measurable.
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To avoid such technical difficulties, a common condition, which is good
enough to include a large class of interesting stochastic processes, is that
the process X is right-continuous with left limits almost surely, and the
probability space (€2, F, P) is complete in the sense that any trivial subsets
of probability null sets are events.

An important task in stochastic analysis is the study of the probabilities
(or distributional properties) of random functions determined by their finite-
dimensional distributions.

Definition 2.2.6 Two stochastic processes X = (X¢)i>0 and Y = (Y2)t>0
are equivalent (indistinguishable) if for every t > 0 we have

P{w: Xi(w) =Yi(w)} =1.
In this case, (Yi)i>0 is a version of (X¢)i>0.

By definition, the family of finite-dimensional distributions of a stochas-
tic process X = (X¢)s>0 is unique up to equivalence of processes.

On the other hand, in many practical situations, we are given a col-
lection of compatible finite dimensional distributions D = {4, ... +,, for
t1 < -+ < tn, tj € T}, we would like to construct a stochastic model
(Xt)teT on some probability space (€2, F, P) so that the family of finite di-
mensional distributions determined by (X;)ieT coincides with the family D
of distributions. In this case, (X;)eT is called a realization of D.

2.3 Conditional expectations

Many important concepts in probability theory, including independence, the
martingale property and the Markov property, are stated in terms of condi-
tional expectations (and conditional probability). We follow the formulation
of these ideas due to J.L. Doob.

Let X be an integrable or non-negative random variable on a probability
space (£, F, P), and let G be a sub o-algebra of F. The conditional expec-
tation E(X|G) of X given G is a random variable (unique almost surely)
which satisfies the following two conditions.

1. E(X]|G) is measurable with respect to G; and
2. For any A € G we have

E{E(X|9)1a} =E{X14}.



10 CHAPTER 2. PRELIMINARIES

The conditional expectation E(X|G) is the best L2-predictor of the ran-
dom variable X based on the available information G. By a monotone class
argument, it follows that

E{E(X|G)Y}=FE(XY)
as long as both sides make sense.

For simplicity, we write E(X|Y) for E(X|o(Y)), where o(Y) is the small-
est o-algebra with respect to which Y is measurable. It can be shown that
E(X]Y) is a measurable function of Y, that is there is a function F' such
that

EX|Y)=F().

By definition, if Y is G-measurable, then

E(YX|G) =YE(X|G).
If X and G are independent, then
E(X|G)=FE(X).

Indeed X is independent of o-algebra G if and only if for any bounded Borel
measurable function f

E(f(X)|9) = E(f(X)) .

2.4 Uniform integrability

The uniform integrability of a family of integrable random variables has been
formulated to handle the convergence of random variables in L'($, F, P).
In spirit, it is very close to the ideas of uniform convergence and uniform
continuity.

If ¢ is integrable, i.e. £ € L1(Q, F, P), then

lim |€|dP = 0.
N=o0 J{|e[>N}

We now make this definition uniform over a family of random variables in
the following way.

Definition 2.4.1 Let A be a family of integrable random variables on (Q, F, P).

A is uniformly integrable if

lim sup/ |£]dP = 0.
N=rooge A g2}

That is, E {1{\€|2N}‘§’} tends to zero uniformly on A as N — oo.
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In terms of e-§ language, A is uniformly integrable, if for any £ > 0 there
is an N > 0 depending only on € such that

/ €|dP< e
{le|=NY

for all £ € A.

Some simple consequences of the definition are the following.

1. Any finite family of integrable random variables is uniformly inte-
grable.

2. Let A C LY(Q, F, P) be a family of integrable random variables. If
there is an integrable random variable n such that |£| < n for every
¢ € A, then A is uniformly integrable. In fact

sup/ |§\dP§/ ndP —0 as N — oo.
(eAJ{|gI=N} {n>N}

3. If AcC LP(Q,F,P) for some p > 1 and

sup B[P < oo,
e A

then A is uniformly integrable. That is, a bounded subset of LP (2, F, P)
for p > 1 is uniformly integrable. Indeed

1
sup/ [€ldP < sup/ — §[PdP
ceAJ{|g>N} ceAJye=ny NP

1
< —=supElf =0
NP=1eea

as N — oo.

4. It ¢ € LYQ, F, P), and {Ga}aea is a collection of sub o-algebras of F,
then the family

A=A{E({9a) - € A}

is uniformly integrable. Let &, = E ({|G). Since {{, > N} and
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{{a < —N} are G,-measurable,

/ CaldP = / codP — / £adP
{|€a|>N} {éa>N} {éa<—N}
_ / €dp — / ¢dp
{€a>N} {€a<—N}
- / €ldP
{l¢«|>N}

< / €]dP
{|¢|>N}

which proves the claim.

Theorem 2.4.2 Let A C LY (Q, F,P). Then A is uniformly integrable if
and only if

1. A is a bounded subset of L*(Q0, F, P), that is, supge 4 El§| < oo.

2. For any € > 0 there is a § > 0 such that

[ 1elar <
A
whenever A € F and P(A) <.

Proof. Necessity. For any A € F and N >0

[rear = [ jgars [ jar
A An{[¢|<N} An{[¢[=N}

< NP(A) +/ ¢|dP.
{lel>N}

Given ¢ > 0, choose N > 0 such that
€
sup/ |€|dP < —.
geA{e1> Ny 2

Sup/ €]dP < NP (A) + &
geAta 2

Then

for any A € F. In particular

sup/ E]dP < N + <,
ccAJa 2
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and by setting § = ¢/(2N) we also have

as long as P(A) < 4.
Sufficiency. Let 8 = supgc 4 F|¢|. By the Markov inequality

for any N > 0. For any € > 0, there is a § > 0 such that the inequality in 2
holds. Choose N = /6. Then P(|{| > N) < 6 so that

/ €ldP < <
{|¢|>N}

forany £ € A. =

Corollary 2.4.3 Let A C L'(Q,F,P) and n € L'(Q, F, P) such that for
any D € F
E(1pl§]) < E(lphn]) ; V€A

Then A is uniformly integrable.

The following theorem demonstrates the importance of uniform integra-
bility.

Theorem 2.4.4 Let {X,,},cz+ be a sequence of integrable random variables
on (,F, P). Then X, — X in L*(Q, F, P) for some random variable X
asn — o0o:

/\Xn—X|dP—>O as m — oo,
Q

if and only if { X, }nez+ is uniformly integrable and X,, — X in probability
asn — oo.

Proof. Necessity: It is standard that convergence in L' implies conver-
gence in probability. We show the uniform integrability. For any € > 0 there

is a natural number m such that

for all n > m.

DN ™

/ X, — X|dP <
Q
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Therefore for every measurable subset A

/]Xn\dP</ ]X]dPJr/ X, — X|dP
A A Q

Sup/ |Xn|dP§/ |X|dP+sup/ | X4|dP + =
n Ja A k<mJA 2

In particular

so that

5
sup E|X,| < E|X|+ sup E|Xi| + =
n k<m 2

i.e. {X, :n > 1}is bounded in L*(Q, F, P). Moreover, since X, X1,--- , Xy,
belong to L', so that there is § > 0 such that, if P(A) < d, then

m
€
| X|dP + / XgldP < =
/. > buwiar <
and therefore
sup/ | Xp|dP < e
n JA
as long as P(A) < 0.
Sufficiency. By Fatou’s lemma

/ | X|dP < sup/ | X |dP < 400
Q n JQ

so that X € LY(Q, F, P). Therefore {X, — X : n > 1} is uniformly inte-
grable, thus, by Theorem 2.4.2, for any € > 0 there is § > 0 such that

/ X, — X|dP < ¢
A
for any A € F such that P(A) < ¢. Since X,, — X in probability, there is
an N > 0 such that
P(X,—X|>e)<d§d V¥n>N.

Therefore for n > N we have
/|Xn—X|dP < / | X, — X|[dP+eP (X, — X|<e¢)
Q {|Xn—X|>¢}

e+eP(X,—X|<e)

<
< 2e.

Hence
lim F|X, — X|=0.

n—oo



Chapter 3

Elements of martingale
theory

In this chapter we collect together the fundamental results about martin-
gales that we will need, including Doob’s martingale inequalities and the
convergence theorem for martingales.

3.1 Martingales in discrete-time

In probability theory we study properties of random variables determined
by their distributions. Let (€2, F, P) be a probability space, and Z denote
the set of non-negative integers. An increasing family {7}, },ez, of sub o-
algebras of F is called a filtration. A probability space (2, F, P) together
with a filtration {F,}nez, is called a filtered probability space, denoted by
(Q, Fpn, F, P). Given a sequence X = {X,},cz+ of random variables on
(Q,F, P), the filtration generated by the sequence {X,} is defined to be
FX = 0{X,, : m <n} which is the smallest o-algebra with respect to which
Xo, -+, X, are measurable. If {X,,} represents the discrete time evolution
of a random process, then informally F.X is the information obtained by
observing this process up to time n.

Definition 3.1.1 A sequence {X,, : n € Z+} of random variables on (2, F, P)
is adapted to {F,} if for every n € Zy, Xy, is Fy, -measurable. In this case
we say {X,} is an adapted sequence, or an adapted process with respect to
{Fn}

If X,, is F—1-measurable for anyn € N and Xo € Fy, then we say { X}
is predictable.

15
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Definition 3.1.2 Let {F,, : n € Z1} be a filtration on a probability space
(Q,F,P). Then a measurable function T : Q — Z, U {+o0} is called a
stopping time (or a random time) with respect to the filtration {F,} if {w :
T(w) =n} € F, for every n.

Remark 3.1.3 1) By definition, if 7" is a stopping time, then {w : T'(w) =
+o0} € F.
2) By writing

{w:T(w) <n}=U_p{w: T(w) =k},

we see that a random variable T : Q — Z; U{+4o00} is a stopping time if and
only if {w : T'(w) < n} € F, for every n.

Of course, a constant time T = n for some n € N or 400 is a stopping
time.

Example 3.1.4 A basic example of stopping time is the following. Let
{X,} be an R¥*-valued, adapted process on a filtered probability space (Q, Fy,, F, P),
and let B be a Borel subset of R, Then the first time T that the process
{X,} hits B:

T(w) =inf{n > 0: X, (w) € B}

(with the convention that inf ® = +00) is a stopping time with respect to the
filtration {F,}. T is called the hitting time of B.

To see this observe that
{T =n} =n}Z;{X), € B°}n{X, € B}.

Thus, since {X,,} is adapted, and therefore {X; € B} € Fi and {X,, €
B} € Fy, we have {T = n} € F,, and therefore T' is a stopping time.

Given a stopping time 7" on the filtered probability space (2, F,,, F, P),
we define the o-algebra that represents the information available up to the
random time T by

Fr={A € F: such that AN{T <n} € F, for any n € Z, }.
It is obvious that Fr = F,, if T = n is a constant time n.

Theorem 3.1.5 Let {X,,} be an adapted process on (2, Fpn, F, P), let & be
a random variable, and set Xoo = €. Let T be a stopping time with respect
to {Fn}, and define Xr(w) = Xy (w) for any w € Q. Then Xt is Fr-
measurable. In particular, Xrlir ooy is Fr-measurable.
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Proof. For any r € R, we have
{Xr <r}n{T <n}=Up_o{Xx <r}n{T =k}

which belongs to F, as {X; <r}N{T =k} € Fi, k=0,1,--- ,n, so that
X7 is Fpr-measurable. m

The term martingale has a number of meanings but, in the sense it is used
in modern probability theory, it probably began with its use as a term for a
gambling strategy in 18th century France. This was the doubling strategy
in that a gambler bets a unit stake on the first game and then doubles their
stake after each loss in order to end up winning a unit at the time they
have their first win. It has now come to mean a canonical model for a fair
game, in that the expectation of a player, whose fortune is the value of the
martingale, has constant mean.

Definition 3.1.6 Let {X,,} be an adapted process on a filtered probability
space (2, Fpn, F, P). Suppose X,, € L*(Q, F, P) for each n € 7

1. {X,} is a martingale, if E(Xp11|Fn) = Xy, for all n.

2. {Xyn} is a supermartingale (resp. a submartingale), if E(Xp41|Fn) <
Xy, (resp. E(Xp41|Fn) > Xy) for all n.

Example 3.1.7 (Martingale transform) Let {H,} be a predictable process
and {X,,} be a martingale, and let

(HX)n = Hp(Xp — Xp-1), (HX)o=0.
k=1

Then {(H.X)n} is a martingale.

We recall Jensen’s inequality for conditional expectation: if ¢ : R -+ R
is a convex function, &, ¢(¢) € LY(Q, F, P), and G is a sub o-field of F, then

P(E(E]9)) < E(¢(8)[9)-

For example ¢(t) = (tInt) 11 o) (t), tl(0,0c) and [t[P (for p > 1) are all
convex functions.

Theorem 3.1.8 1) Let {X,} be a martingale, and let p : R — R be a
convez: function. If o(X,) is integrable for any n, then {o(X,)} is a sub-
martingale.

2) Let {X,} be a submartingale, and let ¢ : R — R be an increasing
convex function. If (X,) is integrable for any n, then {o(X,)} is a sub-
martingale.



18 CHAPTER 3. ELEMENTS OF MARTINGALE THEORY

Proof. For example, let us prove the first claim. Indeed

o(Xn) = @(BE(Xpt1|Fn)) (martingale property)
< E(e(Xnt1)|Fn) (Jensen’s inequality).

Corollary 3.1.9 If X = (X,,) is a sub-martingale, so is (X,I). If, in addi-
tion, each X, log™ X,, is integrable, then (X, log* X,) is a sub-martingale,
where logt z = Liz>1y log .

3.2 Doob’s inequalities

An important result about martingales is Doob’s optional sampling theorem,
which says that the (super-, sub-) martingale property holds at random
times.

Theorem 3.2.1 (Doob’s optional sampling Theorem) Let {X,} be a mar-
tingale (resp. super-martingale), and let S,T be two bounded stopping
times. Suppose S <T. Then E(Xr|Fs) = Xg (resp. E(Xr|Fs) < Xg).

Proof. We prove this theorem for the case that {X,} is a supermartin-
gale. Let T' < n (as it is bounded by our assumption). Then

n
E|Xp| = ) E(Xr|:T =)
§=0
n
= Y E(Xj|:T=))
§=0

> EBlX),
j=0

which implies that X7 is integrable. Similarly Xg € L'(€, Fs, P).

Let A€ Fg,j>0. Then An{S =j} € Fj and {T > j} € Fj as S and
T are stopping times. We consider several cases.

1. If0<T —5S<1, then

IN

/(XS—XT)dP = Z/ (Xj — Xj41)dP
A o Jan{s=ipn{T>j}

> 0
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as each term in the above sum is non-negative.
2. General case. Set Rj =T AN (S+j),j=1,---,n. Then each R; is a
stopping time,
S<R < <R,=T

and
Ri—5<1, Rjy1—R; <1, for1<j<n—1

Let A€ Fs. Then A € Fg, (as S < Rj). Therefore, applying the first case
to R;, we have

/XSsz/XRlsz---z/XTdP
A A A

E(14Xs) > E(14X7) for any A € Fg.
Since Xg € Fg we conclude that
Xg > E(XT’fs).

so that

Thus we have proved the theorem. m

Corollary 3.2.2 1) For a martingale {X,,} we have, if T is a bounded
stopping time then
EXt = EXp.

2) Let {X,} be a submartingale, and let T be a stopping time. Then
E|Xrak| < E(Xo) +2E (X))  foranyk=0,1,2,- -

and therefore
E(’XTH{T<00}) S BSUpE‘Xn‘.
n

Proof. 1) Let S = 0 and take expectations in the optional sampling
Theorem.

2) As we know that { X} is a supermartingale, by the previous theorem
we have

E’XT/\]C‘ = EXT/\k +2F (X;Ak)

EXy+2E(X;).

IN

This is the first inequality. While
E(IX7ak1ir<o0)) EXo+2E (X))

<
< 3sup E (| X,])
n

and the second inequality thus follows from Fatou’s lemma. m
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Theorem 3.2.3 (Doob’s mazimal inequality). Let {X,} be a super-martingale.
Then for any A > 0, n > 0 we have

AP Ssup X > A < FEXy —/ X,dP
k<n {supkgn X;c</\}

= EXy—F {Xn: sup X < )\} ;

k<n

)\P{inf X, < )\} < — X, dP

k<n

/{infk<n XkS—/\}
k<n

and

AP {2lip | X% > /\} < EXo+2E (X,).
Proof. Let us prove the first inequality. Let R = inf{k > 0: X3 > A}
and T'= R An. Then T is a bounded stopping time. By definition,
Xr>2A, on {R< oo},
so that
{ngXk > A} C{Xr >},

{sup X < A} C{T =n}.
k<n

By Doob’s optional sampling theorem,

EXy > EXr

XTdP—l-/ XrdP
{supj<n Xp<A}

> AP{sup X > A +/ X,dP
k<n {supg<, Xp<A}

= AP {supXk > /\} + F {Xn;supXk < /\} .

/{5upk<n Xp>A}

k<n k<n
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In order to prove the second inequality, we set Yy = —Xj. Then {Y,} is a
submartingale. Define

R=inf{k>0:Y, >}, T=RAn.
Then T is a stopping time and 7" < n. Again we have
{supYy > A} C{¥r >
k<n
{supY, < A} C{T =n}.
k<n
Therefore by applying Doob’s optional sampling theorem to Y we have

EY, > EYr

= / YTdP+/ YrdP
{supy<, Y =2} {supp<n Ye<A}

AP {sup Y > A +/ Y, dP
k<n {supj <, Ye<A}

= AP<sup—Xp > A +/ Y, dP.
k<n {supj <, Ye<A}

Y

Therefore
AP {sup X > )\} = )\P{inf X < —)\}

< FY, - Y, dP
{SUPkgn Yi<A}

/ Y,dP
{Supkfn Y Z)‘}

= - / X,dP.
{infr<pn Xp<—=A}

The third inequality follows from the first two inequalities. m
As a consequence we have

Theorem 3.2.4 (Kolmogorov’s inequality) Let {X,} be a martingale and
X, € L3(Q,F, P). Then for any A > 0,

1
P{sup\Xky > )\} < FE(Xg) .
k<n
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Proof. By Jensen’s inequality, for any k& < n we have
E (X}) E (B(X,|Fi))?
< E(X}) < oo.

