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Recap of open string unitarily : we saw that for as I or D > 26
,
there are negative - norm physical states in open- string spectrum .

a -- I , D= 26 is the
"

critical string
"

,
and there are found two infinite families of extra null States .

Comment : since we only imposed
'

z the Virasoro constraints by hand, it is natural to hope for the remaining Virasoro charges to give redundancies associated

to residual gauge transformations .
In the critical string it looks like this is indeed what is happening .

Regarding the subcritical case (DE25, a E D , one sees quickly that there can be no inconsistencies at the level of the free string spectrum (so no
ghosts) .

Consider critical string , look at States with

K = (Ko, K '

,
.
.
.

,
K24,5 ) for fired f EIR

Nas -- II. a HE = o

NI -- ,gin g.it = o )so no X
←
oscillators activated

.

or numberoperator at25-oscillators omitted.
These states obey 2

'K'= 2 ' Kaka t d ' 82 = I - N = I - Naza
(a--O, I, . . .,25

so L
' Kaka = ft- a ' 52) -N

,

which is identical to D=25 mass shell condition for a = I -L '5. This gives us on embedding of the
D€25

,
a I statespace in

the critical string state space, so no ghost theorem for critical string applies to sub - critical as a Corollary .



⑦
Now let's look at the loo- lying physical states of the closed string .

Ndosed =L' HR"" ) ④ Heo. It."

Physical state conditions : o f Lotto - 2a) 147=0 ⇒ d
'K'= 4a - 2 IN TAT)

° (Lo -to ) lol > = o ⇒ N -- HT
° t
- ti ,

Lta
,
EH

,
Etz annihilate 147

Level zero : I O j K ) w/ d 'K2 = 4 a = 4 in the critical string .

Level one : IA ; KY = Apu21, II, I Oikr w/a ' K2 = 4 a - 4=0 for critical string .

Can further decompose this level -one state in terms of space-time Lorentz representations : D-µv=Yµu, t bquu, t 67µV
T

symmetric traceless ant!-symmetric Trace part
Need to impose Lt , & It , conditions (and no further Virasoro constraints .

)
o L

+ ,
IV; KY = f- Vpnrk" I-Y l Oik) = 0 if K" Yuu = O { Yur polarization is

"transverse traceless "
o [

+ ,
It; K ) = I Yuu K" 21, 10 ; K) = 0 if Krynn = O

o L
+ ,
lb ; KY = ftp.vk"II, look) = 0 if K" blur -- O } bµ, polarization is transverse

, antisymmetric
o [

+ ,
lbj K ) = Iz btwKII 10; K ) = 0 if Krbµr= O

D Lt
,
14; KY = Iz f k - I

- ,
I Oi KY = 0 if K = O Junphysical requirement ! return to this soon .

" [
+ ,

I Pj K ) = Iz Y K - a
- ,

I 0; K ) = 0 if K = 0

As in open - string , there is some extragauge invariance associated to
null states

.

° L
- , (es µII, 10; KY) =L (Gu Ku II, a;) look) spurious if KE O , physical if K - B = O

° I
- , 15,27, I 0; Kd) = I fkµfv 21724 ) toik) spurious if It2=0 , physical if K - 5=0

two separate gauge invariances

Taking symmetric and anti -symmetric combinations, we havegauge invariances : 8µV → Hurt 5µkrt5rKµ CN
blur→ but fukr -SrKpi (Spr- Spit Kyu)

These two string States have an elegant space -time interpretation . The traceless -symmetric state acts like a graviton in traceless
, harmonic gauge

:

g ,urH= Yurt Yurko , Turk
)- Yurko t diner tore,uk )

in momentum space, Yuriko ~ Yurek) t k,u5r t Kr Jpn aith K- 5=0

The anti-symmetric state acts like a 2- form gauge field (
"

Kalb -Ramond field") .

blurred deluder = b
"'
n b "'t da" (a" - a" t de )

in momentum space , blur N bpnrrklt Kps -Kim with Spr-Tµtkµ¢

The scalar is a little subtle . Let us define a state

10g
,go

- K > = f. Ifs . a.TIE' - I
,
) t fit .a.) IT.I.) t la. . - I -d) looks

The Virasoro conditions gives
: Lt , I Pg,j j K> = If - f (T - K ) III - I

- i ) t k - I
-, I 1 Oik > = 0 if f - K =

-Ze

It , 1%5 K) -- E - { IT-KI MI - a. . ) t k - a
. .) to;k> = 0 if I - K -- -I

Superficially , we seem to have mixed a spacetime scalar with spacetime vectors .
However

,
letus consider dependence a choice of S e F :

16g
, g ik>

- Ifs :p; K) =p (4S - S ' ) - a
. . ) 1¥ - I

-if I Ojk ) & analogously for 5 us
.

I '
.

=p I
- , / IS - S ' ) - a

. . ) look >
f ( S - S ' ) - K -- S - K - S

'
- K -- O

,
so this state is null ! Up to gauge equivalence , state is a scalar (exercise ! )



An aside on the lightcone :

The fastest
way

to construct the PhD
"

u states of the quantized string is to furthergauge fire to lightcone gauge . This proceeds by defining XI,of =
'

,
and

using the residual gauge symmetry to set Xt-- xttpte ( no oscillators)
.

One can then solve the Virasoro constraints for X-
, and the result is that the physical state space is

constructed from
o D - 2 spacelike

' 'transverse " oscillators din : i -- s . . .

,
D -2 (and I in g. it, . .. .D - z for closed string ) . No negative norms !

° subject to a zero mode condition MZ -- I. (Mt- 1) ( M! I, (Ntt htt - 2 ) for closed string)
^

[ ''transverse" number operator Nt = ⇐ dig a a

It is very fast to
count states now : level - I open : Lilo ; K) it. . . ;D -z , i.e . , D - 2 States transforming as a vectorof SOLD - 2) .

This only makes sense if this is a massless state (for chieh littlegroup is Soo -z )) . Otherwise need an extra state to get a rep 1 of the massive - particle little group SO ID- t ) .

Thus a -- I for Lorentz - invariance A more detailed calculation (see typed notes or GSW) shows D=26 necessary as well .-
-

•

(D - 1) RD-2)
Example : level- 2 open string from homework) : did. . 10; K) & di lo; K ) give 2- HD - 2) =

Z ) States
.
But how to organize as

an SolD - l) representation ? Maybe not immediately obvious !

fDtIlfz = lDkz - l
p
[ subtract trace

symmetric 2 - index tensor } massive spin - 2(Under full SOG, D - t ) this is a traverse , traceless , symmetric 2-tensor) of SorD - il


