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(Classical) Relativistic Point Particle
Xy

S -

- -mgfds .µ•
Xi

Treat as " Ot l - dimensional field theory
"

,
c local time parameter on world line . xMH : IRe -o IR world line fields

.

Seen =
- m!!%gmI¥¥ = - m w

induced rpm back ) metric on The

Euler - Lagrange equations→ trajectories aregeodesics .

Symmetries of the action . . .
- if

gµr= 2pm
(flat Minkowski metric) then spacetime Poincare invariance

XMcel→ hmux"red t b" for A E SO fl, d - t )
b e IR

moregenerally , spacetime isometry group is realized as
"

internal " symmetries on the worldline theory .

- I -din' l reparameterization invariance

e -o E Ce)

x
"to → IMEI -- eyed

this is because action is really a function of worldline as a subset of spacetime ; don't care about parameterization .

THIS IS A GAUGE SYMMETRY#REDUNDANCY OF DESCRIPTION .

This is a fine classical action
, and can be analyzed as usual . Not very appealing if one cent to quantize .



④

(Classical) Relativistic Point Particle
Introduce "

einbein
"

e : Re-s IR >o ,
a

"

square root of world line metric
"

,
with new action :

§ = Idle"gµ¥Id¥- em' ) de

Imposing equations of motion for e gives
e' =

-

tag,uv¥¥¥¥. Substitute back into J toget S , so classically equivalent.

Symmetries of § . . .

- spacetime Poincare/isometries (eel invariant)
- reparameterization of world line

I to E (e ) t to T - fled for } infinitesimal

xMto to INE) = xMt) x
"
to x

"
t 5

ere , to EE ) -- IE etc) e n exes + IIe

Can use re parameterization to gauge fix and set etc) = Ym
.

Freed = tzfrmg.u.IE :#-m) de
Equations of motiongivegeodesic equation

:
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,
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Now there is an additional constraint from the einbein equation of motion

gµr¥¥¥Et 1=0 (so 9¥ is 4-velocity; e is proper time) .

Alternatively , if m--o cangauge fire e -- I and recover geodesic equation plus null constraint

gµuI¥¥I -- O ( so null geodesic ) .
This would be a reasonable starting point for quantization (quadratic in time derivatives, etc) .

Could even imagine starting to add
interactions

, building up Feynman diagrams in a first - quantized setting .



(classical) Relativistic String

Analogue of first action

sea. - is..

"

I

ri

Introduce worldsheet parameters (r, e ) , treat as It l - dimensional fieldtheory with fields XMCc, r) : I
.

→ IR

S
, xmce.rs ] = -toooo'

= -TJVI' dear
I I

^[
Nambu- Goto action ) V-ht-gmvmwforspacetinevecto.rs

Euler-Lagrange equations → minimal area surfaces .

' interpreted asst tension ¥!÷ii÷;÷÷÷÷÷÷÷÷÷÷÷÷÷
.

" " """"" f
potential energy

- T- length

Symmetries of the Nambu -Goto action :

- spacetime Poincare isometries as internal symmetries on worldsheet

XM-c.ro to Mr Kfc, r ) t b "

- Z - din't reparameterization invariance (often referred to as diffeomorphism invariance)
(t, r ) → IF t.ro , Fie,of
X
"

to
, r ) → IMET) = XM-c.ir)

Again , reparameterizations are agauge symmetry
Once again , a fine classical theory (see problem sheet 1) . Not clear how to quantize .



(classical) Relativistic String
Analogue of second action f

Spira! #f-
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Polyakov Action P "

e
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As in point particle case, prove classical equivalence by solving E. O .
M

.
for coldsheet metric Vab .

Symmetries of the Polyakov action
- spacetime Poincare (V doesn't transform)

- worldsheet reparameterization s

tables ) → tables ) -- K . res ) f¥ff÷ Is .- road

- Weyl invariance (local scale transformations) . # worldvolume dimensions
(D= 2 for string )

Vab to e"
""

Tab special to 2 - dimensional worldvolume ; VIVI picks up factor of exp Wrs)
while Tab picks up e?

"'

Weyl transformations are now also a gauge symmetry , so D=2 has extra gauge invariance . This is , in a way ,
what is special about strings hrs . membranes, extended objects ofgreater dimension, etc. ) .

Should consider what power -counting renormalizable terms we could add to the action consistent with symmetries .

S " ' = X§
,

dads
"

cosmological constant
" term→ not Weyl invariant .

S = z÷fhTR"tr) dear "

Einstein - Hilbert term
"
→ total derivative in Zd , no effect locally .C. worldsheet Ricci scalar (Zd gravity is

"

trivial
")

A note on dimensional analysis : worldsheet & spacetime both have notion of length scaleknits .

Worldsheet : EMI -- O spacetime : EMI = - I

[ Ig I = I [ Ig I = O
y
'
will play role of kfr I = O EV I = O on the world sheet

ETI = o ETI = 2 I
[dearI = - Z [dearI = O '

,

Conventional to write T=¥a! , [at = - 2



Gauge Fixing the Polyakov String
Use reparameterization & Weylgauge invariances to simplify the action further

.

Reparam .

- ra
''
→ e' "
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z:!
.
.
.

.

"

conformalgauge
" f:÷÷÷÷÷?÷÷÷÷I÷:÷÷,}

too. )

Weyl : e
""Hab → rab "

unit
gauge

" to::: Y '}
Comments : room for some concern here ; can we do these gauge fixings globally as I or just locally ? For V

"

Lorentzian(semi - Riemannian,
things could get pretty messy .
The secret is that ultimately when theglobal structure of I is relevant, we will

" Wick rotate
"

to Euclidean signature on the
worldsheet. Here the story is cleaner (though still interesting ) . For now we press on .

The Polyakov action in conformalgauge simplifies dramatically

Sjjsa'T#I = Izfdedrfoex .ok toK - d

This is just the theory of D massless scalar fields in flat It l - dimensional space . (One with orang-sign kinetic term)
In addition

, supplement with constraints from equations of motion for worldsheet metric .

Tai
.

-

E 8¥. ÷ o
T i

-
e

-
- '
'

r
-

n e E.O .

M
.

I constraint
world-sheet
stress tensor

Tab = da X - d , X - I Tab V"daX - dd X in conformalgauge .

Tee =

'

z deX
- de X t tzdrx . dork

Ter -- oex . orX }V'Tai. -- Tor - Tae -- o ftiheiji: i

Too = tzd-X.de/ttzdrX.drX

So only two constraints to impose , with third satisfied identically due to Weyl symmetry .



Gauge Fixing the Nanbu- Goto String
Note forgood measure, can use reparameterizations to fix Nanbu - Goto action to conformalgauge as cell .

Induced metric hab = daX . dbX

Fix her = deX - doX = O

hee th or = O-cx.de/ltdrX.drX-- 0

Use constraints to rewrite action
a
= -TITI = -TJVbrx.o-cxf-roex.ozxvoox.co# dear

-5

#
= -TIVO - I foexoex -orx.ooxftzfdox.de/-OeXdeX)dedr
I

=

- Ifdedr f- deX.dex took .OH)
I

So subject to some constraints, recover some simple free field action .

(More on NG action on problem sheet 1)

Plan for next week : General classical solutions

Constraints

Residual gauge symmetry & conformal transformations
Quantization