Therefore (—X?) (k = 0,1,---,n) is a supermartingale. By the second
inequality in Theorem 3.2.3, we have

\2p { inf —X? < —AZ} < / X2dp
k<n {infr<, —X7<-A2}

and therefore

AP {supX,z > AQ}

IN

X2dp
k<n

/infk<n —X2<-\2
{infe<n —X7<-22}

/ X2dP=E(X}).
Q

IN

[

Next we establish Doob’s LP-inequality. Let X = maxp<, Xj. If
® : Ry — [0,00) is a continuous and increasing function such that ®(0) = 0,
then

X5
E®(X) :E/ d®(N) :/ d®(\)dP.
0 Qx[0,X;]

Theorem 3.2.5 (Doob’s LP-inequality) 1) If (X,,) is a sub-martingale, then

for any p >1

p » \?

E <maxX,j) < <> E|X P,
k<n p—1

2) If (X,,) is a martingale, then for any p > 1,

p
E <max\XkyP> < <p> E| X,
k<n p—1

Proof. If (X,) is a martingale, then (|X,|) is a submartingale, so 2)
follows from 1). Let us prove the first conclusion. Replacing (X,,) by (X,),
we may, without lose of the generality, assume that (X,,) is a non-negative
sub-martingale. By Fubini’s theorem

ED(X) = E{/X;dé()\)}
0

_ / T P(XE > \)do(N)
0

IN

1
/ TE(Xe; X5 2 A)d2()
0
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together with Doob’s maximal inequality

P(X* > )) < %E{Xn L X7 > A}
we thus obtain

BO(XY) < / %E{Xn:X;z/\}dé()\)
0
_ / 1 / X, dPdD(\)
0 AJixzza

X;
_ E{Xn </0 }\d@(A))}. (3.1)

Choose ®()\) = AP, then ®'(\) = pAP~!, and therefore

Xiq
E|XiP < FE{X, / XpAp’ld)\
0

- el

= B (X

L (|EX, )5 (B|X:P)
p—177" 8

IA

the last equality follows from Holder’s inequality. m
Exercise 3.2.6 Prove logz < x/e for all x > 0, hence prove that
+ + b
alog™b <alog™a+ —.
e

Theorem 3.2.7 (Doob’s inequality) Let (X,,) be a non-negative sub-martingale.
Then

€
< — + .
E{r’?g;(Xk}_e 1{1+I]£1§21%<E(Xklog Xk)}

Proof. We may use the same argument as in the proof of the previous
theorem, but with the choice that ®(\) = (A — 1)*. We thus obtain (by
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B(a(X}) < E{Xn ( I id‘PW)}
0
X;
= F {Xn (1{){:21}/1 i\d/\)}

= E(X,log"X}),
which implies that
E(X;-1)<EX;-1)"<E{X,log" X}}.
Together with the inequality (see the previous exercise)
Xplogh X < X, log™ X, + éX;

it follows that

E(X;—-1) < E{Xplog"X;}
1
< E{X,log" X,}+-EX},
e
so that
EX: < - 1/6E{Xn logt X, }.
|

3.3 The convergence theorem

Let {X, : n € Z4+} be an adapted sequence of random variables, and [a, b]
be a closed interval. Define

To = inf{n>0:X, <a};
Ty = inf{n>Ty: X, >0b};

and for j > 1,

ng = mf{n > T2j—1 X, < a} ;
T2j+1 = mf{n > TQJ‘ X, > b}
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Then {T}} is an increasing sequence of stopping times. If Th; 1(w) < oo,
then the sequence
X0<w)7 T 7XT2j71(w)

upcrosses the interval [a,b] j times. Denote by U2(X;n) the number of
upcrossing [a, b] by { X%} up to time n. Then

{US(X;n) =j} ={Trj—1 <n<Thj11} € Fy.
By definition

< a, on {Ty <oo};
>

b, on {T2j+1 < OO}

Theorem 3.3.1 (Doob’s upcrossing theorem) 1) If X = {X,,} is a super-
martingale, then for anyn > 1, k > 0, we have

PLUbKm) > k) < o

—a

E {(Xn —a)” UM (X;n) = k}

and

1
EU(X;n) < B —a)”

—a

2. Similarly, if X = {X,} is a submartingale, then

P{US(X;n)zkz}sbl

—a

E{(Xn —a)T:UX;n) = k:}

and !
EUY(X;n) < o B - a)t.
—a

Proof. We first prove the inequalities for a supermartingale. Since X
is a supermartingale, by Doob’s optional sampling theorem,

0 > E(Xn,,an— XTynn)

E (XT2k+1/\n - XT%/\R) 1{T2k§n<T2k+1}

+E (XT2k+1A" - XT%A”) 1{T2k+1§n}
E (Xn - CL) 1{T2kSn<T2k+1} ( as XTZk/\n = XT2k S CL)
+E (b — CL) 1{T2k+1S”} (aS XT2k+1/\n = XT2k+1 2 b)

Y

However
(UY(X;n) >k} C {Topr < n},
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{U(X;n) =k} = {Thp_ < n < Ty}
so that
0 = E(Xn—a)liwyxm=r)
+E (= a) x>k
= E(Xn—a) Lyp(xmy—r) + (b—a) P{UY(X;n) > k}

which yields the first inequality. By adding up over all £ > 0 we get the
second inequality.

Now we prove the inequalities for a submartingale X. The argument is
very similar. Again by Doob’s optional sampling theorem,

0 > FE (XT%_I/\n — XTQkAn)
= F (XTQk—l/\n - XTzkA") 1{T2k—1§n<T2k}
+E (X173 1an — XTynn) LiTye<n)
> E(b—Xp) Uy <n<tyy + E(b—a) Liry, <y
= FE(a—X,) Lry i<n<To}y T E (b—a) Lty 1<n}

which yields the desired inequality. =

Theorem 3.3.2 (The martingale convergence theorem). Let {X,} be a su-
permartingale. If sup,, E|X,| < oo, then

X, — Xoo exists almost surely.
Moreover if, in addition, {X,} is non-negative, then
E(Xx|Fn) < Xy, for any n.
Proof. For any rational numbers a,b € Q,a < b we set
Ub(X) = lim Ub(X;n).

Then by the Fatou lemma

EUNX) < — —sup (X, — a)”
n
la|
< + sup E| X,| < 0.
b—a b—a »

Therefore
Ub(X) < oo, almost surely.

a
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Let
Wiap) = {liminf, X, < a, limsup,,_, . X, > b}

and
W = Uy Wia)

the countable union over all rational pairs (a,b), a < b. Clearly
Wiap C {UN(X) = oo}

so that
P(W(a,b)) = O

Hence P(W) = 0. However if w ¢ W, then lim,_,, X, (w) exists, and we
denote it by Xoo(w) and on W we let Xoo(w) = 0. Then we have X,, = X
almost surely. Moreover by Fatou’s lemma,

E|Xoo| < sup E|X,| < oo,
n

ie. Xoo € LYQ, F, P).
If in addition {X,} is non-negative, then

E(Xn|Fn) = Xy, for any m > n,
by letting m — oo, Fatou’s lemma then yields that

E(Xo|Fn) < X,.

3.4 Martingales in continuous-time

Martingales (as well as super- and submartingales) and Doob’s fundamental
inequalities in discrete-time can be extended to martingales in continuous
time.

In this section, we present the regularity theory for martingales, which
does not appear in the discrete-time case.

Let (2,G, G, P) be a probability space with a filtration (G;);>0 which is
an increasing family of o-algebras G; C G for all ¢t € Ry. A (G;)-adapted
(real valued) process (X¢)i>0 is called a martingale (resp. supermartingale;
resp. submartingale), if for any ¢t > s, almost surely E (X|Gs) = X, (resp.
E (X:|Gs) < X;; resp. E(X¢|Gs) > X;). Similarly, the concept of stopping
time can be stated in this setting as well, namely, a function 7" : Q — [0, +00]
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is a (G¢)-stopping time if for every ¢t > 0, the event {T' < ¢t} belongs to G;. A
new kind of stopping time called a predictable time, which has no counter-
part in the discrete-time setting, will play a role if the underlying stochastic
process has jumps. A stopping time 7' :  — [0, +00] is predictable if there
is an increasing sequence {7} of (G;)-stopping times such that for each n,
T, <T and lim,, oo T, = T.
Let
gr={AeG: foranyt >0, (T <t)NAecqg}

be the o-algebra representing the information available up to the random
time 7', and let

Gr-={AeG: foranyt >0, (T <t)NAec G}

which represents the information available strictly before time 7.
The following lemma can be used to generalize many results about mar-
tingales in discrete-time to the continuous-time setting.

Lemma 3.4.1 Let T : Q — [0,4+00] be a (Gi)-stopping time. For every n
let

n = k
T( ):Zﬁl{%§T<QLn}+(+OO)1{T:+OO}
k=1

Then T™ > T are (G;)-stopping times and T™ | T as n — oo.

Proof. For any n and ¢ > 0 we have

e - Ofroegn(tster<t)

k=1
- U {T(”)gt}ﬂ{k;nlgT<2kn}
k/2n<t

€ \/ Q%Cgt‘

k/2n<t

[ |

For each t > 0 let Gy = Ng>¢Gs. Then (G4 ) is again a filtration on the
measurable space (€2,G) and obviously G,y D G; for every t. If T : Q —
[0,400] is a (G )-stopping time then

Gry ={Ae€G: forany t >0, (T <t)NA€Gt}.

A filtration (G;) is said to be right-continuous if G, = G; for each t > 0.
Hence, by definition, (G4 ) is right-continuous. Similarly, for ¢ > 0 we define

gt_ :J{gs 8 < t}.
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Theorem 3.4.2 If (X¢)i>0 is a martingale (resp. supermartingale, resp.
submartingale) on (2, G, Gy, P) with right-continuous sample paths almost
surely, then (Xi)i>0 is a martingale (resp. supermartingale, resp. sub-
martingale) on (2,G, Gy, P).

Proof. Let us prove the supermartingale case. Since (Xi);>¢ is inte-
grable and adapted to (G4 )t>0 we just need to prove

E(X¢Gs1) < X P-as. (3.2)
for every t > s. For any u between s and ¢
E (X|G,) < X,  P-as.
so that for any A € G, C G,
E(1aXy) < E(1aXy) .
Letting u | s, as lim, s X, = X, we thus obtain
E(1aX;) < E(14Xs)
for any A € G4, which is equivalent to (3.2). m

Corollary 3.4.3 (Doob’s optional sampling theorem) Let (X¢)i>0 be a su-
permartingale on (Q,G, Gy, P) with right-continuous sample paths almost
surely, and let T be a (G;)-stopping time. Then

E (Xetrl{retoo}|97+) < Xrlireyoo} P-a.s.
for any s > 0.

Proof. The only thing needed here is the fact that Gr is the o-algebra
at the random time T with respect to the right-continuous filtration (Gi )¢>o.
The corollary then follows from Doob’s optional sampling in discrete time,
Lemma 3.4.1 and the above Theorem 3.4.2. m

Similar conclusions hold for martingales and submartingales.

One could ask when a martingale (supermartingale) has right-continuous
sample paths almost surely. The question can be answered via Doob’s con-
vergence theorem for supermartingales.

Let X = (X¢)¢>0 be a real valued stochastic process, and let a < b. If

F={0§t1<t2<"'<t]\[}
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is a finite subset of [0,400), then we let U(X, F) denote the number of
upcrossings by {Xy,,---, Xy}, and if D C [0, 400), then we let UY(X, D)
denote the superemum of U’(X, F) when F is a subset of D. Obviously
D — U(II’(X, D) is increasing with respect to the inclusion C. In particular,
if X = (Xt)t>0 is a (G¢)-adapted process and if D is a countable subset of
[0, +00) then for every ¢ > 0, U’(X, DN [0,]) is measurable with respect to
G;. Since we may apply Doob’s upcrossing inequality to (X;)ier where F' is
a finite subset, we can establish the following result.

Theorem 3.4.4 (Doob’s upcrossing inequality). If X = (X¢)i>0 s a super-
martingale on (Q,G, G, P), then for any a < b, t > 0 and any countable
subset D of [0, ]

1

—a

BUX,D) < =B (X, —a)”

where x~ = (—z) V 0.

This gives the following version of the supermartingale convergence the-
orem.

Corollary 3.4.5 Let X = (X¢)t>0 be a supermartingale on (,G, Gy, P),
and let D be a countable dense subset of [0,+00). Then for almost all
w € Q, the right limit of (Xt)t>0 along the countable dense set D at t

lim X, ezists.
seD,s>t,s|t

Similarly for almost all w € ), for each t > 0, the left limt of X; along
D at time t,

lim X, exists .
seD,s<t,sTt

We are now in a position to prove the following fundamental theorem,
which in the literature is called Follmer’s lemma.

Theorem 3.4.6 Let (Xi)i>0 be a supermartingale (resp. martingale) on
(Q2,G,G, P), and let D be a countable dense subset in [0, +00).

1. For almost all w € Q

Z = li X
t(w) sEDerilt,sit s (’LU)

exists for all t > 0, and Z; is G, -measurable,
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2. For almost all w € Q and for all t > 0 the following left limit exists

Zi—(w) = lim Zy(w),

and therefore (Zi)i>0 is a (Giy)-adapted process with right-continuous
sample paths and left limits.

3. Foranyt >0

E(ZGy) < Xy, resp. E(Z|Gy) = Xy P-a.s.

4. (Zy)e>0 is a supermartingale (resp. martingale) on (2, G, Gy, P).

Proof. We only need to prove statements 3 and 4. Firstly we show the
third statement. For any r >t r € D

E (X,|G) < Xy
so that for any A € G;
E(14X,) < E(14Xy).

Letting r | t along D
E(147;) < E(14Xy).

which is equivalent to the inequality in 3. Similarly, if t > s, u >t >r > s
and u,r € D then

E(Xu|Gr) < X
In particular, for any A € G4 C G,
E(14Xy) < E(14X,).
Letting w € D |t and » € D | s we obtain that
E(14X;) < E(14X5)

for every A € G,4, which implies the statement 4. m
However we can not in general conclude that (Z;);>0 is a version of
(X¢)t>0. The two processes can be very different.

Corollary 3.4.7 We use the same assumptions and notation as in Theorem
3.4.6. Assume that (Gi)e>o is right-continuous. Then (Zi)i>o is a version
of (X¢)e>0; that is, for each t > 0, Z; = X; almost surely, if and only if
t — E(X}) is right-continuous.
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Proof. Since Z; € G; = G4 so that, according to 3 of Theorem 3.4.6
Zy = E(Z;|Gy) < X
While, by the first conclusion in the same theorem,

E(Z)= lim FE(Xj).
( t) s€D,s>t,st ( S)
Therefore, in order to have the equality Z; = X}, the necessary and sufficient
condition is that

E(Z)= lim E(X,)=E(X,).

s€D,s>t,s]t
However s — E(X;) is decreasing, so the above equality is equivalent to

lim E(X,) = E(X;)

s>t,slt

i.e. t - F(X}) is right-continuous. m

Corollary 3.4.8 We use the same assumptions and notation as in Theo-
rem 3.4.6. If (G¢)¢>o0 is right continuous, and if (Xt)i>0 is a martingale on
(Q,G, Gy, P), then the process (Zi)i>o defined in 3.4.6 is a version of (X¢)i>0.

Proof. This is because for a martingale (X¢)i>0, t = E(X;) = E(Xo)
is a constant. m

There is a previsible version of the optional sampling theorem. Let
(Gt)t>0 be a right-continuous filtration. We say a (G;)-stopping time 7T :
) — [0,400] is predictable if there is a sequence {7} of (G;)-stopping
times such that 7;, < T for every n and lim, .. 7T,, = T. The filtration
(Gt)t>0 is quasi-left continuous if for every predictable stopping time T" we

have QT_ = QT.

Theorem 3.4.9 (Doob’s optional sampling theorem - predictable version)
Let (X¢)iejo,00] be a supermartingale on (2, G, Gy, P) which is right-continuous
with left-limits, where (Gi)i>0 is a right-continuous filtration. Then for any
predictable stopping time T and s > 0

E (Xorrlre oo} |97-) < X1 1ireyoo} a.s.

3.5 Local martingales

Let (92, F, F:, P) be a filtered probability space.
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3.5.1 Stopping times

Recall that a random variable T' : © — [0, +oc] (note that the value +o0o
is allowed) is called a stopping time (a random time) if for each ¢ > 0 the
event

(w:Tw) <t} e F.

If T is a stopping time, then
Fr={AeF:An{T <t} e F forallt >0}

which represents the information available up to the random time 7. For
technical reasons we will require the following conditions to be satisfied
unless otherwise specified.

1. (Q, F, P) is a complete probability space.
2. The filtration (F;)¢>0 is right-continuous, that is, for each ¢ > 0

Fir = Fiy = N>t Fs.

3. Each F; contains all null sets in F.

In this case, we say the filtered probability space (£, F, F;, P) satisfies
the usual conditions.

Remark 3.5.1 If X = (X;);>0 is a right-continuous stochastic process
on a complete probability space (£2, F, P), then its natural filtration (F3)¢>0
satisfies the usual conditions.

The following is a result we will not prove in this course.

Theorem 3.5.2 If X = (X;)i>0 is a right-continuous stochastic process
adapted to (Fi)i>o (recall that our filtration (Fi)i>o satisfies the usual con-
ditions), and if T : Q — [0, 4+00] is a stopping time, then the random variable
X1l{T<o0) s measurable with respect to the o-algebra Fr, where

Xrlireo} () = X)) (@) l{wrw)<os} (W)

{ Xrwyw) ;  if T(w) <+

0; if T(w) +oo.
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Remark 3.5.3 If X = (X,,),cz+ and T : Q — ZT U {+00}, then

Xrlreoy = ) Xolr—p

neZ+
9]
== Z Xn 1{T:TL} .
n=0

Therefore, if X is adapted to {F,},cz+ and T is a stopping time, then for
any n € ZT,
n
Xrlrcooylireny = O Xklir—i}
k=0

which is measurable with respect to F,, thus by definition Xrlip oy is
Fr-measurable.

