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Exercises

1. The agent wishes to liquidate 91 shares between t and T" using MOs. The value

function is

T
H(t787Q>: sup ]Et,S,q |i/ (Su_kyu)yu du—i_@; (ST_CVQ;) )
t
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where k£ > 0 is the temporary market impact, v, is the speed of trading, a > 0

is the liquidation penalty, and dS; = o dW,.
(a) Show that the value function H satisfies
0 = —(0,H—-S5)—4kd,H —2ko*dssH .
(b) Make the ansatz
H(t,S,q) = ha(t) ¢* + ha(t) g + ho(t) +q S (1)

and show that the optimal liquidation rate is

o
t — L -
T—t+k

*Please notify of typos or mistakes on alvaro.cartea@maths.ox.ac.uk.
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(¢) Let @ — oo and discuss the intuition of the strategy.

2. This exercise is similar to that above but with a slightly different setup. The
agent wishes to liquidate 91 shares and her objective is to maximise expected
terminal wealth which is denoted by X% (in the exercise above we wrote terminal

wealth as ftT (Su — kvy) vy du). The value function is
H(tv Z, 57 q) = sup Et,r,&q [X;“ + Q; (ST —Q Qlil“)] ) (3)

where

ngj = (St —k I/t) 1% dt . (4)

(a) Show that the HJB satisfied by the value function H(¢, S, q,x) is

0= (0 + 30°0ss) H+sup{(—v 0, + (S —kv) vd,) H} , (5)
and the optimal liquidation rate in feedback form is
. OH—-S0.H
NS ko ©)

(b) To solve (5), use the terminal condition H(T,x,S,q) = z + ¢S — aq¢* to

propose the ansatz
H(t,S,x,q) =z +h(t)¢* + 48, (7)

where h(t) is a deterministic function of time. Show that

k
ht) = ———— 8
0= 717 Q
and «
e
A

3. Let the stock price dynamics satisfy
dS; = pdt + o dWy,

where o > 0, p is a constant and W} is a standard Brownian motion. The agent
wishes to liquidate 91 shares and her trades create a temporary adverse move

in prices so the price at which she transacts is
SV =8, —kuy,
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with k£ > 0 and the inventory satisfies
ng = — Ut dt y

where v; is the liquidation rate. Any outstanding inventory at time 7' is liqui-

dated at the midprice and picks up a penalty of o Q% where o > 0 is a constant.

The agent’s value function is

T
H(t, S, CD = Sup IEt,S,q |:/ (Su —k Vu) Vy du + Q; (ST - O‘Q;) : (9)
v t

(a) Show that the optimal liquidation rate in feedback form is

_9,H-S
2k

" (10)
(b) Use the ansatz H(t,S,q) = qS + h(t, S, q) to show that the optimal liqui-
dation rate is given by

Qv 1 (T—¢)+2§

= — (T -t .
G wh )(T—0+§

Comment on the magnitude of 1 and the sign of the liquidation rate.

(¢) Let @ — oo and show that the inventory along the optimal strategy is
given by
. N u
(Tt =+t .
4. Consider the framework developed in the market making lecture (see slides),
where the MM posts only at-the-touch, but assume that when an MO arrives,
and the agent is posted on the matching side of the LOB, her order is filled

with probability p < 1. Derive the DPE and compute the optimal strategy in
feedback form.

5. The agent wishes to maximise the profit from liquidating 91 shares. The agent
uses limit orders and/or market orders to trade in the market. The mid-price

process follows
dSt = CTth7 (]_1)



and ¢ is half of the spread (which we assume constant). When the agent sends
a MO for a unit quantity, she receives S; — £, whereas when she is posted on
the ask side with depth §; and an incoming order fills the liquidity offered by
the agent (which happens with probability e=%*) the agent receives S; +6;. Let
T = {1 :k=1,2,...} be an increasing sequence of stopping times when the

agent executes an MO.

We summarise the components of the optimisation problem we wish to solve:
e q:[0,7] — Ry is the target inventory or schedule the client has, where T is
the terminal time.

° )= (5t){0§t§T} is our control variable for the depth to post Limit Orders, i.e.
we post an LO of S; + d; at time ¢.

o M = (Mt){ogth} is the Poisson process with intensity A modelling the MOs
arriving to the market (this does not imply that the arriving MOs are going to
fill the agent’s LO, that, depends on the posted depth).

o N’ = (Nt‘s)
LOs.

e P(§) = e7"° is the probability of an arriving MO to fill the posted LO d-ticks

away from the mid price.

(0<i<T) is the controlled counting process for the number of filled

e 3 denotes the rebate amount the agent receives when her posted LO is filled.
e ¢ denotes the half-spread between the best-bid and best-ask price. We assume
this is constant throughout the trading day.
o M*™ = (M, ’T){ogth} is counting process for the MOs sent by the agent.
From this definition, it follows that M""" = > 1., <.
o X790 = (XZ' ’5> is agent’s cash process who is now affected by the
control process ¢ a%%g’gﬁe stopping times 7. This process satisfies the SDE
given by

AX7% = (S + B+ 6-) AN] + (S, — §) M

where we see that the change in the wealth process is described by the filled
LOs and posted MOs. On the right-hand side of the SDE, the first term is
the amount by which our cash process changes when an LO is filled, we note
that apart from the mid-price, we receive the depth at which we posted and a

rebate for providing liquidity to the market. The second term is representing



the executed MOs, where we see that instead of receiving more than the mid-
price, we have to pay for crossing the spread an amount of &.

e Q70 = ( :’5> is the inventory process, given by
{0<t<T}

TO— M — N) — MM

The agent wishes now find the optimal control § and stopping times 7 that

maximizes her performance criterion,

T

T T T T 2

V(t, @, s, q)z( sup Etzsq| X7 +Q7° Sp—0(QF")—¢ / Q70 —q(u))” dul
T,0)EALT t

(12)
with £(q) = q(§ + aq), representing the terminal penalty when liquidating
the remaining inventory!'. Furthermore, A is now the set for all F-predictable

depths and also the F-stopping times bounded by 7'

(a) Derive the corresponding DPE for the associated value function, and solve

for the optimal trading strategy in feedback form.

(b) Make a suitable ansatz to reduce the system to one of only two-dimensions.

INote that you lose the half-spread for the whole value of ¢ and also a final penalty as dictated
by a.



