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This is an infinite collection of harmonic oscillators plus a standard Heisenberg pair (Ep ) of zero modes , with sign flips for µ -- O .
The Hilbert space can be constructed for the oscillators in the usual way
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Useful to introduce oscillator number operators : N = ¥12 -ride RT = ¥02 - te . In ,
which court oscillators in a way ,
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Oscillator States organized into
"

levels
" (N & RT- eigenvalues) . Focusing on open stringIon ly right-movers
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No states of negative level , obviously .
Treat zero modes as in non-relativistic quantum mechanics .
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use plane wave states Ik ) , KEIR
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Immediately , there are problematic states , like 2410 ; KY i wrong sign
!
gives negative norm States when put into wave packets .
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Good thing are still have to impose constraints !



Recall our Wittgenerators#onstraints
,given in terms of oscillators by freeall do = To = ¥ Hosed or lp ropen )) .
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There is a problem for Lo & Io : nontrivial operator ordering ! Take naive version :
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A more reasonable approach is to define the quantum Lo to be normal ordered, and keep in mind we made a choice that could require some correction.
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Commutator algebra of { Ln} 's needs to be checked , can receive quantum corrections ! Indeed direct computation (exercise on PS2) gives

ur
linear term can beshifted by
re-defining Lo up to a constant, but we've settled on our[Lm

,
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Virasoro algebra with central charge D
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This is a central extension of the Wilt algebra : O→ If→Vir→ Witt → O
.

More accurately , we have a rep' of Virasoro where I=D
.
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This central extension is a kind of anomaly ; in fact related to Weyl invariance . We will touch on this more later. Observe that the "global " stfu generated
by Lt, o & It

,
o are non -anomalous

.

Our next project is to impose our constraints in the quantum theory to identify "

physical states
"

in naive state -space. Here we see a big problem with the
Virasoro anomaly ! We naively want to impose

tfm Lm 147 = 0 for 147 E Nphys

But this leads to a contradiction immediately
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So we can't impose all of the constraints if we want toget a non - trivial Hilbert space of states for D # O .



We can try to get away with demanding less : T 4 l Lm I ¢ I O for 01,4 C- tlpnys . This we can do without killing all States.

DEI : a state 107 is physical if :
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Observe then that for 4,4etlphys , full Ln 1107=0 for m > o
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¥ closed string , require some of Tn 's for a state to be physical .)
Importantly , [ PM, Ln] = TMM, Ln] = 0 Hm

,
so spacetime Poincare preserves physicality . (Exercise ! ) Thus flphys a ill decompose

into ISO 11, D - 1) representations (hence " covariant" quantization) .

Returning to Lo constraints weget quantum versions of mass shell & level- matching conditions :
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It's useful to note (exercise) that [N, Lm I = - m Lm
,
so Lm shifts N- level by -m (similar for RT & I] . Thus

at level zero (Fock vacuum) are only need to check the Lo -conditions .

Open : 21142 = - a

closed : x 'M
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so we have an important physical dependence on the sign of a !
- a E O : massive ground state
n a = 0 : massless ground state

• a 70 ! tachyonic ground state



There was a problem Uncgafire - nom states (
"

ghosts
") at level - one of the open string before .

Do the constraints help? We'll work covariantly .

General level-one open -string state: S - L,
10 ; k> = : 15 ; KY (SEIR""
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Now we need to impose both Lo & Lt , physical state conditions .
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conditions for no, 2 satisfied automatically by level considerations .

Compare with norms of general States : f 5 ; k I s ' ; k 'd = To ; Kl (f.a.nl/5-a-.)lOjk ')

= To; k l S - S ' 10 ,- K
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,
and require 5%0 to avoidghosts .

So we need : J - K = 0 (transverse polarization)
5% 0 (polarization light - like or space- like) .

y
' KZ = a - l (so k is spacelike if a > I, lightlike if a -- I , time like if at l)

if k is spacelike, can choose transverse 5 time - like ⇒ ghosts ! So we require a E l at least
.

The threshold case is interesting (a -- l ) . Now k? O, so we have a massless state ai th a spacetime vector index . Additionally , there is now
a physical state with zero norm :

IK ; KJ = (K- 2-
, l l Oj K ) is
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longitudinally polarized
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, physical because k2=0 .

In fact
, Ik; Kd is orthogonal to all physical states
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So the longitudinal polarization decouples, leaving D-2 physical polarizations ( like the photon !)
Observe : L
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,
so our null state is created by the action of L - i . This is

a
"

pure gauge
" state

,
hence decoupling .
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However
,
for a-- I

, grand state is a tachyon! We will have to make peace with this .


