
Want to consider
"

S
'
-compactification

"

of the bosonic string

112
""

→ IR
""

x S 're
We can try to understand this a bit from two different perspectives

is spacetime EFT (
"

Kaluza- Klein reduction ")
The spacetime background is still flat, so our leading effective action seems like a good bet . However, if R- Ls , this feels a little
bit

wrong , since there is now an Ch) dimensionless ratio.

° Worldsheet CFT (XM-o Xi
,
x'IX't ZAR )

The worldsheet action will look the same as in flat 112 "
'

, but now there is some nontrivial topology in fieldspace .

Will have to
work out the consequences.

We 'll look at the EFT approach first .
A quick -and -dirty approach is to just assume all our massless fields are independent of X

"
and

reinterpret in ( It24) - dimensional terms (
"

dimensional reduction" ) .

25- d graviton gravi photon radion

Gurk)→ Gur kid :{ Gotxil.ci?rxil.G...iirxil3Bperlxl-oB,urfxi) : { Bijlkid , Bing ki ) )
Ed Kalb-Ramondfield Kalb- Ramondphoton

Ef x ) → Ifxi ) : I Iorxio }
3rd Dilator

To be more careful, we should write a
"

Kaluza- Klein Ansate " for our fields and rewrite the effective action as a 25-d action for the

new fields :

2TC-puck"di = Gijdxidxjt Gas.rs/dX25tAidXif , C-⇒s -- e

Blur DX"n DX" -- Bij dxindxi t I;Dkindx"

F-
us,

= E- E

A long calculation shows that onegets a reasonable action for a metric, KR-field, two UNgauge fields, and too scalars ( though there are interesting details) [Exercise ! ]
Ofcourse, there is more to life than zero -modes with respect to X

't
. Take dilator

,
for example :

ICH) = ¥7ein
" ol

n
ki ) (dm = 4¥)

At non - interacting level, II. Io = O → ÷=eii¥ /Iast Fz? ) ton (Xi ) = O → MIN --YI . These higher modes are the
"

Kaluza - Klein modes "
,
or

" KH modes "
.
We get a discrete, infinite towerof massive modes of this type for each massless field in D= 26. Oe can make an interesting

observation that under a reparameterization of the X"
-

direction :

x'→ X't Ski ) ⇒ Ai → Ai t dies } i. e. , Kk momentum is charge for the g-aviphoton -

⇒ Ion -s e 54N

On the other
, we don't get any excitations charged under the Url ) associated with the Kalb - Ramondphoton .

O ill see why in a moment.



As we've introduced a new scale Mun - ¥ ,
we should be skeptical of our EFT analysis for Munn Ms (R- I in string units) . Luckily, in this

case we can perform an exact analysis of the worldsheet CFT.

World sheet theory is as in IR
""

, but now X
"

an S
'
- valued field

.
This periodicity has a couple of effects .

~
spacetime translation by HR

p e*iRP' should act as identity
ZITIRpas 25

e l . . .
,
Kas) = {"

"R "
I . . .
,
K
.
=/ . . .

, Kas) iff Kas = Fz WmEE (as in EFTanalysis) .

o X
"

only needs to return to itself up to HR shifts around closed string.
X
" ft

,
rtt) = X

"

K
,
r) t 2tRw (w c-E) . Winding is a stringyeffect .

I
Phase space has disconnected components labelled by o .

X"Cr± ) = art ep
"
-

t ZoRr t iz I laid
"-

t I Ein' ) =X'EIN te oh
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This is mostly as in the previous case of IR
""

, but now 25=-1 Pr , I Epe : dot - IF = - 2120 & air + IE =

p
'

.
Our

compact - boson Hilbert (Foch) space now takes the form

Hampact
⇐

thiii '
.
It! span { IIE to;g. go}

determine zero-mode
actions

N
-

Virasoro constraints are as usual , with some reorganizing . o Lo = Ifa. . a. + (dis) ' ) t ⇐ 2-
n

. Ln t £5425
T T

24 H- dimensional inner product 24 H- dimensional inner product

is Lm = tz Edm - n
- an t I 'In a

T
24 H- dimensional inner product

TT - 2120

The main novelty is in the mass -shell and level - matching conditions. o Lo - I = P t t N - I = O → Mnf, = 15£ t 81N - l )
° To - I = PII t Eg th - I = O → Mai, = pit 8nF- t )

T
I t 2120

.