The following theorem provides us with a class of interesting stopping
times.

Theorem 3.5.4 Let X = (X;)i>0 be an R%-valued, adapted stochastic pro-
cess that is right-continuous and has left-limits. Then for any Borel subset
D CcR? and tg > 0

TWZZinf{tzftoi.Xk € l)}

is a stopping time, where inf ) = +00. T is called the hitting time of D by
the process X .

Remark 3.5.5 Let us look at the discrete-time case. If X = (X,,),ez+ is
adapted to {F, }ncz+ taking values in R?. Then for a Borel subset D C R?,
and k € Z*

T =inf{n>k:X, € D}

is a stopping time. Indeed, if n < k — 1 then {T'=n} = () and for n > k we
have

n—1
{T =n} = ({X; € D}({Xn € D}

j=k
which belongs to F,.

Example 3.5.6 If X = (X¢):>0 is an adapted, continuous process on (2, F, Fz,P)
and if D € R? is a bounded closed subset of R?, then

T =inf{t >0: X; € D}
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s a stopping time. If Xo € D¢, then
X1l 4oy € OD.
In particular, if d =1 and b is a real number, then
T, =inf{t > 0: X; =b}

is a stopping time. In this case sup,c(o n) Xt is a random variable,

{sup Xt<b}:{Tb>N}

te[0,N]

and

{ sup Xth}:{TbSN}-

te[0,N]

3.5.2 The technique of localization

The concept of a stopping time provides us with a means of “localizing”
quantities. Suppose (X¢)i>0 is a stochastic process, and T is a stopping
time, then X7 = (Xiar)i>0 is a stochastic process stopped at (random)
time T', where

This is often called the stopped process Another interesting stopped process
at random time 7' associated with X is the process X1jg7) which is by
definition

(Xl[O,T])t (w) = th{th} (w)
B { Xi(w) if t<T(w);
- 0 if ¢t>7T(w).

It is obvious that
X;T = th{th} + XTl{t>T}-

If (X¢)i>0 is adapted to the filtration (F;):>0 , so are the processes (Xia7)i>0
stopped at stopping time 7" and X;1g<7y.
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Definition 3.5.7 An adapted stochastic process X = (Xi)i>0 on the fil-
tered probability space (0, F, Fy, P) is called a local martingale if there is an
increasing family {T,,} of finite stopping times such that

T, T+ asn— +o
and such that for each n, (Xiat, )t>0 is a martingale.

Similarly, we may define local super- or sub-martingales.

We conclude with a useful result which shows that suitable control on
moments of increments is enough to establish the existence of a continuous
version of a stochastic process.

Theorem 3.5.8 (Kolmogorov’s continuity theorem) Suppose that a stochas-
tic process X = (Xi)o<i<T with values in R? on a probability space (2, F, Fy, P)
satisfies

E|X; — X |* < C|t —s|'*?, 0<s,t<T,

for some positive constants a, B,C. Then there exists a continuous modifi-
cation X of X which is locally Hélder continuous with exponent v for every
v € (0,8/a) (that is a.s. there exists a constant ¢ such that | X; — Xs| <
clt —s|Y for all0 < s,t <T).

Proof. We take the dyadic points DN [0, 7] and show X is Holder « on
this set. Let

Ak = {’XiQ—k - X(i71)2—k’| > 27’)/]6,@' E N,'l-27k S T}

Then a straightforward calculation with Markov’s inequality and our as-
sumption on the moments of the increments gives

(2FT]
P(4) < Z P(|Xio-x — X(j_1y2-+] > 277k)
=1
S 2kT027k‘(1+ﬁ)2’yak
CT2 kB,

Thus be definition of v and the Borel-Cantelli lemma we see that almost
surely Ay only happens finitely often and hence almost surely there exists a
random constant ¢(w) such that

| Xig—r — X(i_1ya-—+| < c(w)277, VEk>0,1 <i<T2" (3.3)
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We now extend this result by taking any 0 < s <t < T € D, so that there
is a maximal k and an 7 such that s < (i — 1)27% < i27% < ¢. By taking
a sequence of dyadic intervals from s to (i — 1)27% and from i27* to ¢, and
using (3.3) we can see that

1Xs = Xel < [Xopyor — Ko + [ Xe — Xjgi| + c(w)2~ 7

o0
< 2 Z c(w)2797 + c(w)27 "
j=ht1
= c/(w)2_'yk

= W)t —s|".

Thus we have the Holder continuity on the dyadics and we can extend this
to the whole of [0,7] by density. m
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Chapter 4

Brownian motion

Brownian motion is the canonical mathematical model for random motion in
continuous time and space. It is a building block for modelling via stochastic
differential equations. It arises naturally in the same way as the central limit
theorem in that scaling limits of random walks, provided the jumps have
finite variance, will be Brownian motion. We will also see that there is an
intimate connection with continuous martingales, in that every continuous
martingale can be time changed into Brownian motion.

4.1 Construction of Brownian motion

We begin with the definition and then show thatthe existence of Brownian
motion.

Definition 4.1.1 A stochastic process B = (B:)i>0 on a probability space
(Q, F, P) taking values in R? is called a Brownian motion (BM) in R?, if

1. (By)i>0 possesses independent increments: for any 0 <tg <t; <--- <
t, the random variables

Bto; Bt1 - Bto; T, Btn - Btn,l
are independent.

2. For anyt > s > 0, random variable B, — Bs has a normal distribution
N(0,t —s), that is, By — Bs has pdf (probability density function)

1 _Jx? d
p(t—s,0)=————¢€ 26=9 ; gz eR%
2r(t — s))Y?

39
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In other words

P{B, — Bs € dz} = p(t — s,x)dz.
3. Almost all sample paths of (Bt)t>0 are continuous.

If, in addition, P{By = v} = 1 where x € R%, then we say (B;);>0 is a
Brownian motion starting at x. If P{By = 0} = 1 where 0 is the origin of
RY, then we say that (B;);>0 is a standard Brownian motion.

Let p(t,x,y) = p(t,x — y), and define for every ¢t > 0

Rf@) = [ Fpttads V7 e R

Since
e+ s,2) = [ plta2)pls, 2 )iz
Rd
therefore (P;)¢>0 is a semigroup on Cy(R?). (P;)¢>0 is called the heat semi-
group in R%: if f € CZ(R?), then u(t,z) = (P.f)(z) solves the heat equation

1 0
(2A—|— 825) u(t,z) =0; u(0,-) = f,

where A =3, ;—:3 is the Laplace operator.
The connection between Brownian motion and the Laplace operator A
(and hence harmonic analysis) is demonstrated through the following iden-

tity:

(Pef)(x) = E(f(Bi+z))

1 _ly—=|?

= 7(27715)61/2 /Rd fly)e” 2 dy

where B; is a standard Brownian motion.

Example 4.1.2 If B = (By)i>0 is « BM in R, then
E|B,5—lez’:cp|t—s|p/2 for all s,t >0 (4.1)

for p >0, where c, is a constant depending only on p. Indeed

E|B; — B,JP =

1 2
/ |z|P exp (— i > dz
V27|t —s| Jr 2|t — s
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Making change of variable

ﬁig,-y; do = /|t — s|dy

we thus have

JE— s[)P 2
E|B,— B,) = (|S|)/ [P exp <|33|) di
2T R 2
= cp\t—s\p/Q
where

1 |z|?
Cp = —— zPexp | —— | dz.
o=/ la p( 2)

(4.1) remains true for BM in R with a constant cp depending on p and d.

Remark 4.1.3 Since B; — Bs ~ N(0,t — s), it is an easy exercise to show
that for every n € Z*

(2n)!

E(B, = B)™ = 2

|t —s["

Let B = (B¢)t>0 be a standard BM in R. Then B is a centered Gaus-
sian process with co-variance function C(s,t) = s A t. Indeed, any finite-
dimensional distribution of B is Gaussian, so that B is a centered Gaussian
process, and its co-variance function (if s < t)

E(BtBs) = E(<Bt - BS)BS + Bg)
= E(<Bt - BS)BS> + EB?
= E(B; — B,)EB, + EB?

= s.
This gives an alternative definition.

Definition 4.1.4 A Brownian motion B = (Bt)i>0 is a continuous Gaus-
sian process with mean 0 and covariance function cov(By, Bs) = min(t, s).

In order to show that these definitions are not vacuous we demonstrate
the existence of Brownian motion.

Theorem 4.1.5 (N. Wiener) There is a standard Brownian motion in RY.
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Proof. We may assume that d = 1, the proof in higher dimension

is similar. Observe that a BM (B;) must be a Gaussian process (i.e. a
process whose finite-dimensional distributions are Gaussian distributions)
with mean zero and covariance function E(B;B;) = s At. Therefore we may
first construct a Gaussian process (X;) such that EX; = 0 and F(X; X;) =
s At on some completed probability space (€2, F, P). It can be verified that
(X¢)e>0 satisfies all conditions in the definition of BM, except the continuity
of its sample paths. The Gaussian process (X;) may be not continuous,
we thus need to modify the construction of X; to make it continuous. Let
D = {QJ—n :j € ZT, n € N} be the dyadic real numbers. The key fact we
need is that D is dense in RT. Define

> 2 )

—on/8 |-

o= AT (v

N=1l=1n=1 j=1

Let, for fixed N,

oo N2™ 1
4=UU (Jra¥elz5m)

n=[ j=1

We are going to show that each ()2, A; has probability zero, and therefore
as a sum of countable many events with probability zero, P(H) = 0. Since
N2
P LJOX;LXgE

S 1

bt — 2n/8
N2™ 1

;PQX;;X% > 2/8)

>1
= s

4

IN

- NTPOXl
27’L

4
g]W”@W%_EXi
2n
2
- (2"/8>4IV2"3 <1>

271

1
on/2

= 3N
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so that

o) N2™
1
P(4) < ZP U<’X2]TLX_72—”1 >2n/8>
n=lI 7j=1
W L
— 2n/2
3NV2 1
V2-1(v2)"

IN

Therefore

=1

3NV2 Lo
\/i_ln%oo(\/?)l
= 0.

It follows that P(H) = 0, thus P(H®) = 1. On the other hand, by De
Morgan’s laws

co oo oo N2™

=UNN {“" X @)X )] < 21/8}

N=1l=1n=l j=1

and thus, if w € H¢, then for any N, there is an [ such that for any n > [
and for all j =1,--- , N2" we have

1

‘Xi(w),ij%(w)‘ < 57

2n
Thus we have that, for any w € H¢ and ¢ > 0, the limit of X (w) exists as
s — t along the dyadic numbers, i.e. as s — t and s € D. Moreover, D is
dense in [0, 00), thus for any t € [0,00) we may define
Bi(w) = lim X (w) ifwe H
seD—t
otherwise if w € H we set B;(w) = 0. By definition, (B¢):>0 is a continuous
process which coincides with X; on H¢ when t € D. It remains to verify
that (Bt)¢>0 is a Brownian motion in R and this is left as an exercise. m

There are a number of alternative constructions which can be found in
textbooks.
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4.1.1 Scaling properties

Let B = (Bt)t>0 be a standard BM in R, By definition, the distribution of
the increments of BM B = (By):>0 is stationary, so that for any fixed time
s, B, = Biys — Bs is again a standard Brownian motion. This statement is
true indeed for any finite stopping time S.

Lemma 4.1.6 (Scaling invariance, self-similarity) For any real number \ #
0
Mt = )‘Bt/AQ

is a standard BM in R,

This statement follows directly from the definition of BM. In particular,
(—Bt)t>0 is also a standard BM, so that (—By):>0 and (B¢)¢>0 have the same
distribution.

Lemma 4.1.7 If U is an d x d orthonormal matriz, then UB = (UB4)t>0
is a standard BM in R®. That is, BM is invariant under the action of the
orthogonal group on R®.

This lemma is an easy corollary of the invariance property of Gaussian
distributions under the orthogonal group action.

Lemma 4.1.8 Let B = (By)t>0 be a standard BM in R, and define
My=0, Mt:tBl/t fort > 0.
Then M = (My)¢>o is a standard BM in R.

Proof. Obviously M, possesses a normal distribution with mean zero,
and covariance

E(MM,) = tsE(By;By),)

= ts|—-N—-] =sAt
t s

so that (M;) is a centred Gaussian process with co-variance function s A t.
Moreover t — M; is continuous for ¢ > 0. To see the continuity of M; at
t = 0, we use the fact that

which is the law of large numbers for BM. We will not prove this here, but
see the remark below. m
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Remark 4.1.9 To convince yourself why the law of large numbers for BM
is true, we may look at a special way t — oo through natural numbers,

namely
B, i X1+ + X,

Iim — =1
n—oo n n—o00 n

where X; = B;— B;_1. Notice that (X;) is a sequence of independent random
variables with identical distribution N(0,1), so that by the strong law of
large numbers

X+ + X

Attt An — EX; =0 almost surely.

n

In order to handle the general case ¢t > 0, we may write ¢ = [¢t] + r; where
[t] is the integer part of ¢ and r; € [0,1). Then

B, _ Bi— By  [t] By

t t t [
the second term tends to 0 since as t — oo, @ — 1 and % — 0. To see
why
B, — B
U} ; U —0

as t — 0o, we need the following Gaussian tail estimate for BM (see section
1.2.3 below)

2 o0
PJw: sup |Bi(w)|> R}y = 2\/7/ e 2y
t€[0,7] T JRINT
R2
< - .
< 2exp ( 2T> forall R >0

It follows that for any € > 0

iP {w : sup ’Bt(w) — Bn(w)] > 6} < 00
n=0

te[n,n+1] n

and thus by the Borel-Cantelli lemma

By B,

n

lim  sup =0 almost surely.

=00 teln,n+1]

For more detail, see D. Stroock: Probability Theory: An Analytic View,
page 180-181.
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It is also easy to see from this scaling result that there will be diffi-
culties with the differentiability of Brownian paths. If a standard BM was
differentiable at 0 we would need limy g % to exist. However by the above

. By . .
ltlﬁ)l t tlggo tByye = tlggo My,

in distribution. It is not hard to see that a standard BM has sup;~o B: =
—inf;>0 By = 0o and hence the limit cannot exist; indeed

B B
limsup—t = —liminft — 0=~ = oo.
t—0 t

Much more than this is true and we can show that Brownian paths are
almost surely not differentiable at any point.

4.1.2 Markov property and finite-dimensional distributions

Let X = (X¢)¢>0 be a stochastic process on (€2, F, P). For every t > 0, set
Fl=0{X,:s<t}

which is the smallest o-algebra with respect to which every X, (where s < t)
is measurable. In particular, for each t > 0, X; € F7 and in this sense we
say (X¢)t>0 is adapted to the filtration {F}. {F} }+>0 is called the filtration
generated by X = (X¢)¢>0.

In this section, we use (Fy);>0 to denote the filtration generated by a
standard Brownian motion (B;);>0, and let FO = UpsoFy.

Lemma 4.1.10 For any t > s > 0, the increment By — B is independent
of FP.

Recall that ,
|z

1 _ 2%
p(t,x) = We 2

in R?, and (P;)t>0 the heat semigroup

Puf(@) = [ St =)y

for every t > 0.
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Lemma 4.1.11 Ift > s, then the joint distribution of Bs and By is given

by
P{Bs € dx, B; € dy} =p(s,x)p(t — s,y — z)dzdy.

Indeed, since Bs and By — By are independent, (Bs, By — Bs) has the
joint pdf
p(s,z1)p(t — s, 22)

and thus, for any bounded Borel measurable function f,
Ef(BsaBt) = Ef(BSaBt_BS—i_Bs)
= // f(x1, 29 + x1)p(s, 21)p(t — s, x2)dx1dxs.

Making the change of variables 1 = x and x5 + 1 = y in the last double
integral, the induced Jacobian is 1 so that dxjdzxy =dzdy (as measures),
and therefore

Bf(BoBr) = [ [ £l pp(s. (e ~ s,y - 2)dady
which implies that the pdf of (Bs, By) is p(s, z)p(t — s,y — x).

Theorem 4.1.12 Lett > s, and f a bounded Borel measurable function.
Then
E{f(B)|F2} = P—sf(Bs) as. (4.2)

where (Py)i>q is the heat semigroup. In particular
E {f(Bt)‘}-g} = E{f(Bt)|Bs}
which is the Markov property, and E { f(By)|FY} equals F(Bs) where

1 le—yl|?

)
DT g f(y)e dy.

F(x)=P_sf(z) = W

Proof. First we show the Markov property of Brownian motion, that

E{f(B)IF.} = E{f(B))|Bs}.

Clearly we only need to prove this for bounded continuous (and smooth)
functions f. For such a function, we can show that

Na
fla+y) = lm Y fo, ()90, (y)
k=1
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for some functions fy,, gn, (for example, by taking the Taylor expansion of
f(x+1y)). Hence

E{f(B)|F)} = E{f s+ By — By)|F2}

= lim ZE{fnk )9ni (Bt — By)|FJ}

n— o0

= lim ZE{gnk Bt s)‘fg}fnk(B)

n—oo

= nILH;Oank E{fnk( B 5)}

= lim N fri (Bs) fre (2)D(t — s, 2)dz,

which depends only on By, and can therefore be written as F'(B;). In par-
ticular

E{f(B)|F]} = E{f(B)|Bs} = F(Bs).

To compute the conditional expectation E {f(By)|Bs}, we use the fact that
the pdf of (Bs, By) is

p(s,m)p(t —5Y— JJ)
so that

E{14(B)f(B)} = / / 1a(2) f(w)p(s, )p(t — 5,y — 2)dady

_ / 14(2) P f (2)p(s, x)dz
= E{14(Bs)P,—sf(Bs)}
Prof(z /f — z)dy.

