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The steps of (each) mini project are for your guidance; if you wish to take an alternative
route to the desired goal, you are free to do so. But, if you follow the suggested route and
find yourself unable to carry out any particular step, you may simply assume it so that
you can continue with the mini project, but should make this assumption clear in your
presentation.

The aim of this project is to explore a different argument for establishing the existence
and uniqueness of Haar measure in a slightly different setting.

Suppose that pT, dq is a compact metric space with metric d. We write IsompT q for the
set of isometries of T , that is maps g : T Ñ T such that

dpx, yq “ dpgpxq, gpyqq for all x, y P T.

A (left) isometric action of a group G on T is a left group action of G on T such that for
each g P G the map T Ñ T ;x ÞÑ gpxq given by the action is an isometry. Such an action
induces an action on CpT q via gpfq :“ f ˝ g´1.

1. Verify that IsompT q is a group under composition and that the induced action on CpT q
really is an action.

We say that a linear map I : CpT q Ñ C is a G-Haar expectation if |Ipfq| ď }f}8 for
all f P CpT q;

Ipgpfqq “ Ipfq for all f P CpT q and g P G;

and Ip1T q “ 1, where 1T denotes the indicator function of T .
Our first aim is to show the following result.

Theorem (Existence of Haar expectations). Suppose that G is a group acting isometrically
on a compact metric space pT, dq. Then there is a G-Haar expectation on T .

To prove this we shall use a lovely result from combinatorics called Hall’s Marriage
Theorem. Suppose that G is a finite bipartite graph with vertex sets V and W and write
v „ w to mean that there is an edge between v and w, so that for S Ă V the set
ΓpSq :“ tw P W : v „ w for some v P Su is the set of neighbours of S.

Theorem (Hall’s Marriage Theorem). Suppose that G has |ΓpSq| ě |S| for all S Ă V .
Then there is an injective choice function ψ : V Ñ W such that v „ ψpvq.
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2. Prove Hall’s Marriage Theorem by induction on the number of edges in G (or otherwise).
In the metric space T and s P T we write

Bps, δq :“ tt P T : dps, tq ď δu and Ups, δq :“ tt P T : dps, tq ă δu.

We say that S Ă T is δ-covering if T Ă
Ť

sPS Bps, δq.

3. Suppose that δ ą 0, and S and T are δ-coverings of T , and S has minimum size
amongst all δ-coverings. Then there is a function ψ : S Ñ T such that dpψpsq, sq ă 2δ.

Since T is compact the open cover tUpt, 1{nq : t P T u has a finite sub-cover Cn, and
hence T has a finite 1{n-covering subset. It follows that there is a 1{n-covering subset of
T of minimum size; let Tn be such a set and let φn be the linear functional

CpT q Ñ C; f ÞÑ
1

|Tn|

ÿ

tPTn

fptq. (1.1)

We can apply the sequential Banach-Alaoglu theorem to the sequence pφnqn to get a sub-
sequence pφnj

qj and some φ : CpT q Ñ C with |φpfq| ď }f}8 and φnj
pfq Ñ φpfq for all

f P CpT q.

4. Show that φ is a G-Haar expectation.
With this we have established the existence of Haar expectations.
A δ-covering set is said to be minimal if it is δ-covering and no proper subset is δ-

covering. Obviously if a set is a δ-covering set of minimum size then it is minimal, but the
converse does not hold.

5. Give an example to show that if the sets Tn in (1.1) had been taken to be minimal
instead of minimum size then the resulting limit might not be a G-Haar expectation.

For the second part of this project we should like to show that the G-Haar expectations
constructed in the first part are unique in the sense of the following theorem.

Theorem (Uniqueness of G-Haar expectations). Suppose that T is a compact metric space,
G acts transitively and isometrically on T , and I and J are G-Haar expectations on T .
Then I “ J .

Given a compact metric space pT, dq we can define a metric on IsompT q by

d8pg, hq :“ suptdpgpxq, hpxqq : x P T u.

6. Show that IsompT q is a compact topological group under the topology induced by d8

7. Suppose that G acts isometrically on T . Show that if I is a G-Haar expectation then
I is a G-Haar expectation where G is the closure of G in IsompT q.
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8. Suppose that T is a compact metric space, G acts transitively and isometrically on T ,
and I and J are G-Haar expectations on T . Then I “ J .

One might wonder about the extent to which reference to G is necessary in the above
argument.

9. Show that there are transitive faithful actions of a group G on a compact metric space
T where G is not a compact subspace of IsompT q.
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