A2: Metric Spaces and Complex Analysis
Sheet 1 (Metric Spaces, Chapters 1-3) — MT20

1. Let ¥ = {0, 1}N be the set of all sequences of Os and 1s. If o = (a,)>%,, 0/ = (b,)>>, €2

n=1»
define
1

min{n : a, # b,}’
where the right-hand side is to be interpreted as zero when a, = b, for all n). Show

d(o,0') =

that (X, d) is a metric space.

2. Let Q = RN be the space of all real sequences. If x = (2,,)°%,, y = (¥,)°2%, € Q, define

o0

1 |xn _yn|
d SR N L
(X’y> 22n1+|xn_yn|

n=1

Show that this defines a metric on §.

3. Let X = R™ and suppose that d is one of di,ds,ds. Suppose we have two balls
B(z1,0.9), B(x2,0.9), both contained in B(0, 1). Show that they intersect. Is the same

true in a general metric space (X, d)?

4. Let (X,d) be a metric space, and let || - | be a norm on R2. Define d by

d((21,22), (41, 42)) = [[(d(21,91), d(z2, 92)) ||

Show that d is a metric on X x X if || - || is the £'-norm or the ¢>°-norm. Is this in fact

true for an arbitrary norm || - ||?

5. Consider the 2-adic metric on the integers defined in the lecture notes. Show that the

sequence 9,99,999. ... converges.

6. Let X be a metric space and suppose f: X — R is continuous. Show that if f(a) # 0,

then there is an € > 0 such that 1/f is defined and is continuous on B(a, ¢).

7. Suppose that (X, d) is a metric space and that X x X is endowed with the product
metric defined in lectures. Show that the metric d, viewed as a map from X x X to R,

is continuous.
8. Show that the map f : Z — Z defined by f(n) = n? is continuous in the 2-adic metric.

9. Let X,Y and Z be metric spaces and equip Y x Z with the product metric defined in
lectures. If F: X — Y x Z is a function and we write F'(z) = (fi(x), f2(x)), show that

F' is continuous if and only if f; and f; are continuous.

© .2
ey Ly, < 00.

10. Let X denote the vector space of sequences x = (z,,)32; with z,, € R and >
Explain why ||x||e := sup,, |z,| is a well-defined norm on X. Is the metric induced by

this norm equivalent to the metric induced by the £>-norm?
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