Since P,_,f(Bs) is a function of By so that

E(f(Bt)|Bs) = Pi—s f(Bs).

|
The family of finite-dimensional distributions of BM can be expressed in
terms of the Gaussian density function p(¢, x).
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Proposition 4.1.13 For any 0 < t; < ty < --- < t,, the (R™%-valued)
random variable (By,,--- , By,) has a pdf

p(t1, x1)p(ta —t1, 22 — 1) - - p(ty, — tn—1,Tp — Tp—1)

where
2
(27rt)d/2
is a standard Gaussian pdf in R?. That is, the joint distribution of (By,,--- , By,)
s given by
P{Bt1 € dxy, -+, Btn S dl‘n}

= p(ty,x1)p(ta —t1, 29 —x1) - p(ty — th—1,Tn — Tp—1)dxy - - - defd.3)
Proof. Let f be a bounded, continuous function. We want to calculate

E(f(Btn e ’Btn))'
One can use the fact that the increments By, By, — By, ---, By, — By,
are independent, and have the joint distribution with pdf
p(tr, 21)p(t2 — 1, 22) - p(tn — tn—1, 2n)-

The equation (4.3) then follows after a change of variables.
We can also show this with an induction argument which uses only the
Markov property. Indeed, by the Markov property

E(fi(B,) - fa(Bt,))
= B{E(A(Bu) fulB)IFL. )}
= B{AB) fa1(Bu, ) (Fa(Be)IF, ) |
= E{fiBy) - fac1(Bu,_1) (Pr—tn_rfn) (Be,_1)}
= E{A(Bu) -+ fao2(Bu) (fa1Prutu i fn) (Bri )}

which reduces the number of time points ¢; to n—1, so the conclusion follows
from the induction immediately. m

Corollary 4.1.14 Let B, = (B}, -+ , B{) be a d-dimensional standard Brow-

nian motion. Then for each j, B} is a standard BM in R, and (B])i>0
(7 =1,---,d) are mutually independent.

Therefore a d-dimensional BM consists of d independent copies of BM
in R.
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4.1.3 The reflection principle

Brownian motion starts afresh at a stopping time, i.e. the Markov property
for Brownian motion remains true at stopping times. Therefore Brownian
motion possesses what is called the strong Markov property, a very impor-
tant property which was used by Paul Lévy in the form of the reflection
principle, long before the concept of the strong Markov property had been
properly defined. We will exhibit this principle and use it in computing the
distribution of the running maximum of a Brownian motion.

Theorem 4.1.15 (The reflection principle) Let T be a stopping time and
B = (Bt)t>0 a BM in R. If we set

. B; t<T
Wi = 2By — By t>T,
then W is a standard BM in R.

In many applications, especially in statistics, we would like to estimate
distributions of running maxima of a stochastic process. For Brownian mo-
tion B = (By)t>0, the distribution of sup,joq Bs can be derived by means
of the reflection principle.

Let B = (B¢)t>0 be a standard Brownian motion on (92, F, 7, P) in R.
Let b > 0 and b > a, and let

T, = inf{t > 0: B, = b}.

Then T} is a stopping time, (and the Brownian motion starts afresh as a
standard Brownian motion after hitting b), by the reflection principle

P< sup Bs>b,B;<a = P< sup Bs>b,2Br, — By <a
s€[0,t] s€[0,t]

s€[0,t]
— P{B >2—ad}.

= P{ sup bszb,BtZQb—a}

As the events

{ sup BSZb} — (T, < t},

s€[0,t]
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the above equation may be written as

P{T,<t,B;<a} = P{T,<t,B; >2—a}

Therefore

1 +o0 22
PJ sup Bs>b,By<a,= e 2 dt,
s€0,t] ’ V21t Job—a

which gives us the joint distribution of a Brownian motion and its maximum
at a fixed time t. By differentiating in a and in b we conclude the following

Theorem 4.1.16 Let B = (By)i>0 be a standard BM in R, and let t > 0.
Then the pdf of the joint distribution of random variables (M = Sup,eo,g) Bs, By)
18 given as

2(2b — 2b —a)?
P{Nﬂed&Btedﬂ——(QQt;hmp{—(%a)}dm%
Y[

over the region {(b,a) : a < b,b > 0} in R2.
In particular, for any b > 0,
P(By >b) = P(B; > b,Ty <t) = P(By—1, > b, Ty < t).

By the strong Markov property B;_r, is a Brownian motion started from b
and is independent of T and hence

1
P(By 2 b) = S P(T, <1).

Thus we have the result that

2 & x2
P< sup Bs>bpy, =2P(B Zb:/ exp(—)dx,
{sE[O,t] } ( ! ) V2t Jy 2t

which is the exact distribution function of sup,ejoy Bs (and the stopping
time 7}) and leads to an exact formula for the tail probability of the Brow-
nian motion.
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4.1.4 Martingale property

Let B = (Bj)i>0 (i = 1,--- ,d) be a standard BM in R?, with its generated
filtration (Fy);>0. Brownian motion is a martingale and indeed can be
characterised by its martingales.

Proposition 4.1.17 1) Each By has finite p-th moment for any p > 0, and
fort>s
E(|B: — By|P) = c,alt — s|P/>. (4.4)
2) (Bt)e>0 is a continuous, square-integrable martingale.

3) For each pair i, 7, Mtij = B}:Bz — d;5t s a continuous martingale.

Proof. The first part was proved before.
Since B; — By is independent of F? when t > s we thus have

E(B; — Bs|F?) = E(B; — Bs) =0
so that
E(Bt’]'—so) = E(lefg) = B;

so that (Bi)¢>0 is a continuous martingale.
We only need to show 3) for BM in R. In this case

E(Bf - B}|F)) = E((B:—B;)*|F))
+E(2B, (B, — By) | FY)
= E((Bi— B.)*) + 2B.E((B; — B.) | F?)
= E(B,— B,)?
= t—s

so that
E(Bf —t|F)) = E(B:-s|FY)
= B2_—s

which shows that B? — t is a martingale. m

Theorem 4.1.18 Let B = (By)i>0 be a continuous stochastic process in R
such that By = 0. Then (By)i>0 is a standard BM in R, if and only if for
any £ €R andt > s

— s 2
B {exp (i€, By — B.)) |7} = exp (—“2)”5‘) )
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Proof. We observe that (4.5) implies B; — Bg is independent of JF?
and has normal distribution with variance ¢t — s. Conversely, if (B;)i>0 is a
standard BM in R, then B; — By is independent of ]—"2, and B; — B has a

normal distribution of mean zero and variance (¢ — s), so that

E {exp i(§, By — Bs)) |.7:£}
= E{GXP (i(€, Bt —Bs>)}

- <_<t;)\5|2>'

Corollary 4.1.19 Let (B;) be a standard BM in R. If £ € R, then

2(t s d:U

_ \5 ?,
Mt = eXp <§7 Bt>
s a martingale.

Remark 4.1.20 Note that both sides of (4.5) are analytic in £ so that
the identity continues to hold for any complex vector £. In particular, by
replacing £ by —i£ we obtain that

— §)el?
E {exp ((¢, B, — By)) |FO} = exp <@2>|€|>

so that for any vector &

exp <<€ By) — KF, )

is a continuous martingale. This statement will be extended to vector fields
& in R. The resulting identity is called the Cameron-Martin formula.

BM is a basic example of a Lévy process. These are right continuous
stochastic processes in R? which possess stationary independent increments,
and (4.5) is the Lévy-Khinchin formula for BM. In general if (X;) is a Lévy
process in R?, then

E{exp &, Xt — s>)‘]:g} = exp (Y(§)(t — 5))
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for t > s and £ € R?, where

9O = —5(AATEE +ils,6)

+/Rd\{0} (ez’<§,x> —1- il{\x|<1}<§,x)) v(dzx) (4.6)

for some d x r matrix A, vector b and Lévy measure v(dz) of (X;) which is a
o-finite measure on R? \ {0} satisfying the following integrability condition

22
———v(dx) < +o00. 4.7
/Rd\{o}mﬂ( ) (4.7)

The equation (4.6) is the Lévy-Khintchine formula for the general Lévy
process.

4.2 The quadratic variation process

As we have seen, both (one-dimensional) Brownian motion By and M; =
B? — t are martingales, and thus

Bf = M; + A,

where of course A; = t. Therefore, the continuous sub-martingale B? is a
sum of a martingale and an adapted increasing process. We will see this
decomposition for B? is the key to establishing It6’s integration theory.
Let
D={0=ty<ty <---<t,=t}

be a finite partition of the interval [0, ¢], and let
n
Vb = Z | By, — Btz—1|2

=1

the quadratic variation of B over the partition D, which is a non-negative
random variable. We will consider the behaviour of this random variable as
the partition is refined.

Lemma 4.2.1 The random wvariable Vp has
EVp =t
and variance

E {(VD — EVD)2} = 22(751 — tl_1)2.
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Proof. Indeed

E|Btz - Blﬁzf1|2

NE

EVp =

N
Il
—

I
NE

(tr —ti-1)

I
T
)

To prove the second formula we proceed as follows

E<(Vp —EVD

{ 2
o (S
|

2
= E ( (IBy, = By, [> = (1 — 1 1)))

n

= Y B{(Bu - Bu P (= i) (1B~ B [~ (0 - t0))
k,l=1

= ZE{(\Btz — By, P = (i - tH))Q}
=1

+ZE{(|Btk B Btk71‘2 = (tk — 75k—1)) (|Btl - Bt171|2 —(t; — tl—l))} .
k£l

Since the increments over different intervals are independent, so that the
expectation of each product in the last sum on the right-hand side equals
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the product of their expectations, which gives contribution zero, therefore

E{ (Vb - EVp)’}
= Y B{(By—Bu - (- t0))
=1
= > E{[By — By, [* = 2(ti— ti1)| By — By _,[* + (t — ti-1)}

= > {BIBy, — By_,|" = 2(ti — ;1) E|By, — By,_,|* + (1 — ti-1)*}
=1

n
= 2) (ti—ti1)”
=1

where we have used the moment result that
E|By, — By, |* =3(t; — t1-1)*.

]
We are now in a position to prove the following.

Theorem 4.2.2 Let B = (By)i>0 be a standard BM in R. Then

lg)nﬁoz |Btl Btl 1‘2 mn Lz(Qa P)

for any t, where D runs over all finite partitions of the interval [0,t], and
m(D) = max |t; — ti—1].
Therefore
lim Z | By, — B,gl_1|2 =t in probability.

m(D)—0

Proof. According to the previous lemma we have
2

E Z‘Btz _Btl—l‘Z_t = E|VD_E(VD)|2
l
= QZ(tl — tl_1)2
< Z tr—t-1)
=1

= 2tm(D)
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and therefore )

lim E By, — By, |>—t| =0.
m(jljr)n_m Zl:| t tz—1|

|
For good partitions the convergence in the above theorem takes place al-
most surely. To this end, we recall the Borel-Cantelli lemma: if Y " P(A4,) <
00, then limsup, A,, = 0, where

limsup, 4, = ﬁ [j A,

m=1n=m

= {w belongs to infinitely many A, } .
If in addition {A,} are independent, then "> P(A,) = oo if and only if
P (limsup, A,,) = 1.

Proposition 4.2.3 Let (Bt)t>0 be a standard BM in R. Then for anyt > 0

we have
2

21’1,
Z‘Bit_Bgt —1 a.s. (48)
2™ 27
j=1
as n — 00.

Proof. Let D,, be the dyadic partition of [0, ¢]

0 1 2n

and V;, denote Vp, . Then, according to Lemma 4.2.1, EV,, =t and

21 1-1)\?
E|V, - EV,]*? = 2) <2nt— o t)
=1

Therefore, by Markov’s inequality,
1

P {\Vn — EV,| > } < nPE|V, — EV,|?
n

= t2
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so that

ZP{M —EV,| > n} =2y St < oo
n=1 n=1

By the Borel-Cantelli lemma, it follows that V,, — t almost surely. m

Remark 4.2.4 Indeed the conclusion is true for monotone partitions. More
precisely, for each n let

D,={0=tyo<tin<-<tpn=t}
be a finite partition of [0,¢]. Suppose D, +1 D D,, and

lim m(D,) = lim max|t,, , —tn, ,n] =0.

n—oo n—oo
Then
ngk 2
> Bt =Bt .| —t as (4.9)
=1

as n — oo. This follows from the martingale convergence theorem applied
to a suitable martingale and is left as an exercise.

It can be shown (not easy) that

s%pz |By, — By, [P < o0 as.
[

if p > 2, where the supremum is taken over all finite partitions of [0, 1], and

Supz | By, — Bt171\2 =00 a.s.
D

That is to say, Brownian motion has finite p-variation for any p > 2 but
infinite 2-variation. Indeed almost all Brownian motion sample paths are
a-Holder continuous for any a < 1/2 but not for o = 1/2. It follows that
almost all Brownian motion paths are nowhere differentiable. We will not
go into a deep study of the sample paths of BM, as this is not needed in
order to develop It6’s calculus for Brownian motion.

Definition 4.2.5 Let p > 0 be a constant. A path f(t) in R? [a function
on [0, T] valued in R%] is said to have finite p-variation on [0,T], if

SIII)PZ [f(t:) = f(ti-1) P < o0
l

where D runs over all finite partitions of [0,T]. f(t) in R? has finite (total)
variation if it has finite 1-variation.
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A function with finite variation must be a difference of two increasing
functions. It particular, it has at most countably many points of disconti-
nuity.

A stochastic process V = (V;)i>0 is called a finite variation process, if
for almost all w € €2, the sample path ¢ — V;(w) possesses finite variation
on any finite interval. A Brownian motion is not a finite variation process.

If M = (M;)s>0 is a continuous, square-integrable martingale, then by
Jensen’s inequality (M7)¢>0 is a sub-martingale, except for the trivial case.
As in the case of Brownian motion, the following limit

. 2
(M) = m(lg)n% El: [My, — M|

exists both in probability and in L?, where the limit is taken over all finite
partitions D of the interval [0,¢]. {(M):}+>0 is called the quadratic variation
process of (M)¢>0, or simply the bracket process of (My)i>0. The quadratic
variation process t — (M), is an adapted, continuous, increasing stochastic
process (and therefore has finite variation) with initial value zero. The
following theorem demonstrates the importance of (M ).

Theorem 4.2.6 (The quadratic variation process) Let M = (M;)i>o be a
continuous, square-integrable martingale. Then (M) is the unique con-
tinuous, adapted and increasing process with initial value zero, such that
M? — (M) is a martingale.

The process (M) is called the quadratic variation process associated with
the martingale M. The theorem is a special case of the Doob-Meyer decom-
position for sub-martingales: any sub-martingale can be decomposed into a
sum of a martingale and a predictable, increasing process with initial value
zero. The decomposition was conjectured by Doob, and proved by P. A.
Meyer in the 60’s, which opened the way for the general development of
stochastic calculus.

Remark 4.2.7 If M = (M;)¢>0 is a continuous martingale, and A = (A;)i>0
is an adapted, continuous and integrable increasing process, then X = M+ A
is a continuous sub-martingale. The reverse statement is also true, that is
the content of the Doob-Meyer decomposition theorem.

We can see this easily in discrete time. Consider a sub-martingale in
discrete-time: X = (X,,),cz+ with respect to the filtration (Fy,),cz+. A
sequence (Ap),ez+ may be defined by

Ag = 0;
Ay, = An—l‘i_E(Xn_Xn—l‘fn—l)a n=12---
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Then

1. As X issubmartingale E(X,—X,,—1|Fn—1) = E(Xp|Fn-1)—Xn-1 >0,
and hence (A,),cz+ is increasing.

2. A, € Fn_1, so that (A,),cz+ is predictable!

3. By definition
E(Xn_An|fn—1):Xn—1_An—17 n=12---,
therefore M,, = X,, — A,, is a martingale.

Theorem 4.2.8 Let (M;)i>0 and (N¢)i>0 be two continuous, square-integrable
martingales, and let

1
(M,N); = Z(<M+N>t_ (M = N)¢).
This process is called the quadratic covariation or bracket process of M and

N. Then (M, N); is the unique adapted, continuous, variation process with
initial value zero, such that MyN; — (M, N); is a martingale. Moreover

n

lim (My, — My, [ )(Nyy — Ny, ) = (M,N),, in prob. (4.10)
m(D)—0 =1

where D ={0 =1ty < --- <t, =t} and m(D) = max;(t; — t;_1).

If (By)t>0 is a Brownian motion in R?, then for any f € CZ(R?)

M = £(B) ~ f(Bo) ~ [ MBS

is a continuous martingale (with respect to the natural filtration generated
by the Brownian motion (B;)¢>0), and

<Mf,Mg>t—/0 (Vf,Vg)(Bs)ds.

These claims will be proven below after we have established It0’s formula
for Brownian motion.



Chapter 5

Ito calculus

In this Chapter we develop It6’s integration theory in a traditional way.
We first define the stochastic integral fot F,dB; for adapted simple processes
(F})t>0, then extend the definition to a large class of integrands by exploiting
the martingale characterization of the It6 integral.

5.1 Introduction

Let B = (B¢)t>0 be a standard Brownian motion in R on a complete proba-
bility space (Q, F, P) and let (F})i>0 be the filtration generated by (B:)>o,
which we sometimes call the Brownian filtration. That is, for each ¢t > 0

FP = o{B; for s < t}
which represents the history of the Brownian motion B = (By)i>0 up to

time ¢.
We are going to define It6 integrals of the following form

t
I; = / F,dB; for t>0
0
where [ is a continuous stochastic process, where the integrand F' = (F})¢>0

is a stochastic process satisfying certain conditions that will be described
later. For example, we would like to define integrals such as

/0 ' F(B.)dB,

for Borel measurable functions f.

61



62 CHAPTER 5. ITO CALCULUS

Since, for almost all w € €2, the sample path of Brownian motion ¢ —
By (w) is nowhere differentiable, the obvious definition via Riemann sums

Y Fi(Biy = By )
%

does not work: the limit of the Riemann sums does not exist pathwise.
However the limit does exist in a probabilistic sense, if for any finite partition
we properly choose tf € [t;_1,t;] and if the integrand process (F}i);>o is
adapted to the Brownian filtration (F7);>0. That is to say, for every t > 0,
F, is measurable with respect to F_. We will see that this approach works
because both (By)i>p and (B? — t);>0 are continuous martingales.

