
QFT PS1 solutions

1 a)
Hamilton’s equations are

q̇ = {q,H}, ṗ = {p,H}.

A co-ordinate transformation

p = p′ + P (p′, q′), q = q′ +Q(p′, q′),

is then canonical if

{f, g}pq = {f, g}p′q′ ,

where

{f, g}pq ≡
∂f

∂q

∂g

∂p
− ∂f

∂p

∂g

∂q
.

The chain rule shows us that

{f, g}p′q′ =
(∂f
∂q

∂q

∂q′
+
∂f

∂p

∂p

∂q′

)(∂g
∂q

∂q

∂p′
+
∂g

∂p

∂p

∂p′

)
−
(∂f
∂q

∂q

∂p′
+
∂f

∂p

∂p

∂p′

)(∂g
∂q

∂q

∂q′
+
∂g

∂p

∂p

∂q′

)
= {f, g}pq · {q, p}q′p′ +

∂f

∂q

∂g

∂q
{q, q}q′p′ +

∂f

∂p

∂g

∂p
{p, p}q′p′ .

Canonical ⇐⇒ {q, p}q′p′ = 1, {q, q}q′p′ = {p, p}q′p′ = 0.
Demanding the first condition holds gives us the result:

{q, p}q′p′ =
(

1 +
∂Q

∂q′

)(
1 +

∂P

∂p′

)
− ∂Q

∂p′
∂P

∂q′

= 1 +
∂Q

∂q′
+
∂P

∂p′
+
∂Q

∂q′
∂P

∂p′
− ∂P

∂q′
∂Q

∂q′

!
= 1

b)
Consider the Jacobian

J =

( ∂q
∂q′

∂p
∂q′

∂q
∂p′

∂p
∂p′

)

=

(
1 + ∂Q

∂q′
∂P
∂q′

∂Q
∂p′ 1 + ∂P

∂p′

)
.

Under the corresponding transformation,

dp dq → dp′dq′ = det J · dp dq.

The canonical condition above implies det J = 1, so the phase space element is invariant.
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c) For p = p′, q = q′, we have P = Q = 0. So infinitesimally we have P = εα(q′, p′), Q = εβ(q′, p′)
with no O(ε0) piece. Plugging this into the canonical condition (a) gives us the result.

2 a)

∫ ∞
−∞

dx f(x) δ(kx)
y=kx

=


∫ ∞
−∞

dy

k
f(y/k) δ(y), k > 0∫ −∞

∞

dy

k
f(y/k) δ(y), k < 0

=

∫ ∞
−∞

dy

|k|
f(y/k) δ(y)

=
f(0)

|k|
=

∫ ∞
−∞

dx f(x)
δ(x)

|k|

b) ∫ ∞
−∞

dx f(x) δ(g(x)) =

∫ x0+ε

x0−ε
dx f(x) δ(g(x))

=

∫ x0+ε

x0−ε
dx f(x) δ

(
g′(x0)(x− x0) +O(ε2)

)
=

∫ ∞
−∞

dx f(x) δ
(
g′(x0)(x− x0)

)
=

∫ ∞
−∞

dx f(x)
δ(x− x0)

|g′(x0)|

assuming there is only one zero g(x0) = 0. We Taylor expand in the second line, and the last line follows
from a).

c)

lim
ε→0

∫ ∞
−∞

dx f(x)K
ε

x2 + ε2
= lim
ε→0

∫ ∞
−∞

dx f(x)K
ε

(x+ iε)(x− iε)

= lim
ε→0

∫ ∞
−∞

dx f(x)
iK

2
[

1

x+ iε
− 1

x− iε
]

Now we need to do a contour integral. Let’s assume f(z) is well-behaved and tends to zero in the upper-
half of the complex plane, so that we can close our contour there. The calculation for the other choice
is the same (with a minus sign).∫ ∞

−∞
dx f(x) [

1

x+ iε
− 1

x− iε
] = −

∮
dz

f(z)

z − iε
= −2πif(0)