12

Reorganizing as usual : Mnf, = Eat 4122044 (Ntn-2 ) ( mass shell)

mu = N - RT (level-mismatching condition)

At u -0
,
this is compatible with our EFT intuition . But for Rui,

"

stringy
"

winding modes will be important.



Analysis of the light string spectrum on S ' :

Vij 2 I toj ki)-010, O ) ← 25cL Graviton

Bijl I to,- Ki 7--010,0 ) ← 25dB-field

(S . £
,
I ± 5 . I

- , dis) l ou- kid⑦ 10,0) c-
"

C-raviphoton
" and "extra photon

"

IF I 0 ; ki de lo, o ) c-
" Radion

"

Energy in winding & KK modes quantized in R- dependent units, so generically cannot
give

massless States
.

(however, special cases allow
it - see problem sheets) might come back to this .

However
,
there is an interesting new effect we can observe . The winding modes provide charged states

for the Kalb - Ramond photon !

I
l

l f
Kalb -Ramond photon f

"

winding Tachyon
"
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Can compute this vertex : A = To , - K, ; o, o l (S - d
+
Xd

-

X
"
- S . d.XO+ x

" ) e """ lo, K , ; o, of

= fo, - K , ; o , o l S . Io 25- S - doI't I 0, K . tkzj O, o )

= f . I Kitty ) To, - kg ; O, o 12F- IF I 0
, K.tk ; O, o ) = (212 w ) f - K

,
d (KitKat Ks)

This reproduces the vertex from a term AµOld
"¢ in the spacetime Lagrangian ⇒ circling number is KR -photon charge ! This is gratifying , strings ensure

no spacetime gauge symmetry goes to waste .

Coming back to our mass formula fold ' 's restored) : M
'
= II t t f. (Nth - 2 ) & N - RT -- mu

Consider the limiting cases for R :

° R → x
,
continuum of KK modes (w -- O, m any) (sign of 25th dimension )

° R-o O , continuum of winding modes ?! (m -- o, o any)

A hint is to observe a curious symmetry of the physical state spectrum .

o Meo w o Osc. to - Osc . for aE= YI - Ru)

o R i-0%2 0 cost to osT

Claim : this is an exact symmetry of the CFT. Continuum of circling modes is related to opening up of
dual circle !

"
"

T- duality



What is the invariant data of our theory ? o State space ta- ni lo , m, o )

° Virasoro operators Ln = I dm
-
nd n Lo = to t

.

a
-mom

(includes Hamiltonian H = Lot to ) In = I [ In - n
I
n

To = If t I
m

From this data we can re -construct the local field operator X ft, o) = act 22
'

Ep tzffz
'

I w r t i IETn fan e-"m+ I, e-Z"" )
=Xin

.

) t Xp fr) where we split the field as :

o

XL Atl = XL +22
'

Otp , ti FfEthan e-
Zina

n = -e

Krk. I = see +22't. pr t iF÷t ane
"""

Defining T±±= d±Xd±X ,
are recover the Ln & Im as Fourier modes

.

The zero modes here are defined as follows :

pi
-
- I Ipt E. w ) = I fptp ) w/ pl . . . ; m , ud -- El . . .im , o )

pp
-

- Elp - F. a ) = If p
-p ) ar pl . . . jm.us -- RE. I . . .im, w )

KL -- I (x t E ) of e I . . . ; m, w ) -S l . . . ; m ti, o ) [ p, x] = - i

i IR

Kk -- Ifk - I ) are I . . . ; m, o ) = I . . . ; m , at , > 45, E) = - i

Now with the exact same data
,
we define Fft, r) = X , her) - X, fer)

= I t 2x'tf t 22 'pr t i (E)
"

n

In f - an e-Zin-- + In e-
Zina }

= Et 2x't ft ZEEr ti (E) th { f- an) E"- t In e-Zina } where D= Ff , I =Rp acts as m
.

This is exactly the expression for a compact boson of radius E
-

- TR ! Writing T±±=dI±dE± = T±± ,
we see that some Ln's & Tn's will be

derived . An exact equivalence of string backgrounds !

①e have found that in the " stringy
"

regime R Te la-IK, there is a new, hidden geometry with T20 12 'M .

"

Strings see spacetime differently ! So
the most intrinsically stringy point should be R = IT = T2

,
the "

minimum length
" available if we permit changes in duality frame .

This is the "

self - dual radius ",
and there are interesting phenomena there (of.

.
PS4)

.