In summary, the It6 integral f(f FsdBs of an adapted process F' = (Fy)i>o
(such that F' is measurable with respect to the product o-algebra B([0, 00))®
F2) with respect to the Brownian motion B = (B;);>¢ may be simply
defined to be the limit of a special sort of Riemann sum:

t
F,dB, = li F. (B — By,
/0 m(b]gl_)oz ti 1( t; t; 1)

i

where the limit is taken in the L%-sense (with respect to the product measure
P(dw)®dt), over finite partitions

D={0=ty<t1 <---<t,=t}

of [0,t] so that m(D) = max;(t; — ti—1) — 0. We choose F}, (B, — By, ;)
as this is the only choice giving

E (Fti—l(Bti - Bti—l)) =0 (51)

and
B (F2_ (B, ~ By ,)* = F2_,(ti— ti1)) =0, (5.2)

It will become clear that it is these important features that mean that
this sort of Riemann sum converges to a martingale! Thus (5.1), (5.2) imply
that both the Ito integral

t
/ F,dBq
0

t 2 t
< / Fsst> — / FZds
0 0

and

are martingales.
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Indeed, since Fy,_, is Ff_ -measurable, we have that

E(F, (B, —Bi,_,) = E {E (Ft¢,1 (Bi, = Bt,_,)| fﬁ-_l)}

= B{R,E (B - B ) 7))
E(F, ,E (B, — By,_,))
0.

Similarly, since Bf — t is a martingale, we have
E ((Bti = By, ) = (ti — i) fg_1>
— EB(B2-t|F_,) 2B (BB

)

—f—BtF1 + i1
= 23271 — 2Bti_1E (Bti| ‘Ftoi—l>
=0

and therefore
E (FE (B, =By, >~ F2 (t; - tH))
- FE {E (thfl (B, — By, ) — F7_ (i — ti_l)‘ ]-“gfl)}

- F {Ft%-—lE ((Bti — By )’ = Fi_ (i — )‘ Fi 1)}
= 0.

1t0’s integration theory can be established for continuous, square-integrable
martingales by the same approach. In fact, if M = (M;):>0 is a continuous,
square-integrable martingale on a filtered probability space (2, F, F, P) and
F = (Fy)¢>0 is an adapted stochastic process, then

/ FydM, = hr)ﬂ%ZFtl (Mg, — My, )

exists under certain integrability conditions.
The Stratonovich integral fg F,odM,, which was discovered later than
Ito’s, is defined on the other hand by

- th 1+th

¢
F,odM, = 1 — (M, — M,
/0 ° m(bp)ﬂ—m ; 2 (M ti-1)
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which in general is different from the It6 integral fg F.dM;,.
An example to illustrate this is the following integral. Using the defini-
tion for the It6 integral

t
/ M,dM, = hm ZMtl (M, — My, )
0

n
. 1 1
=  lim {—2(Mtl — My, )2+ 5 (M2 - M 1)}
=1

1 n n

— i M, — M, S (M2—M2 )
gy O = Ml 35 (ME -
1 1

S Yy Y

That is .
MZ — M = 2/ MydM + (M)
0

On the other hand, for the Stratonovich integral

¢ " M, + M,
. . 1 -1
/0 MoodM, = lm ?_1 S (M — My )
1 n
= - 1 M M li g My, (M, — M,
2m(ll)r)IL0 l:1( tp T A 1 +m(ll)mao ti— 1 t t 1)
1 t
_ 2<M)t+/ M,dM,
0
1

= §(ME—M02)

so that .
M? — ME _2/ M o dM;.
0

If we compare this with classical calculus we see that the Stratonovich ver-
sion coincides with the fundamental theorem of standard calculus but the
It6 version has a correction term.

In general, we have

Lemma 5.1.1 Let N, M be two continuous, square-integrable martingales,
and Fy = Ny + Ay where Ay is an adapted process with finite variation. The
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Stratonovich integral of F' against M is defined to be

t Fy, + F;
FyodMy = i ————(My, — M,
/(; s © s m(g)na(] l 5 ( t tl—l)
Then
t ¢ 1
/ FSOdMSZ/ Fde5+§<N7M>t
0 0
Indeed,
t Ny, + N,
/FSOdMS = lim L L I(Mtz My, ;)
n
Ay + As
1. l -1 M M
+m(§>ﬂo; 5 (My, — My,_,)
1
2 (hr)n Z Ny, — Ny, 1) (M, — My,_,)
1 n
+§ (l'g)nao (Atl - Atlfl) (My — My_,)

1 t
= §<M’ Ny +/ F,dM;.
0
In particular, if F' = (F})s>0 is a process with finite variation, then

t t
/ FgodM; :/ FodM;,.
0 0

From now on we will concentrate on It6 integrals only. The properties of
Stratonovich integrals can be deduced from the observations above.

5.2 Stochastic integrals for simple processes

An adapted stochastic process F' = (Fy)¢>0 is called a simple process, if it
has a representation

Fi(w) = f(w)loy(t +Zfz Lt 1) () (5.3)
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where 0 =ty < t; < --- < t; = 00, so that for any finite time T" > 0, there
are only finite many ¢; € [0,T], each f; € .7-'2_ (that is f; is measurable with
respect to .7-"8 ), fo € fg, and F'is a bounded process. The space of all simple
(adapted) stochastic processes will be denoted by Ly. If F' = (F})i>0 € Lo,
then the It6 integral of F' against Brownian motion B = (By)>o is defined
as

o0
I(F), = Z fi(Bt/\tiH — Bint;)
i=0

where the sum makes sense because only finitely many terms will not vanish.
It is obvious that I(F) = (I(F)¢)¢>0 is continuous, square-integrable, and
adapted to (]-'to)t>0.

Lemma 5.2.1 Let M = (My;)i>0 be a continuous, square-integrable martin-
gale, and s <t <u<wv, F € F?, G F. Then

E (G(Mv - Mu)(Mt - MS)|"TS) =0
and
E (F(My = My)*|F) = B (F (M), — (M),) | 7).
Proof. By the tower property of conditional expectations
E (G(Mv - Mu)(Mt - Ms)|F2)
=F {E (G(Mv - Mu)(Mt - Ms)‘fg) ‘}—2}
= E{G(M; — My)E(M, — My|F))|F{}
=0.

The second equality is trivial as F € FO and hence it can be moved out
from the conditional expectation. m

Lemma 5.2.2 If F' € Lo, then (I(F)¢)t>0 is a martingale
E(I(F) — I(F),|F)) =0, vt>s.

Proof. Assume that ¢t; <t < tj4q, tp < s < tp4q for some k,j € N.
Then k < j and

j—1

I(F)t = Fi(Bti+1 _Bti)—i'Fj(Bt_Btj);
=0
k—1

I(F)y = Fi(Bt,., — By;) + Fp(Bs — By,).

s
Il
=)
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If k <j—1, then

j—1

I(F)t_I(F)s = Z Fi(BtH-l _Bti)
i=k+1

+Fj(Bt — By;) + Fi(By,,, — Bs).

Ifk:+1Sigj—l,sgtisothatfgc]:g. Hence

) (Fi(Bti+1 - Btz)‘fg)
= E{E({F:(By,,, — Bi)|F2} |7
=0.

67

(5.4)

The first equality follows from F; € ]—"8,, and the second equality follows

from the fact that (B;) is a martingale. Similarly

E(Fj(B; — By)|F)) =0, t>t;>s, Fj € Fp,

E (Fy(Biy,, — Bs)|F) =0, tg1 > s> ty, Fy € Fp) C F.

Putting these equations together we obtain
E (I(F); - I(F),|F°) =0.
Ifk=j7—1,thent; 1 <s<t; <t<tj; and
I(F); = I(F)s = Fj—1(Bt; — Bs) + Fj(B; — By))

we thus again have
E(I(F) — I(F),|F)) = 0.

Lemma 5.2.3 <I(F)% - fg Ffds) . is a martingale. Therefore I(F) €
[

M% and
t
aw), = [ s
0

Proof. We want to prove that for any ¢ > s

t s
E (I(F)f —/0 F2du f§> :I(F)g—/o F2du.
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In other words, we have to prove that

E <I(F)§ —I(F)? - /: F2du

fg) =0.
Obviously

I(F)} = I(F); = (I(F)e—I(F)s)* = 21(F)I(F)s — 21 (F);
= (I(F)e = I(F)s)* = 2((F) — I(F)s)I(F)s,

and (I(F'):)s>0 is a martingale, so that
E (I(F); - I(F)s|F]) = 0.
While, I(F)s € F2 so that

E{I(F). (I(F); — I(F),) | F°}
= I(F)sE{I(F); — I(F)s|F]} = 0.

We therefore only need to show
¢
E { (I(F); — I(F)s)* — / F2du fg} =0.

Now we use the same notation as in the proof of Lemma 5.2.2.
It is clear from eqn 5.4 that if £ < j — 1, then

7j—1
(I(F)t - I(F)S)2 = Z FiFl(BtH1 - Bti)(BtH—l - Btl)
id=k+1
7j—1
- Z FiFj(By,,, — By,)(By — B;)
;-;
+ Z FiFk(BtHl - Bti)(Btk+1 — B;)

i=1
+Fj2(Bt - Btj)2 + Fl?(Btk-H - BS)2
+Fifi (Bt — By,) (B, — Bs).
Using Lemma 5.2.1 and the fact that both (By)i>o and (B? — t)i>0 are
martingales, we get

E{(I(F), = I(F)s)*| FJ}
j—1

=E [ Y Fltis1 —t) + FJ(t —t;) + F(tper — )| F?
j=k+1
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The final statement is just the Doob-Meyer decomposition of I(F)%. m

so that

E{(I(F); = I(F),)*|F} = E (/thdu

Lemma 5.2.4 F — I(F) is linear, and for any T >0
T
E(I(F)})=FE (/ Ffds) .
0

5.3 Stochastic integrals for adapted processes

In this section we extend the definition of the It6 integral to integrands which
are limits of simple processes. Obviously we only need to define It6 integrals
I(F); for t < T for arbitrary positive numbers 7. Thus, throughout this
section, we are given an arbitrary but fixed time 7" > 0.

5.3.1 The space of square-integrable martingales

If F is a simple process, then the Ito integral I(F') is a continuous, square-
integrable martingale with initial value zero, and its bracket process is given
by (I(F)); = fg F2ds. In particular we have the Itd isometry

t
E|I(F)r|* = E/ F2ds
0

which allows us to extend the definition of the It6 integral to a larger class
of integrands.

Let T > 0 be a fixed but arbitrary number, and ./\/l% be the vector space
of all continuous, square-integrable martingales up to time 7" on a probability
space (Q, F, F, P) (where (F;) is a filtration (F;)) with initial value zero,
endowed with the distance

d(M,N)= +/E|Mp — Ng|? for M,N € M2.

By definition, a sequence of square-integrable martingales (M (k):)¢>0 for
k=1,2,--- converges to M in M3, if and only if

M(k)r — Mr in L*(Q,F,P)

as k — oo. The following maximal inequality, which is the “martingale ver-
sion” of Chebychev’s inequality, allows us to show that (M3, d) is complete.
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Theorem 5.3.1 (Kolmogorov’s inequality) Let M € M32. Then for any
A>0

1
P{ sup |M;| > )\} < =P (M7) .
0<t<T

Proof. Since (M;):>0 is continuous

sup ‘Mt’ = SUP|Mt’
0<t<T teD

for any countable dense subset D of [0,7], and hence supy<;<p [M;] is a
random variable. For each n € N, we may apply the discrete time martingale
version of the Kolmogorov inequality to { Mry,/on; Frijon fr>0 to obtain

1
P! osup |Mppjon| > NS < —E (M2).
{0<k<p2"| Tk/2 | > }_)\2 ( T)

However, since D = {Tk/2" : n,k € N} is dense in [0,7] we have that

sup  [Mrgjon| T sup |Myl
0<k<on—1 0<t<T

as n — 0o. Therefore

P{ sup |My| > )\} = lim P{ sup | Mqpy on| > )\}
0<t<T n—00 0<k<2n—1
1 2
< 2P (Mz) .

|
Theorem 5.3.2 (M3, d) is a complete metric space.

Proof. Let M(k) € M3 (k=1,2,---) be a Cauchy sequence in M3.
Then for the time 7" we must have

E|\M(k)y — M()r|*> =0, ask,l — oco.
As L? is complete there exists a limit random variable M € L? such that

k—o0
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From this we can define a martingale M; = E(M|F;). According to Kol-
mogorov’s inequality

1
P{ sup |M(k); — M| > )\} < S E|M(k)r — Mg|?,
0<t<T A
so that, M (k) uniformly converges to the limit M on [0,7] in probability.

Therefore we have for M = (M)

sup |M (k) — M¢| — 0 in prob.
0<t<T

Obviously (Mi)¢>0 is a continuous and square -integrable martingale (up to
time 7T') as the uniform limit of a sequence of continuous martingales. m
5.3.2 Stochastic integrals as martingales

If F'= (F})¢>0 is a limit of simple processes in that
E/ t — Ft| dt — 0

as n — oo for a sequence of some simple processes {F(n) : n € N}, then we
say F € £?. The linearity of the Ito integral, together with Ito’s isometry,
imply that

d(I(F(n)),I(F(m))) = E(F(n)r—I(F@m))rl

:E/ |F(n); — F(m)*dt — 0
as n,m — oo, i.e. {I(F(n)} is a Cauchy sequence in (M2, d). Since (M3, d)
is complete, so that lim,, o I(F(n)) exists in (M2, d). We naturally define

I(F) = limy,—y00 I(F(n)), which we call the It6 integral of (F}) against the
Brownian motion B. We often write I(F'); as fg F,dBg or F.B;.

Remark 5.3.3 1) A process F = (F});<r in £? is adapted to the Brownian
filtration and

T
E/ F2dt < oc.
0

2) The map F — I(F) is a linear isometry from £2 to M3, where £? is

endowed with the norm
T
||F|| = E/ Ffdt.
0
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We note that M3 is a Hilbert space with norm ||[M|| = /E(M?2).
3) If F € £2, then I(F) is a continuous, square mtegrable martingale
with initial value zero (up to time T'), and ([(F)); = fo F2ds.

L2 is a very big space which includes many interesting stochastic pro-
cesses. For example

Lemma 5.3.4 Let F' = (F;)i>0 be an adapted, left-continuous stochastic
process, satisfying

T
E/_@¢<+m. (5.5)
0
Then F € £? and

I(F) = (lim_)ozl:Ftl_l (Btl - Btz_1) in probability

where the limit is taken over all finite partitions of [0,t].
Proof. For n > 0, let
Dp,={0=ty <ty <--- <ty =T}
be a sequence of finite partitions of [0, 7] such that
m(Dy) =sup [t} —t] 4| -0 asn — oo.
j

Let
F(n); = Fol{o} + ZFt Lt © 0] (t); for t>0. (5.6)

Then each F,, is simple, and, since F is left-continuous F'(n); — F} for each
t. Therefore

E/ n)s — Fy|?ds — 0 as n — oc.
By definition, F € £?. m

Remark 5.3.5 The condition that F' = (F}):>o is adapted to the filtration
(Ft)i>0 generated by the Brownian motion, i.e. each F} is measurable with
respect to J, is essential in the definition of It6 integrals. On the other hand,
left-continuity of ¢ — F} is a technical one, which can be replaced by some
sort of Borel measurability (e.g.; right-continuous, continuous, measurable
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in (t,w) etc.). Left-continuity becomes a crucial condition if one attempts
to define stochastic integrals of F' = (F});>0 against martingales which may
have jumps. The reason is that the left-limit of F' at time ¢ “happens” before
time ¢, and if t — F} is left-continuous, then, for any time ¢, the value F}
can be “predicted” by the values taking place strictly before time t¢:

F, =lim Fj.
st

Remark 5.3.6 We should point out that some kind of measurability of the
random function (¢,w) — Fi(w) is necessary in order to ensure (5.5) makes
sense. Note that (5.5) may be written as

T
/ / F,(w)*dsP(dw) < +00
aJo
so the natural measurability condition should be that the function
F(t,w) = Fy(w)
is measurable with respect to B([0,T])® Fr for any T' > 0, where B([0,T7]) is
the Borel o-algebra generated by the open subsets in [0, 7], and B([0,T]) ®

Fr is the product o-algebra on [0, 7] x Q.

If X = (Xt)t>0 is a continuous stochastic process adapted to (F)e>o0, f
is a Borel function, and

T
2

then the stochastic process (f(Xt)):>o0 belongs to £2. In particular, for any
Borel measurable function f such that

T
2
E/O F(B)2dE < oo (5.7)

then (f(Bt))i>0 is in £2. What does condition (5.7) mean? A direct com-
putation gives

T T
2 _ 2
E /0 (Bt = /0 R

T
_ /0 Py(f2)(0)dt
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where
1 —|T
PUDO) = o J, f@)e /2 4
B <27T1>d/ S (Vi)PeT T 2da
R

Therefore, if f is a polynomial, then f(B;) is in £2, and for any constant
« the process (e*Bt);~¢ belongs to £2 as well. How about the stochastic
process Fy —e*B? In this case

E /Tzﬂdt ! /T / Q2ats? lal?/2g
= — T
0o (2m)4/2 Jo  Jga

T
E/ F2dt < oo if a <0.
0

and therefore

In the case a > 0, then

T 1
E/ F2At < oo iff T < —.
0 40[

5.3.3 Summary of main properties

If F= (Ft)tzo € L9, then both

t t 2 t
/ F,dBy;  and < / FSdBS> — / F2ds
0 0 0

are continuous martingales with initial value zero, and therefore (F.B); =
fg F2ds. In general (by the use of the polarization identity zy = ; ((z + y)? — (z — y)?))

t
(F.B,G.B), :/ F,G,ds VF,G e L2
0

In particular

T 2 T
EU FSst} _E</ F3d3>.
0 0
2 t
]—"S}:E{/ F2du

and for any t > s,

E{ ([ ram.)

a8
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5.4 Itd’s integration for semi-martingales

We may apply the same procedure for defining It6 integrals against Brown-
ian motion to define It6 integrals against any continuous, square-integrable
martingale. Indeed, if M € M2 and F = (F})i>0 is a bounded, adapted,
simple process, so that

Fy=fliopt) + ) filgn(t)
then we define the integral as
IM(F) =Y fir (Miptg — Mins,).
i=0
As before, we have
1. IM(F) e M2.
2. The bracket process (I (F)); = fot F2d(M),, i.e. IM(F)%—fOt Fyd(M),

is a martingale.