=⇒ K =
1

π

Alternatively, the answer can be found with a change of variable x = ε tanu.
d)

lim
ε→0

∫ ∞
−∞

dx f(x) K̂
e−x

2/ε2

ε

y=x/ε
= K̂

∫ ∞
−∞

dy lim
ε→0

f(εy) e−y
2

= K̂

∫ ∞
−∞

dy f(0) e−y
2

= K̂
√
π f(0)

=⇒ K̂ =
1√
π
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3

[Mρσ]µν = ηρµδσν − ησµδρν

are the generators of the vector rep of the Lorentz group. For a boost along the z-axis of rapidity w
(γ ≡ coshw), we need

Λµν = exp
(
w[M03]µν

)

= exp

[
w


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0


]

= P exp

[
−w 0 0 0
0 0 0 0
0 0 0 0
0 0 0 w


]
P−1

=


coshw 0 0 sinhw

0 1 0 0
0 0 1 0

sinhw 0 0 coshw

 ,

where M03 is diagonalised by

P =


−1 0 0 1
0 1 0 0
0 0 1 0
1 0 0 1

 .

The Jacobian J associated with
pµ → p′µ = Λµν p

ν

gives

J =
∣∣∣∂p′µ
∂pν

∣∣∣
= |Λµν |
= cosh2 w − sinh2 w = 1,

so the volume elemnt is Lorentz invariant.
For a timelike/null particle, F (p) = δ(p2 −m2)θ(p0) is Lorentz invariant. Hence∫

d4pF (p) =

∫
dp0 d3p δ

(
(p0)2 − (m2 + p2)

)
θ(p0)

=

∫
d3p

2
√
m2 + p2

is also invariant by 2(b).

4

L =
1

2
m(q̇ 2

1 + q̇ 2
2 )− 1

2
mω2

0(q21 + q22).

a)

∂L

∂qi
= −mω2

0qi,
∂L

∂q̇i
= mq̇i

=⇒ q̈i = −ω2
0qi.

b)

L = mżż∗ −mω2
0zz
∗

δL

δz∗
= 0 =⇒ z̈ = −ω2z.
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c)

pz =
∂L

∂ż
= mż∗,

so using H + L = pz ż + pz∗ ż
∗, we find

H =
pzpz∗
2m

+mω2
0zz
∗

d)

H =
m

4
(p21 + p22) +

mω2
0

2
(q21 + q22),

and we have as usual

ai =

√
mω0

2
(qi +

i

mω0
pi)

=⇒ H = ω0(a†iai + 1)

= ω0(A†A+B†B + 1),

where A =
1√
2

(a1 + ia2), B =
1√
2

(a1 − ia2)

e) [ai, a
†
j ] = δij , followed by algebra.

5. a) The Dirac equation
(i/∂ −m)ψ = 0,

has plane wave solutions ψ ∝ exp[−i(Et− p · x)] satisfying

dψ0 ≡ (p ·α +mβ − E)ψ0 = 0

with

β =

(
0 I2
I2 0

)
, αi =

(
−σi 0

0 σi

)
.

We therefore need the determinant condition

det d = 0

for a non-invertible d to give non-trivial solutions.
We use that

det

(
A B
C D

)
= det (AD −BC)

if [C,D] = 0 to find

det d = det [−(σ · p + E)(σ · p− E)−m2]

= det [E2 −m2 − pipjσiσj ]

= det [E2 −m2 − pipj
2

({σi, σj}+ [σi, σj ]) ]

= det [E2 −m2 − p · p]

= (E2 −m2 − p · p)2,

where in the third line we have split the σ product into symmetric and antisymmetric parts, and the
next line follows as pipj is totally symmetric and {σi, σj} = 2δij . Using the determinant condition gives
the result.

b) The helicity operator is h = σ·p
|p| = σ3. Its two-component eigenspinors are(

1
0

)
,

(
0
1

)
,

with eigenvalues ±1, respectively.
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