
String Theory II: Assignment 1

(1) Super-Virasoro Algebra

Consider the algebra of oscillators for the RNS-string

[αµn, α
ν
m] = nηµνδn+m,0 , n,m ∈ Z

{bµr , bνs} = ηµνδr+s,0 , r, s ∈ Z + φ ,
(1)

where φ = 0, 1
2

for the R, NS-sector. Define the generators of the Super-Virasoro algebra
by the normal ordered expressions

Ln =
1

2

∑
m∈Z

: α−m · αm+n : +
∑
r∈Z+φ

(r + n/2) : b−rbn+r :

Gr =
∑
m∈Z

α−m · br+m ,
(2)

for n ∈ Z and r ∈ Z + φ. Determine the algebra that these operators generate, i.e.
compute [Lm, Ln], [Lm, Gr] and {Gr, Gr}.

(2) Supersymmetry of the RNS-String

Consider the superconformal gauge-fixed RNS-string action

S = SB + SF =
1

2π

∫
d2σ

(
2

α′
∂+X · ∂−X + i (ψ+ · ∂−ψ+ + ψ− · ∂+ψ−)

)
. (3)

Show that this action is invariant under the global supersymmetry transformations√
2

α′
δεX

µ = iε̄ψµ = i(ε+ψµ+ + ε−ψ−µ)

δεψ
µ
+ = −

√
2

α′
ε+∂+X

µ

δεψ
µ
− = −

√
2

α′
ε−∂−X

µ .

(4)

Note: In the notes from lectures 1 and 2 I added a summary page including conventions
for spinors in 2d.
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(3) Gauge Fixing the RNS-String [Bonus]

The fully covariant, supersymmetric RNS-string is coupled to a world-sheet metric hαβ

and gravitino superpartner χα (i.e. what would be called a 2d N = 1 supergravity
multiplet). Let eαa be the zweibein, satisfying

eaαe
α
b = δab , eαae

β
b hαβ = ηab . (5)

The action

Scov = Scov
B + Scov

F + Sχ =− 1

4πα′

∫
d2σ
√
−hhαβ∂αXµ∂βXµ + iψ̄µγα∂αψµ

− i

8π

∫
d2σ
√
−hχ̄αγβγαψµ

(√
2

α′
∂βXµ −

i

4
χ̄βψµ

) (6)

is then invariant under the following supersymmetry transformations√
2

α′
δεX

µ = iε̄ψµ

δεψ
µ =

1

2
γα

(√
2

α′
∂αX

µ − i

2
χ̄αψ

µ

)
ε

δεe
a
α =

i

2
ε̄γaχα

δεχα = 2∇aε ,

(7)

Weyl transformations

δΛX
µ = 0 , δΛeα = Λeaα , δψµ = −1

2
Λψµ , δΛχα =

1

2
Λχα , (8)

Super-Weyl transformations
δηχα = γαη (9)

with all others vanishing, 2d Lorentz transformations

δlX
µ = 0 , δlψ

µ = −1

2
lγψµ , δle

a
α = lεa be

b
α , δ−χα = −1

2
lγχα , (10)

where γ = γ0γ1 is the chirality operator, and finally reparametrizations

δξX
µ = −ξβ∂βXµ

δξψ
µ = −ξβ∂βψµ

δξe
a
α = −ξβ∂βeaα − eaβ∂αξβ

δξχα = −ξβ∂βχα − χβ∂αξβ .

(11)
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1. Use the bosonic symmetries (two worldsheet reparametrizations ξ, one Lorentz l
and one Weyl scaling Λ) to bring the zweibein into the form

eaα = δaα . (12)

This analysis is very much like in the bosonic string.

2. Use the two supersymmetries and two superconformal symmetries (ε± and η±) to
gauge fix the gravitino to

χα = 0 (13)

3. Using the equations of motion of e and χ evaluated in the gauged fixing (12) and
(13) show that the resulting equations are precisely the Super-Virasoro constraints

T±± = J± = 0 . (14)
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