3. (Itd’s isometry) For any T' > 0, we have

T 2 T
E</ Ftht> :E/ F2d (M), .
0 0

Let T > 0 be a fixed time.

Definition 5.4.1 A stochastic process F = (Fy)i>0 € L2*(M), if there is a
sequence {F(n)} of simple stochastic processes (F(n)) such that

E{/OTF(n)?d(M>t} < oo

and -
E{/ ]F(n)t—Ftlzd(M>t}—>0 as n — oo.
0

In other words, £2(M) is the closure of all simple processes (up to time

T') under the norm
1P| = \/E{/OTFm)%d o)}




76 CHAPTER 5. ITO CALCULUS

(this norm of course depends on the running time 7" and the martingale M €
M32), and thus £2(M) is a Banach space. Indeed, the above norm is induced
by a scalar product, so that £2(M) is a Hilbert space. If F' € £2(M), and
||FF— F(n)|| — 0 for a sequence of simple processes, thanks to Ito’s isometry

E{M(FE)T) =IFIl,

it follows that
IM(F)= lim IM(F,), in M2

exists. We use either F.M or fg FydMj to denote I™(F). According to the
definition, IM(F) € M2 and (IM(F)); = fg F2d(M),. By the use of the
polarization identity, if M, N € M3 and F € L*(M), G € L%(N), then

t
(F.M,G.N), = / FyGed (M, N),
0

and F.(G.M) = (FG).M, whenever these stochastic integrals make sense.

That is . .
/ Fid (/ GudMu) = / F,.G,dM,.
0 0 s 0

[t6 integration may be extended to local martingales in the following
way. Suppose M = (M;);>0 is a continuous, local martingale with initial
value zero, then we may choose a sequence {7}, } of stopping times such that
T, 1 oo as. and for each n, M = (Mt )e>0 is a continuous, square-
integrable martingale with initial value zero. In this case we may define

(M); = (M™), if t<T,

which is an adapted, continuous, increasing process with initial value zero
such that
ME — (M),

is a local martingale.
Let F' = (F})i>0 be a left-continuous, adapted process such that for each
T>0

T
/ F2A(M); < oo as. (5.8)
0

and define

t
Sn:inf{tZO:/ F3d<M>32n}/\n
0
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which is a sequence of stopping times. Condition (5.8) ensures that Sy, 1 oc.

Let Tn =T,ANS,. Then Tn 1 oo almost surely, and for each n, M Tn ¢ ./\/l%.
Let

F(?’L)t = Ftl{tffn}'

T
/ F(n “i/ F2d(M)s <n
0

so that F(n) € Lo M "). We may define

Then

FMt/F MT”> if t<T, 1 o0

for n = 1,2,3,---, which we call the It0 integral of F' with respect to the
local martingale M. It can be shown that F.M does not depend on the
choice of stopping times 7;,. By definition, both F.M and

rn; - | (M),

are continuous, local martingales with initial value zero.

Finally let us extend the theory of stochastic integrals to the most useful
class of (continuous) semimartingales. An adapted, continuous stochastic
process X = (X¢)¢>0 is a semimartingale if X possesses a decomposition

Xi =M +V;

where (My)i>0 is a continuous local martingale, and (V;)¢>0 is stochastic
processes with finite variation on any finite time interval.
If f(t) is a function on [0, 7] with finite variation:

s%pz |£(t1) = f(ti1)] < 400
l

where D runs over all finite partitions of [0,¢] (for any fixed ¢), then

[ st

is understood as the Lebesgue-Stieltjes integral. If in addition s — f(s) is
continuous, then

/O g(s)df(s) = lim thl 1 — flti—1)).

m(D)—0
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Therefore, if V' = (V;):>0 is a continuous stochastic process with finite vari-

ation, then
t
/ FydVs
0

is a stochastic process defined pathwise by the Lebesgue-Stieltjes integral

/ FudVi(w) = / Fy(w)dVi(w)
0 0
= hm ZFtl 1 Wl ) V;flfl(w))'

m(D)—0

The definition of the stochastic integral may be extended to any contin-
uous semi-martingale in an obvious way, namely

t t t
/ FSdXS:/ FSdMS—I—/ F,dV;
0 0 0

where the first term on the right-hand side is the It6 integral with respect
to the local martingale M defined in the probabilistic sense, which is again
a local martingale, the second term is the usual Lebesgue-Stieltjes integral
which is defined pathwise. Moreover

t
/0 FdX, = m(lli;?_)ozl: Fy, , (Xy — Xy,_,)  in probability.

5.5 Ito’s formula

Ito’s formula was established by It6 in 1944. Since It6 stated it as a lemma, in
his seminal paper, It6’s formula is also refereed to in the literature as Itd’s
Lemma. It6’s Lemma is indeed the Fundamental Theorem in stochastic
calculus.

We have used on many occasions the following elementary formula

ij o Xt2j—1 - (th - th—l)Q +2Xt (th - th,l) :

If in addition (X;);>0 is a continuous square-integrable martingale, then, by
adding up the above identity over j = 1,--- ,n, where 0 =tp < t; < --- <
t, =t is an arbitrary finite partition of the time interval [0, ¢], one obtains

n n
X3 =23 X (X - X)L (X - X))
j=1 j=1
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Letting m(D) — 0, we obtain
t
X2 - X2 = 2/ XodXs + (X)1.
0

which is the Ito formula for the martingale (X;);>0 applied to f(z) = 2. By
using polarization and localization, we can establish the following integration
by parts formula.

Corollary 5.5.1 (Integration by parts) Let X = M + A and Y = N +
B be continuous semimartingales. That is M and N are continuous local

martingales, and A, B are continuous, adapted processes of finite variation.
Then

t t
Xth—XOYOZ/ Xde;+/ YidX, + (M, N, .
0 0

The following is the fundamental theorem in stochastic calculus.

Theorem 5.5.2 (It6’s formula) Let X = (X},---,X{) be a continuous
semi-martingale in R with decomposition X} = M} + AL, where M}, --- | M{
are continuous local martingales, and A}, - - - ,Af are continuous, locally in-
tegrable, adapted processes of finite variation. Let f € C2(R? R). Then

f(X:) — Z / axl )X

1 t an
3 92,0
1 Jo dLiox;

Z)-]:

(Xs)d(M', M) (5.9)

The first term on the right-hand side of (5.9) can be decomposed into

2/ axz dMJ+Z/ 89{:2 §)dA

so that f(X;) — f(Xo) is again a semi-martingale with its martingale part
given by

It follows that

o), = [0 S S oanr an).

)=
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5.5.1 Itd’s formula for BM
If B= (B}, -, Bf)>0 is Brownian motion in R?, then, for f € C?(R9,R)
¢ t
1
£(B) = 1(B0) = [ ViBY B+ [ JAfBIds
0 0

Let .
M = F(B) — £(By) - /0 LAf(Bds.

Then M7 is a local martingale and
t
(M7, M9y, = / (Vf,Vg)(Bs)ds.
0

5.5.2 Proof of Ito’s formula.

Let us prove It6’s formula in the one-dimensional case. By using the localiza-
tion technique, we only need to prove it for a continuous, square-integrable
martingale M = (M;)¢>0. Thus we need to show

s - g0y = [ pongavi+ § [ anapn, o)

The formula is true for f(z) = 22 (f'(z) = 2z and f”(x) = 2) as we have
already seen that

t
M? — MZ =2 / MydMg + (M);.
0
Suppose (5.10) is true for f(x) = z™, that is

t -1 t
MP — M = n/ MM, + ”(”2)/ MP2d(M),.
0 0

By applying the integration by parts formula to M™ and M, one obtains
t t
M - M = / M?dM; + / MgdM! + (M, M™),
0 0

t t
1
= /Mngs+/ Msd{nM;‘_ldMs~|—n(n2)
0 0

Ms—2d<M>s}
t

+/ nMP1d(M),
0

t t
- (n—|—1)/ M:dMs+(”+21)”/ MPLA(M),
0 0
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which implies that (5.10) holds for power functions z"*!. By linearity Itd’s

formula holds for any polynomial. Now we can use Taylor expansions to
show that it must hold for any C? function f.

5.6 Selected applications of It6’s formula

In this section, we present several applications of 1t6’s formula.

5.6.1 Lévy’s characterization of Brownian motion

Our first application is Lévy’s martingale characterization of Brownian mo-
tion. Let (Q, F,F:, P) be a filtered probability space satisfying the usual
condition.

Theorem 5.6.1 Let M; = (M}, --- , M{) be an adapted, continuous stochas-
tic process on (Q, F, Fy, P) taking values in R® with initial value zero. Then
(My)¢>0 is a Brownian motion if and only if

1. Each M} is a continuous square-integrable martingale.

2. MtM — 0;5t is a martingale, that is, <MZ M >t = 0;5t for every pair
(1,7)-

Proof. We have already established the martingale properties of BM in
Proposition 4.1.17, hence we only need to prove the sufficiency of the condi-
tions. Recall that by Theorem 4.1.18, under the assumption of adaptedness
and continuity, (M;)i>0 is a Brownian motion if and only if

) - exp{‘g;(ts)} (5.11)

for any ¢ > s and ¢ = (&) € R%. We thus consider the adapted process

E (6\/j1<€7Mf_MS>

2 — oxp ( FZ e+ P )

and we show it is a martingale. To this end, we apply Itd’s formula to
f(z) = e® (in this case f' = f” = f) and semi-martingale

FZEZMZ ‘€’
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and obtain

7 = Zo+/Zd(FZ£zMZ e )
1 %
d
— 1+\/?12§i/tzde; ‘§|2/st

—/ Z &i&i Z, (M M)

1,j=1

t .
= 1+‘/—1Zfi/ Z,dM!
i=1 70

the last equality follows from

t
1/ Z &€ Zsd(M* MY = ;|g|2/0 Zyds.

3,j=1

due to the assumption that (M?, M7); = §,;s. Since |Zs| = eléPs/2 g0 that
for any T'> 0
T T
E/ | Z,|*ds :/ elPsds < oo
0 0
and therefore (Z;) € L2(M?) fori=1,--- ,d as (M*); = t. It follows that
t .
/ ZdM! € M3.
0

That is, Z; is a continuous, square-integrable martingale with initial value
1. The equality (5.11) follows from the martingale property

E (ei<£,Mt>+§2|2t

;8> _ gile M)+

fort>s. m



5.6. SELECTED APPLICATIONS OF ITO’S FORMULA 83

5.6.2 Time-changes of Brownian motion

Theorem 5.6.2 (Dambis, Dubins and Schwarz) Let M = (M;)i>0 be a
continuous, local martingale on (2, F, Fy, P) with initial value zero satisfying
(M), = o0, and let
Ty = inf{s : (M), > t}.

Then Ty is a stopping time for each t > 0, By = My, is an (Fr,)-Brownian
motion, and M; = By, -

Proof. The family T' = (1})+>0 is called a time-change, because each T}
is a stopping time (ezxercise), and obviously ¢ — T is increasing (another
exercise). Each T; is finite P-a.e. because (M)_ = oo P-a.e. (exercise). By
continuity of (M),

(M)p, =t P-as.

Applying Doob’s optional stopping theorem to the square integrable mar-
tingale (Msat,)s>0 and stopping times T3 > T (t > s), we obtain that

E (My,|Fr,) = Mr,,

That is B; = My, is an (Fr,)-local martingale. By the same argument but

applied to the martingale (M2, — (M), .7, )s>0 we have

E (Mf, — (M)q, | Fr,) = M7, — (M), .
Hence (B? —t) is an (Fr,)-local martingale. We can prove that ¢t — B is
continuous (exercise), so that B = (By);>0 is an (Fr,) Brownian motion. m
5.6.3 Stochastic exponentials
In this section we consider a simple stochastic differential equation
dZ, = Z,dX,, Zy=1 (5.12)

where X; = M; + A; is a continuous semi-martingale. The solution of (
5.12) is called the stochastic exponential of X. The equation (5.12) should
be understood as an integral equation

t
Zy =1 +/ Zsd X, (5.13)
0

where the integral is taken as the It6 integral. To find the solution to (5.13)
we can look for solutions of the form

Zy = exp(Xi + V)
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where (V;)i>0, to be determined, is a “correction” term (which has finite
variation) due to It integration. Applying It6’s formula we obtain

t 1 t
Zy =1 +/ Zsd(Xs + Vi) + 2/ Zsd (M)
0 0

and therefore, in order to match the equation (5.13) we must choose V; =

— (M),

Lemma 5.6.3 Let X; = M+ A; (where M is a continuous local martingale,
A is an adapted continuous process with finite total variation) with X = 0.

Then

E£(X); = exp <Xt _ ;<M>t)

is the solution to (5.13).

E(X) is called the stochastic exponential of X = (Xt)t>0.

Proposition 5.6.4 Let (M;):>0 be a continuous local martingale with My =
0. Then the stochastic exponential E(M) is a continuous, non-negative local
martingale.

Remark 5.6.5 According to the definition of the It6 integral, if 7' > 0 is
such that

T
E/ 2Me=M)e (M), < oo (5.14)
0

then the stochastic exponential

£(M); = exp <Mt - % (M>t>

is a non-negative, continuous martingale.

Even if £(M) fails to be a martingale, it is nevertheless a super-martingale.
Lemma 5.6.6 Let X = (X¢)i>0 be a non-negative, continuous local mar-
tingale. Then X = (X¢)i>0 s a super-martingale: E(X¢|Fs) < X for any

t < s. In particular t — E Xy is decreasing, and therefore EX; < EXq for
any t > 0.
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Proof. Recall Fatou’s lemma: if {f,} is a sequence of non-negative,
integrable functions on a probability space (€2, F, P), such that

himn—moE (fn) < +OO?
then lim, ,  fy is integrable and

for any sub o-algebra G (see page 88, D. Williams: Probability with Mar-
tingales).

By definition, there is a sequence of finite stopping times T}, 1 +oco P-a.e.
such that X7n = (X1, )i>0 is a martingale for each n. Hence

E(Xt/\TnL/—"s) = Xs/\Tna vt > s,m=1,2,---.
In particular
E (Xia1,) = EX)
so that, by Fatou’s lemma, X; = lim, . Xia7, is integrable. Applying
Fatou’s lemma to Xyx7, and G = F; for £ > s we have
B(XF,) = E ( lim XMT”\IS>
n—oo
< lim E(Xiat, | Fs)

——n—00

- liimnﬁ)ooXs/\Tn

= Xs
Thus we have shown that X = (X¢):>0 is a super-martingale. m

Corollary 5.6.7 Let M = (M;)i>0 be a continuous local martingale with
My =0. Then E(M) is a super-martingale. In particular,

1
Eexp<Mt—2<M>t>§1 for all t>0.

Clearly, a continuous super-martingale X = (X;);>0 is a martingale if
and only if its expectation ¢ — F(X;) is constant. Therefore

Corollary 5.6.8 Let M = (M)i>0 be a continuous local martingale with
My =0. Then E(M) is a martingale up to time T, if and only if

Eexp (M - % <M)T> _ 1 (5.15)
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Stochastic exponentials of local martingales play an important réle in
probability transformations. It is vital in many applications to know whether
the stochastic exponential of a given martingale M = (M;);>¢ is indeed a
martingale. A simple sufficient condition to ensure (5.15) is the so-called
Novikov condition stated in Theorem 5.6.9 below (A. A. Novikov: On mo-
ment inequalities and identities for stochastic integrals, Proc. second Japan-
USSR Symp. Prob. Theor., Lecture Notes in Math., 330, 333-339, Springer-
Verlag, Berlin 1973).

Theorem 5.6.9 (A. A. Novikov) Let M = (M)i>0 be a continuous local
martingale with My = 0. If

Fexp (; <M>T) < 0, (5.16)

then E(M) is a martingale up to time T.

Proof. The following proof is due to J. A. Yan: Critéres d’intégrabilité
uniforme des martingales exponentielles, Acta. Math. Sinica 23, 311-318
(1980). The idea is the following, first show that, under the Novikov condi-
tion (5.16), for any 0 < av < 1

1
E(aM); = exp <aMt - 5042 <M>t>
is a uniformly integrable martingale up to time 7. For any «, E(aM),; is
the stochastic exponential of the local martingale aMy, so that £(aM) is a
non-negative, continuous local martingale, E (€(aM);) < 1. We also have
the following scaling property

e = epfa(M-500,) - jala-1 0,

For any finite stopping time S < T and for any A € Fr

B1LaE(@M)s) = B {14 €003 e [ Ja -0 )]} am)
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Using Holder’s inequality with 1 > 1 and L in (5.17) one obtains
o 1
B{uginst — B{Eans e [Jaa-a) 0]}

< {(BEMD$)® {E [1,4 exp <;a (M>S>] }H

IN

{E(EM)r)}" {E [1A exp (;a <M>T>] }H

{E [uexp (;a <M>T)] }H

< E {1A exp (; <M>T> } . (5.18)

This gives a uniform bound showing that

IN

{€(aM)g : any stopping times S < T'}

is a uniformly integrable family of random variables. As a consequence
E(aM) must be a martingale on [0, 7. Therefore

E(E(aM)r) =E(E(aM)y) =1, Vae (0,1).
Set A=Q and S =t <T in (5.18), the first inequality of (5.18) becomes

wieanr {5 (oo (Fon,))}

for every av € (0,1). Letting o T 1 we thus obtain

IN

EEM)) >1

so that E (E(M):) =1 for any t < T'. It follows that £(M); is a martingale
uptoT7. m

Consider a standard Brownian motion B = (B¢)¢>0, and a process F' =
(Ft>t20 € Lo, If

1 (T
Eexp [2/ Ffdt} < 00,
0

t 1 t
X; = exp {/ F,dB, — / Ffds} (5.19)
0 2 Jo

then
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is a positive martingale on [0,7]. For example, for any bounded process
F = (F)>0 € Lot |Fy(w)] < C (for all t < T and w € Q), where C is a

constant, then
|- L
E < exp 5 Fgdt < exp §CT < 0
0

so that, in this case, X = (X;) defined by (5.19) is a martingale up to time
T.

Novikov’s condition is very nice, it is however not easy to verify in many
interesting cases. For example, consider the stochastic exponential of the
martingale fg BsdBs, the Novikov condition requires us to estimate the in-

tegral
LT,
Edexp|= Bydt
2 Jo

which is already not an easy task.
An alternative condition for the stochastic exponential of a local mar-
tingale to be a martingale is provided by Kazamaki’s criterion.

Theorem 5.6.10 If M is a local martingale such that exp(M/2) is a uni-
formly integrable sub-martingale, then E(M) is a uniformly integrable mar-
tingale.

5.6.4 Exponential inequality

We are going to present three significant applications of stochastic exponen-
tials: a sharp improvement of Doob’s maximal inequality for martingales,
Girsanov’s theorem, and the martingale representation theorem. In this
section we improve the maximal inequality.

Recall that, according to Doob’s maximal inequality, if (X¢):>0 is a con-
tinuous super-martingale on [0, 7], then for any A > 0

1
P{ sup |X;| > )\} <~ (BE(Xo) +2E(X7))
t€[0,T] A

where 27 = —z if # < 0 and = 0 if z > 0. In particular, if (X¢):>0 is a
non-negative, continuous super-martingale on [0, 7], then

P osup Xi> b < LE(X). (5.20)
t€[0,T] A

This inequality has a significant improvement stated as follows.
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Theorem 5.6.11 Let M = (M;)i>0 be a continuous square-integrable mar-
tingale with Mo = 0. Suppose there is a (deterministic) continuous, increas-
ing function a = a(t) such that a(0) = 0, (M); < a(t) for all t € [0,T].
Then

2
P{ sup My > Ma(T) b < e 7o), (5.21)
te[0,7
Proof. For every « >0 and t < T
o? o?
OéMt — ?<M>t 2 OéMt — 7<M>T
2
> aM; — %a(T)

so that ,
E(aM); > M= Fall) for a > 0.

Hence, by applying Doob’s maximal inequality to the non-negative super-
martingale £(aM) we obtain

o2
P{ sup My > Xa(T)p < P{ sup E(aM); > e —Fall)
t€[0,T] te[0,7]

< e—a)\a(T)—ﬁ-%a(T)E{g(aM)o}

o—ha(T) 4+ a(T)

for any o > 0. The exponential inequality follows by setting a = \. =m
In particular, by applying the exponential inequality to a standard Brow-
nian motion B = (By)¢>0, we have

)\2
P sup Bi> My <e =271, (5.22)
te[0,7)

By comparing with the exact distribution we can see that this estimate has
the correct exponential behaviour.

5.6.5 Girsanov’s theorem

Assume we are given a filtered probability space (2, F,F;, P). Let T' > 0,
and @ be a probability measure on (€2, F7) such that

aQ

ap|, ¢
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for some non-negative random variable ¢ € L' (2, Fr, P). By definition, for
any bounded Fp-measurable random variable X

| x@iaw) = [ X@ewPw)
which can also be written as
E?(X) = E"(£X).
If, however, X is F;-measurable, t < T', then

E°(X) = BY(B"(€X|R)
= BY(B" (€F) X).

That is, for every t <T

Q|  _p
P - =E" (§|F)

which is a non-negative martingale up to 7" under the probability measure
P.

Conversely, if T' > 0 and Z = (Z;)o<t<7 is a continuous, positive martin-
gale up to time T', with Zy = 1, on a filtered probability space (2, F, F;, P).
We define a measure @) on (£, Fr) by

Q(A) = EY (Zr14) if Ae Fr. (5.23)

That is, j—g .= Zr. @ is a probability measure on (2, Fr) as E (Z1) = 1.

T
Since (Z;)i<7 is a martingale up to time 7', so that % . Zyforallt <T.

If (Z4)>0 is a positive martingale with Zy = 1, then there is a probability
measure Q on (0, Fao), where Foo = o{F; : t > 0}, such that < =z,

dP 5
for all t > 0.
We are now in a position to prove Girsanov’s theorem.

Theorem 5.6.12 (Girsanov’s theorem) Let (My)i>0 be a continuous local
martingale on (2, F, Fy, P) up to time T. Then

t
1
X :Mt—/ 7d<M,Z>s
0 S

is a continuous local martingale on (0, F,Fy, Q) up to time T.
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Proof. Using the localization technique, we may assume that M, Z,1/Z
are all bounded. In this case M and Z are bounded martingales. We want
to prove that X is a martingale under the probability Q:

EQ{X,|F,} =X, forall s<t<T,
that is
E?{14(X;— X))} =0 forall s<t<T,AcF..
By definition
E9 {14 (Xi — X,)} = BV {(Z:X; — Z:X,)1a}

thus we only need to show that (Z;X;) is a martingale up to time 7" under
the probability measure P. By use of the integration by parts formula of
Corollary 5.5.1, we have

t t
Zi Xy = Z()Xo—i-/ ZSdXs—i-/ XsdZs+(Z, X )+
0 0

t 1
= ZvXo +/ Zs (dMS - 7d<M, Z>s>
0

s

t
+/ XdZs +(Z, X ),
0
t t
= ZoXo—i-/ ZSdMS—i-/ XdZs
0 0

which is a local martingale as M and Z are P-martingales. m
Since Z; > 0 is a positive martingale up to time 7', we may apply the
It6 formula to log Z;, to obtain

b1 b1
loth—logZ():/ dZS—/ —d(Z)s,
0 Zs 0 252 < >

that iS, Zt = g(N)t with
t
1
Ni = / —dZ
t 0 Zs s
is a continuous local martingale. Hence Z; = E£(N); solves the It6 integral
equation

t
7, = 1+/ Z4dN,
0
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and therefore

(M, Z); = </Ot dMS,/Ot ZsdN,) = /Ot Zod(N, M)s,.

It follows from this that

¢
1
| gat.2), = ).
0 S

Corollary 5.6.13 Let N; be a continuous local martingale on (Q, F, Fy, P),
No = 0, such that its stochastic exponential E(N); is a continuous martin-
gale up to time T. Define a probability measure QQ on the measurable space
(Q2, Fr) by

dQ

— =&(N nt<T.

aP| . (N)y  for a <
If M = (Mi)e>0 is a continuous local martingale under the probability P,
then

Xy =M, — (N, M),

is a continuous, local martingale under Q up to time T'. (You should carefully
define the concept of a local martingale up to time T ).

In the next chapter we will give a version of this result for Brownian
motion.

5.7 The martingale representation theorem

The martingale representation theorem is a deep result about Brownian
motion. There is a natural version for multi-dimensional Brownian motion,
however, for simplicity, here we concentrate on one-dimensional Brownian
motion.

Let B = (B¢)i>0 be a standard Brownian motion in R on a complete
probability space (2, F, P), and (F)t>0 (together with F) = UF?) be
the filtration generated by the Brownian motion (B:)i>0. Let F; be the
completion, and Fo, = UF;. Note that (F;)¢>0 is continuous.

Theorem 5.7.1 Let M = (M;)i>0 be a square-integrable martingale on
(Q, F,F:, P). Then there is a stochastic process F' = (Fy)i>0 in Lo, such
that

t
Mt:E(MO)—l—/ F,dB, a.s.
0
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for any t > 0. In particular, any martingale with respect to the Brownian
filtration (Fi)i>0 has a continuous version.

The proof of this theorem relies on two lemmas. Let 1" > 0 be any fixed
time.

Lemma 5.7.2 The following collection of random variables on (2, Fr, P)
{QS(BM,' o aBtk) :Vk € Z+; 7fj € [OaT] and ¢ e Cgo(Rk)}
is dense in L?(2, Fr, P).

Proof. If X € L2(Q,Fr,P), then, by definition, there is an JF9-
measurable function (where by definition, F = o{B; : t < T'}) which equals
X almost surely. Therefore, without loss of generality, we may assume that
X € L*(Q, F2, P). Let D = QN[0, T] be the set of all rational numbers in the
interval [0, 7). Since D is dense in [0,T], we have that F9 = o{B; : t € D}.
Moreover D is countable, so that we may write D = {t1,--- ,t,,---}. Let
D,, = {t1,--- ,t,} for each n, and G, = o {By,,---, B, }. Then {G,} is
increasing, and G, 1 F2. Let X,, = E(X|G,). Then (X,)n>1 is a square-
integrable martingale, and by the martingale convergence theorem we have

X, — X almost surely.

Moreover X,, — X in L?. While, for each n, X,, is measurable with respect
to Gy, so that
Xn = fn(Bt17 e 7Btn)

for some Borel measurable function f, : R® — R. Since X,, € L?, we have
that f, € L*(R", u) where y is a Gaussian measure such that

BXi= | ful@)u(d)

Since C§°(R™) is dense in L*(R", ), for each n, there is a sequence {¢n}
in C§°(R™) such that ¢ — f,, in L2(R™, u). It follows that

¢nn(Bt17 o 7Btn) — X
in L?. m

If I C R is an interval, then we use L?(I) to denote the Hilbert space of
all functions h on I which are square-integrable.
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Lemma 5.7.3 Let T > 0. For any h € L*([0,T]), we define an associated
exponential martingale up to time T as

1

M(h); :exp{/oth(s)st — Z/Oth(s)2ds} ; telo,T). (5.24)

Then L =span{M (k)7 : h € L*([0,T))} is dense in L*(Q, Fr, P).

Proof. The conclusion will follow if we can prove the following: if
H € L*(Q, Fr, P) such that

/chdpzo forall ® €L,
Q

then H = 0.
For any 0 =tg <t1 <--- <t, =T and ¢; € R, consider a step function
h(t) =c¢; fort e (ti7tz’+1]- Then

M(h)r = exp {Z ¢i(Bi,, — Bi,) — ;Zc?(tm — ti)} .

)

Since [, H®AP =0 for any ® € L, so that

1
/ H exp {Z ci(Bt, — Bt,) — 5 ch(ti—&-l - ti)} dpP =0.
0 . -

)

The deterministic, positive term e~3 i (tit1=t) can be removed from the
integrand, and it follows therefore that

/ H exp {Zci(BtM - Bti)} dP = 0.
Q i

Since the ¢; are arbitrary constants,

/ Hexp {ZCiBtz} dP =0
Q i

for any ¢; and ¢; € [0,7]. Since the left-hand side is analytic in ¢;, the
equality remains true for any complex numbers ¢;. If ¢ € C§°(R"), then

1

B Jon O

¢(z) =
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where
N 1

NCOTEN S

is the Fourier transform of ¢. Hence

P(x)e "5 dg

1 5 .
/QHgé(BtU...,Btn)dP = (27r)”/2/n H/ngi)(z)exp zzsztj dzdP

j
1 A .
S
= 0.
Therefore, for any ¢ € C5°(R"),
/H¢(Bt17"' , B, )dP = 0. (5.25)
Q

By Lemma 5.7.2, the collection of all functions of the form ¢(By,, - , By,)
is dense in L?(2, Fr, P) , so that

/ HGAP =0 for any G € L*(Q, Fr, P).
Q

In particular, [, H*dP =0 so that H =0. m

Theorem 5.7.4 (It6’s representation theorem) Let € € L*(Q, Fr, P). Then
there is a process F' = (Fy)i>0 € La, such that

T
5=E<£>+/0 FydB,.

Proof. By Lemma 5.7.3 we only need to show this result for £ = X (h)p
(where h € L?([0,T])) defined by (5.24). As X (h); is an exponential mar-
tingale it must satisfy the following integral equation

Xy = 1+/OTX(h)td </0th(s)dBS>

T
— E(X(h)r)+ /0 X(h)h(t)dB,.

Therefore taking F; = X (h):h(t) gives the representation. m
The martingale representation theorem now follows easily from the mar-
tingale property and It0’s representation theorem.



96

CHAPTER 5. ITO CALCULUS



Chapter 6

Stochastic differential
equations

The main goal of this chapter is to establish the basic existence and unique-
ness theory for a class of stochastic differential equations which are impor-
tant in applications.

6.1 Introduction

Stochastic differential equations (SDE) are ordinary differential equations
perturbed by noise. We will consider a simple class of noises modelled by
Brownian motion. Thus we consider the following type of equation

dX} =" f(t, X)dB] + f3(t, X;)dt , j=1,--- N (6.1)
=1

where By = (B}, -+, Bl")¢>0 is a standard Brownian motion in R” on a
filtered probability space (Q, F, F, P), and

£ 170, 400) x RY — RV

are Borel measurable functions. Of course, the differential equation (6.1)
should be interpreted as an integral equation using It6’s integration theory.
More precisely, an adapted, continuous, RV -valued stochastic process X; =
(X}, -, XV) is a solution of (6.1), if

. . n t t
X=X+ Y [ e xgaBt+ [ s (6.2)
k=1

97
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for j =1,---,N. Since we are concerned only with the distribution deter-
mined by the solution (X;);>¢ of (6.1), we therefore expect that any solution
of the SDE (6.1) should have the same distribution for any Brownian motion
B = (B¢)t>0. Thus we are led to different concepts of existence and unique-
ness of solutions: strong solutions and weak solutions, pathwise uniqueness
and uniqueness in law.

Definition 6.1.1 1) An adapted, continuous, RN -valued stochastic process
X = (X¢)z0 on (U F,Ft, P) is a (weak) solution of (6.1), if there is a
Brownian motion W = (Wy)i>0 in R™, adapted to the filtration (F:), such
that

. . n t t
Xi—Xé:Z/O fl](s,XS)dW,er/O F(s,X)ds, j=1,--- N.
=1

In this case we also call the pair (X, W) a (weak) solution of (6.1).

2) Given a standard Brownian motion B = (Bt)i>o in R™ on (Q, F, P)
with its natural filtration (Fi)i>0, an adapted, continuous stochastic process
X = (X¢)e>0 on (Q,F,F, P) is a strong solution of (6.1), if

X{-xj=Y /0 Fi(s, X,)dB! + /0 £ (s, X)ds.
=1

We also have different concepts of uniqueness.
Definition 6.1.2 Consider the SDE (6.1).

1. We say that pathwise uniqueness holds for (6.1), if whenever (X, B)
and (X, B) are two solutions defined on the same filtered space and
with the same Brownian motion B, and Xg = X, then X = X.

2. It is said that uniqueness in law holds for (6.1), if (X, B) and (X, B)
are two solutions (with possibly different Brownian motions B and
E, which may even be defined on different probability spaces), and
Xo and )N(O possess the same distribution, then X and X have same
distribution.

We quote an important result connecting these different notions.

Theorem 6.1.3 (Yamada-Watanabe) Ezistence of weak solutions which are
pathwise unique implies the existence of strong solutions as well as unique-
ness in law.
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The following is a simple example of an SDE which has no strong solu-
tion, but possesses weak solutions and uniqueness in law holds.

Example 6.1.4 (H. Tanaka) Consider the 1-dimensional stochastic differ-
ential equation:

t
X = / sgn(Xs)dBs 0<t<
0

where sgn(x) =1 if £ > 0, and equals —1 for negative value of x.

1. Uniqueness in law holds, since X is a standard Brownian motion by
applying Lévy’s characterization of BM.

2. If (X, B) is a weak solution, then symmetry shows that (—X, B) is
also a weak solution.

3. There is a weak solution. Let W; be a one-dimensional Brownian
motion, and let B; = fgsgn(Ws)dWs. Then B is a one-dimensional
Brownian motion, and

t
T g
0

so that (W, B) is a weak solution.
4. Pathwise uniqueness does not hold by 2.

5. There is no strong solution.

6.2 Several examples

6.2.1 Linear-Gaussian diffusions

Linear stochastic differential equations can be solved explicitly. Consider

n N
dX} = oldBi+ ) B X[dt (6.3)
i=1 k=1
(j=1,---,N), where B is a Brownian motion in R", o = (O'Z) a constant

N x n matrix, and 8 = (Bi) a constant N x N matrix. (6.3) may be written
as
dX; = odBy + X dt.
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Let
Bt _ o
B Z kl’B
k=0
be the exponential of the square matrix 5. Using It6’s formula, we have

t ¢
e PtX, — X, = / e P dX, / e P BXds
0 0

t
— / e P (dX, — X yds)
0

¢
= / e P odB;
0

t
X; = Pt X, +/ Pt=5)dB,.
0

In particular, if Xy = z, then X, has a normal distribution with mean e’*x.
For example, if n = N = 1, then

o2
X; ~ N(ePlz, 5 (e%t — 1))

so that

It can be shown that (X;) is a diffusion process, and thus its distribution can
be described by its probability transition function P;(x,dz). By definition

(Pf)(z) = / f(2) Py, dz)
= f(Xe)| Xo =2),
thus
(Pf)x) = (Xt>|Xo—z>

o[ |z — eBta|?
/f ,—62&_1)6 p< 522(62,&_1))612'
= /f br + (ewt—l) )\/12?exp <_]z2]2> dz

= Ef(Ma+y5 7 (et 1)¢)

where ¢ has the standard normal distribution N(0,1). From the second line
of the above formula, by comparison with the definition of P;(x,dz), we can
conclude that

Py(z,dz) = p(t,x, z)dz
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with

1 ( |z — ePtx|? )
p(t,x, z) = exp | ——5——7— | .
)

2
2 (21 2 (2 1)
p(t, z, z) is called the transition density of the diffusion process (X;):>0. The
above formula, has a probabilistic representation
Bt o’
(Fuf) (@) = Bf (7w +4[ 5 (€27 = 1)¢)

which is useful in some computations.

Remark 6.2.1 It is easy to see from the above representation that

%(ptf):eﬁtpt <dcfgf)

The distribution of (X}) is determined by the transition density p(t, z, z).
Indeed, for any 0 < ¢; < --- < tg, the joint distribution of (X3,,---, Xy, ) is
Gaussian, and its pdf is

p(ti, x, z1)p(ta — t1, 21, 22) - - Pt — th—1, Zk—1, 2k)-

If B= (B}, -+, B!):>0 is a Brownian motion in R", then the solution
X; of the SDE:
dX; =dB; — (AXy) dt

is called the Ornstein-Uhlenbeck process, where A > 0 is a d X d matrix
called the drift matrix. Hence we have

t
X, =e Xy + / e~ (t=94gp. .
0

Exercise 6.2.2 If Xg = x € R", compute E f(X;), where X, is the Ornstein-
Uhlenbeck process with drift matriz A.

6.2.2 Geometric Brownian motion

The Black-Scholes model of Mathematical Finance satisfies the stochastic
differential equation
dSt = St (/,Ldt + O'dBt) . (64)

By construction the solution to (6.4) is the stochastic exponential of

t t
/ pds + / odBs.
0 0
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t t
St:Soexp(/ adBS—i—/ (,u—102)d>.
0 0 2

In the case o and p are constants, then

1
St = SO exXp <(TBt + <u — 20'2> t>

which is called geometric Brownian motion. If So = x > 0, then S; remains
positive, and

Hence

1
log St =logx + o B; + (u — 2a2> t

has a normal distribution with mean logx + (,u 20 )t and variance o?.

Again, as a solution to the stochastic differential equation (6.4), (S¢)i>0 is
a diffusion process, its distribution is determined by its transition function
Pi(x,dz) (unfortunately we have to use the same notation as in the last
sub-section), and according to the definition

/R F) P dz) = E(F(X0)|Xo =)
= (f(:z: o Bit(n- 2)t)>
— /f az+ uffo )) 1 e_QZTftdZ

1 1 _;(llogg_(&_lg)f
f— —_— s (o8 x [eg d
| 1w me o)) ay

where we assume that ¢ > 0 and have made the change of variables

meaz—&-(u—%az)t —y.

As usual, we define (P, f)(z) = [ f(2)Pi(x,dz). By the third line of the
previous formula

(Pf)(z) = /f($eaz+(u—§g2)t) 1 .
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(we have made a change of variable z = sqrtty), where £ ~ N(0,1). Com-
paring with the definition of P;(z,dy) we have

and, therefore, for geometric Brownian motion

() = [ iy e gy

for any = > 0.

6.2.3 The Cameron-Martin formula

Consider a simple stochastic differential equation
dX; = dB; + b(t, Xt)dt (65)

where b(t, x) is a bounded, Borel measurable function on [0, +00) x R. We
may solve (6.5) by the technique of change of probability measure.

Let (W)i>0 be a standard Brownian motion on (€2, F, F;, P), and define
a probability measure @ on (2, F) by

Q

1P =E&(N); forall t>0

Fi

where Ny = fg b(s, W)dWy is a martingale (under the probability measure
P), with (N); = fg b(s, Ws)?ds, which is bounded on any finite interval.
Hence

E(N); = exp (/Ot b(s, Ws)dWs — ;/Ot b(s, WS)2d3>

is a martingale. According to Girsanov’s theorem

BtEWt—WO—<VV,N>t
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is a martingale under the probability measure @), and (B); = (W); = t.
By Lévy’s martingale characterization of Brownian motion, (Bi)i>o is a
Brownian motion. Moreover

v = ([ [Cswiaw)

t
= / b(s, Ws)ds
0

and therefore .
Wy — Wy — / b(s, Ws)ds = By
0

is a standard Brownian motion on (2, F, Q). Thus
t
Wy = Wo+ By + / b(s, W,)ds (6.6)
0

so that (Wy)i>0 on (€2, Foo, @) is a solution of (6.5). The solution we have
just constructed is a weak solution of SDE (6.5).

Theorem 6.2.3 (Cameron-Martin formula) Let b(t,z) = (b'(t,x),--- ,b"(t,x))
be bounded, Borel measurable functions on [0, +00)xR™. Let Wy = (W1, ... [ W)

be a standard Brownian motion on a filtered probability space (Q, F, F, P),
and let Foo = o{F,t > 0}. Define a probability measure Q on (2, Fso) by

Q1 _ s, v s WadBE =L S, [P e e g s )
dP| . =

Then (Wy)i>0 under the probability measure @Q is a solution to
dX] = dB] + v/ (t, X;)dt (6.7)

for some Brownian motion (Bf,---, Bi)i>0 under the probability measure

Q.

On the other hand, if (X¢) is a solution of SDE (6.7) on some probability
space (9, F, Fi, P) and we define P by

n t 1 n t
:exp{—Z/ be(s, X,)dBE — 22/ }bk(s,Xs)
k=170 k=170

we may show that (X;);>p under the probability measure P is a Brown-
ian motion. Therefore the solution to the SDE (6.7) is unique in law: all
solutions have the same distribution.

dP

dP

2
ds} for t>0

Fi
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6.3 Existence and uniqueness

In this section we present a fundamental result on the existence and unique-
ness of strong solutions.

6.3.1 Strong solutions: existence and uniqueness

By definition, any strong solution is a weak solution. We next prove a basic
existence and uniqueness theorem for a stochastic differential equation under
a global Lipschitz condition. Our proof will rely on two inequalities: The
Gronwall inequality and Doob’s LP-inequality (Theorem 3.2.5).

Lemma 6.3.1 (The Gronwall inequality) If a non-negative function g sat-
isfies the integral equation

t
g(t) < h(t) + a/ g(s)ds, 0<t<T
0
where « is a constant and h : [0,T] — R is an integrable function, then

t
g(t) < h(t) + a/ =p(s)yds,  0<t<T.
0

Proof. Let F(t) = f(fg(s)ds. Then F(0) = 0 and
F'(t) < h(t) + aF(t)

so that
(et F(t)) < e°h(t).

Integrating the differential inequality we obtain

t t
/(eo‘sF(s))/dsg/ e “h(s)ds
0 0
and therefore .
F(t) < / =) p(s)ds
0

which yields Gronwall’s inequality. m
Consider the following stochastic differential equation

dXj =" fl(t, Xy)dBl + f(t, Xy)dt ; j=1,--- N (6.8)
=1
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where f,g (t,x) are Borel measurable functions on Ry xR™, which are bounded
on any compact subset in RY. We are going to show the existence and
uniqueness of strong solutions by Picard iteration. The main ingredient in
the proof is a special case of Doob’s LP- inequality: if (M;):>0 is a square-
integrable, continuous martingale with My = 0, then for any ¢ > 0

E {sup |MS\2} <4sup E (|M;|*) = 4E(M),. (6.9)
s<t s<t

Lemma 6.3.2 Let (Bt)i>o be a standard BM in R on (Q, F, F, P), and
(Z)i=0 and (Zi)i>0 be two continuous, adapted processes. Let f(t,z) be a
Lipschitz function

for some constant C'.

1. Let
t t R
MtZ/ f(s,Zs)st—/ f(s,Zs)dBs ¥t > 0.
0 0
Then
¢ -2
E sup | Mj|? §4C2/ E\Zs— Z| ds
s<t 0
for allt > 0.
2. If
t t B
Ntz/ f(s,Zs)ds—/ f(s,Zs)ds  ¥t>0
0 0
then
¢ ~ 2
Esup | N,|? SCQt/ E\Zs—Zs| ds vt > 0.
s<t 0

Proof. To prove the first statement, we notice that

2

sup | M,|? = sup
s<t s<t

| (12 = 5w 2) as,
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so that, by Doob’s L?-inequality

2

Esup|M,* = Esup
s<t s<t

| (#6620 = 1. 2) a.

| (0.2 = . 2.)) aB,

2

IN

4F

2
ds

— 4E /Ot ’f(s, Zy) — f(s,Zs)

t
§4C2/E
0

Next we prove the second claim. Indeed

~ 2
Js— Zg| ds.

2

sup ]NS\2 = sup
s<t s<t

< ([ |20~ s5.2

| (.2 = e 2,)) au

2
ds)
2

ds

< o[ .20 - 165,20

t
< C%/
0

where the second inequality follows from the Schwartz inequality. m

L2
Zs— Zg| ds

Theorem 6.3.3 Consider SDE (6.8). Suppose that fZ] fori=1...,nj=
1,..., N satisfy the Lipschitz condition:

F ()= f(ty)| < Cla ) (6.10)

and the linear-growth condition:

F ()| < €1 +1al) (6.11)

fort € RY and z,y € RY. Then for any n € L*(Q, Fy, P) and a standard
Brownian motion By = (B}) in R", there is a unique strong solution (X;) of
(6.8) with Xo = 1.

Proof. For simplicity, let us prove a special case of this important
theorem: the existence and uniqueness of solutions for the one-dimensional
stochastic differential equation

dXt - f(tu Xt)dBt ) XO =1,
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and leave the details of the proof for the general case as an exercise. As
in the case of ODEs, we construct an approximation solution via Picard
iteration. Let
Yo(t) =n
and set .
Vs =+ [ f(s. V(0B

forn=0,1,2,---. We are going to show that, for every T" > 0, the sequence
{Y,.(t)} converges to a solution Y (¢) uniformly on [0, 7] almost surely. Note
that every Y, is a continuous square-integrable martingale. Indeed

AN

s 2
E sup [Yi(s)— Yo(s)? < E sup ( / !f(T,n)!dBr>
0<s<t 0<s<t 0

IN

¢

4E/ f(r,n)%ds
0

8tC (14 En?)

A

and, for any ¢t < T,

2

Esup |[Yoq1(s) — Ya(s))? = Esup
s<t s<t

< 4B /0 (F(5, Ya(s)) — (5, Yo (s)))* ds

/0 T Yalr) = F(r, Yo (r)) dB,

where the second inequality follows from Kolmogorov’s inequality. As f is
Lipschitz continuous, we have that

t
/0 (F(5, Ya(5)) — £(s, Y (s)))* ds

IN

t
C’2/0 [Y(s) —Yn,l(s)Ist

< CQt sup |Yn(t) - Ynfl(t)|2 :

- s<t
Combining this with the previous inequality, we obtain

Esup [Yni1(s) — Yo(s)]? < 4C%E sup |V (t) — Yo 1(t)?
s<t s<t

for any t < T, and therefore

Esup [Yus1(s) — Ya(s)|® <~ Esup |Yi(t) - Yo(t)|
s<t n: s<t
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for all t <T'. In particular

, _ (ac2)

Esup|Y,4+1(t) — Y, (¢)] oy

Esup |Yi(t) — Yo(t)|?

s<T s<T
so that
ad < (ac)" T
S BswpVara) - a0 < 3 Y i) - v
n=o =T n=0 ) s<T

< 0.
Hence {Y,, : n > 1} is a Cauchy sequence in M2, so that
Y, (t) - X; uniformly on [0,7], P-a.s.
It is easy to see that (X;) is a strong solution of the stochastic differential
equation.

Next we prove the uniqueness. Let Y and Z be two solutions with the
same Brownian motion B. Then

t
Y, n+/ f(s,Y3)dB,
0

and

t
Zy=m +/ f(s, Zs)dBs.
0
Then, as in the proof of the existence,
t
E(lY;—Z) < 402/ E|Y, — Z|*ds
0
The Gronwall inequality implies thus that
E(Y: - Z)*) =0,
giving the uniqueness. m

Remark 6.3.4 The sequence of iterations Y, constructed in the proof of
Theorem 6.3.3 is a function of the Brownian motion B, and Y, (¢) only
depends on n and B, 0 < s < t.
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6.3.2 Continuity in the initial conditions

Theorem 6.3.5 We make the same assumptions as in Theorem 6.3.3. Given
a BM B = (Bt)t>0 inR"™ on (Q, F, Fi, P), let (X*(t))i>0 be the unique strong
solution of (6.8). Then x — X7* is uniformly continuous almost surely on
any finite interval [0,T):

lim sup E<{ sup |XT(t) — XY(t)]* » = 0. (6.12)
00 |z —y|<s 0<t<T

Proof. We only consider the 1-dimensional case. Thus
t ¢
XT(t) = 2 +/ Fu(s, X7 (5))dB, +/ fols, X7(s))ds
0 0

and

XV(t) = y + /0 fu(s, X¥(s))dB, + /0 fols, X¥(s))ds.

Therefore, by Doob’s maximal inequality,

E{ sup [ X7(¢) - X%)P} < 3z — y|?
0<t<T

t 2
/0 (f1(5, X7 (3)) — fa(s, X¥(s)))dBs }
]

T
3lz — yl* + 128 {‘/0 (f1(s, X*(s)) = fi(s, X¥(s))) dBs

+3FE { sup
0<t<T

—|—3E{ sup /O(fo(s,X”(s)) — fo(s, XY(s)))ds

0<t<T

IN

)

ware{ [ ol (s)) - B0 (6P s}

IN

T
3l — yP + 12E{ | 1t x ) - fl(sty(S))IQdS}

+3TC%E {/OT | X%(s) — XY(s)|? ds}

IA

T
3lr —y|? +3C*(4+1T) / E(IX*(t) — XY(t)]?) dt.
0
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Setting
A(t) = E{ sup [X%(s) —Xy<s>\2},

0<s<t

then we have
T
A(T) < 3|z —y> +3C%(4 4+ 1) / A(t)dt
0

and therefore by Gronwall’s inequality
A(T) < 6]z — y|* exp(12C? + 3TC?)

which yields (6.12). m

6.4 Martingales and weak solutions

For simplicity, let us consider the following one-dimensional, homogenous
SDE
dX; = O'(Xt)dBt + b(Xt)dt (613)

where 0 € C*°(R) is a positive smooth function with at most linear growth,
and b € C*°(R) has at most linear growth. Let X = (X;)>¢ be the strong
solution with initial value Xy on a filtered probability space (€2, F, F, P).
If f € CZ(RM,R), then by It6’s formula

=5 = [ peoax.eg [ reca,
_ /O F/(X,) (0(X,)dBs + b(X,)ds)
+;/0 f(Xs)o?(Xs)ds

t t 1
— /U(Xs)f’(Xs)st+/ {202f”+bf’}(Xs)ds.
0 0

Let us introduce
L-1 ( )Q—d2 + b( )—d (6.14)
=20\ g2 Yz '

which is an elliptic differential operator of second-order. Then the previous
formula may be written as

t t
F(X0) — f(Xo) = /0 o(X)f (X.)dB, + /0 (Lf)(X.)ds.
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If we set

MY = £(X,) — F(Xo) - /0 (LF)(X,)dBs,

then
t
Mtf:/ o(X,) f (Xs)dBs
0

is a continuous local martingale on (2, F, F;, P), and
t

ol ), = [
0

Lemma 6.4.1 If (X:)¢>0 is a strong solution to the SDE (6.13) on (0, F, F;, P)
(with a given Brownian motion) then for any f € CZ(R)

M = F(X,) — f(Xo) — /0 (Lf)(X.)ds

1s a continuous local martingale under the probability measure P, where L

is defined by (6.14).

2
dd? = 1A), then

N[

For example, if 0 = 1 and b = 0 (in this case L =
(Bt)¢>0 itself is a strong solution to

dX; = dBy
so that
f I
M = f(B) — £(Bo) ~ 5 [ (An(B)as

is a martingale under P. On the other hand, Lévy’s martingale characteri-
zation shows that the previous property, that

1

(B0 = (o) = 5 [ (AP(Ba)as

is a martingale, which in particular implies that Xg and Xg Xi— it are
martingales, completely characterizes Brownian motion. Therefore we may
hope that the martingale property of all the M7 should completely determine
the distribution of a solution (X¢);>0 to the SDE (6.13), and hence show the
existence of a weak solution to (6.13). Thus we give
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Definition 6.4.2 Let L be a linear operator on C*°(R). Let (Xi)t>0 be) a
stochastic process on a filtered space (2, F, Fi, P). Then we say that (X;)i>0
together with the probability P is a solution to the L-martingale problem, if

for every f € C;°(R)

t
Mf = 7060 - £0%0) = [ L )ds

0

s a local martingale under the probability P.

Therefore a strong solution (X¢);>0 of SDE (6.13) on (2, F, P) is a so-
lution to the L-martingale problem, where L is given by (6.14):

t
Mf = )~ £(X0) = [ LFCX)ds
0
is a martingale under P. Moreover, since

L(fg) — f(Lg) —g(Lf) =of'

we thus have

(M, M9), = /0 {L(fg) — f (Lg) — g (LF)} (X)ds.

Conversely, we can show that any solution to the L-martingale problem
is a weak solution to SDE.

Theorem 6.4.3 Let b, o be Borel measurable functions on R which are
bounded on any compact subset, and with o > 0. Let
1 d? d
L=- 2 4 b(z)—.
20(3:) dz? + (:E)dx
If (Xt)i>0 on (Q,F,P) is a continuous process solving the L-martingale
problem: for any f € CZ(R)

MY = F(X,) — F(Xo) - /O LF(X.)ds

is a continuous local martingale, then (Xt)i>0 on (2, F, P) is a weak solution

to the SDE
dX; = O'(Xt)dBt + b(Xt)dt (615)
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We give an outline of the proof. To show (X;):>0 on (2, F, P) is a weak
solution, we need to construct a Brownian motion B = (B)¢>0o such that

t t
Xt—XoJr/ a(XS)dBS—i—/ b(X)ds. (6.16)
0 0

The key to the proof is to compute (X);, and the result is

<Mf,M9> /Ot(L(fg) — fLg — gLf)(Xs)ds

[t 20fdyg
_ /0(02837%) (X,)ds.

In particular, if we choose f(z) = = the coordinate function (and write in
this case M/ as M), then

t

an, = [ ((x)as

so that

t
B :/ ———d M,
! 0 U(XS)

is a Brownian motion (by Lévy’s martingale characterization for Brownian
motion). It is then obvious that (X, B;) satisfies the stochastic integral
equation (6.16), so that (X;);>0 is a weak solution to (6.15).

For the one-dimensional case more precise results are available due to
Engelbert and Schmidt, see for instance Kallenberg.



