Hypothesis testing and confidence intervals

For the maize data:

> the 95% (equal tail) confidence interval for ux — py is (3.34,38.53)
(see Sheet 2, Question 5)

» when testing p, = py against py # py, the p-value is 0.021.

So, observe that
(i) the p-value less than 0.05

(i) the 95% confidence interval does not contain 0 (= the value of
wx — wy under Hp).

(i) and (ii) both being true is not a coincidence — there is a connection
between hypothesis tests and confidence intervals.
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Insect traps

33 insect traps were set out across sand dunes and the numbers of
insects caught in a fixed time were counted (Gilchrist, 1984). The
number of traps containing various numbers of the taxa Staphylinoidea
were as follows.

Count

0 2 3 4
Frequency 10 5 1

1 5 6 =7

9 5 2 1 0
Suppose Xi, ..., X33 i Poisson( ).

Consider testing Hy : A = 1 against H; : A = Ay, where A\; > 1.

The NP lemma leads to a test of the form

reject Hy <~ ZX,' > c.



If the test has size o, then a = P(D>_ X; = c| Hp).

Under Hp, we have > X; ~ Poisson(33) exactly. However, instead of
using this we can use a normal approximation:

SOX—33 _ c—33 ’ )
a=P > H,
( V33 V33 |

and, by the CLT, if Hy is true then ZX=% 2 N(0,1), s0

c—33
~1—¢( — ).
“ <¢33>

Hence C\;% R Zy, SO € ~ 33 4+ z,V/33.




So we have a critical region
C={x: ZX,' > 33 + 2,V/33}).

Note that C does not depend on which value of A\; > 1 we are
considering, so we actually have a UMP test of A = 1 against A > 1.

If « = 0.01 then ¢ =~ 47; if « = 0.001 then ¢ ~ 51.
The observed value of > x; is 54.

So in both cases the observed value of 54 is > ¢, so in both cases we'd
reject Hp.



An alternative way of thinking about this is to calculate the p-value:

p = P(we observe a value at least as extreme as 54 | Hp)
= P(>_ X; > 54| Ho)
~ 0.0005

which is very strong evidence for rejecting Hp.

Note that a test of size « rejects Hp if and only if & > p. That is, the
p-value is the smallest value of « for which Hy would be rejected. (This
is true generally, not just in this particular example.)

In practice, no-one tells us a value of a, we have to judge the situation
for ourselves. Our conclusion here is that there is very strong evidence for
rejecting Hp.



36 Likelihood ndio ts

Now (owside i?ub\“ns h,: Oe & caacnst  the
uenk clemshve hi: 0€ @ (\hee B, < @),

So nov Ho 05 & spectel case 4 H,.
He s “narted within

l.

We ‘l—ot b sSe l? scerGD{vﬁ b '\t& H,-m«u

i5 reasonchle.



Te Lhelbiood ot A(&) i W L3

5\(5) = 92‘?@)0 L(8) > ) ) g
BoTTo M
P L(65x)
e ®

A (3%‘&(—1}) L:k-ﬂrl&\/uoo‘ ‘(Z»"\'D b{' (LKT) l'\.ﬂ.:
cabicel racon § ite form
C:. {§. '/\(7_&) L }lg




Somalimes W canm clalet Ha disMintin,
,{i A «ﬁw.dlok JJ/ A(X),
mo s 6"" B e Wil apporimale e Ashtion

OF oo FA.‘)RD& % ‘/\(Z)



Exovaple X - X ol N(M, L)/ /l,\/s wnlasn..

Let  Ho: paA=pmo (arnd G o™ ?o>
Hn" /V\e(‘w,oc) (M Oty KL>O)

Loakbed L, on) = @ars) uf{-i‘; Rac /A)zJ |
Fr ™ of ©@: wax Lwero' IM.')L)A"‘)AO frned.

MG)‘ i$ c.': 6' - 6-5 = Z(’Cs }ld)

For BeTTOM of ©: max L over m oud o
Mowx 15 et /‘*""'/‘?":5-‘) et = 5"'=-'Z(’<-t 2—)



g
k\
X) =
)-
>, (o]
b)

L
(p
, 6
)
~—(
27s
o

_ =T
(x
¢ —'/A)L]
T

(&
T (=
=)' .




Now nele  Z(epo)” = Z(xi-2" 4 m(Zop) ]

Substitte b Al ® FUV-—A

i} > Wi
)‘L&) ) )\l i ‘vZ(%c—x) :‘

Se LRT reject Hoe Alx) € R
&S ) x — Mo 1 . ku-
S/

Thais is He b-tmt, se B k=t (%) fr o Wt 4
Siteol. CR. v luow He exact disMetiv- & & $n. of ﬁ(&)




L. hediboo & nta S{Zskfh\c

/\()ﬁ)‘= —~ 2(«»3%(),{) o celld e
Whekhoo _rais sbatvstic -

Te eahed Meyi B 25:'/\(".9 $h3 Do come s
i’i&’ /\("i\ p) r_},

f W is bue b, weds reguhanty cadihoug
& n —> oo, w2 lhhawe /\()_{)—?—»’X; @

\,IB\U'- P= a/C\le - JI\MHO



Aim By = # idpedat pamcles i ()
Hw o = -— -~ — — — -~ @),

S AN(X)% X B bgen, wdrlh, we get
anm opprox b 4 size ot \u_\,dn.oos-cuoc. suel Bt
?('X:}> &)= o L

Lp 14

o3l X




L/L..p it D baue !

Shard. posf for scolerD,  se H:9=8, vemus
Hi0e® wit di ®= 1.

So lere Y=a\;...®“4»‘w.®o=l—o= :

’lzb\,, expAuSian’ L(so) e~ L(§)+(3-9D&/(3)
+ L (3-o)-"(®

= Ub) - L(6-8)"T(B) @

/
&SSM%& ‘L (,5> —O0.



Se A(X)= - 2153(

- 2 lt(ﬁ) BTN

L (8,) \
L(%)

=~ (8-8,) Il,). I®




We wew @ He LR shhshe as

A= ~Z1m A =-7-1-3(sn°;”'\ O

Sup L.
H,




GooJ.hLu % “:k l?-ltl




Hardy—Weinberg equilibrium

In a sample from the Chinese population of Hong Kong, blood types
occurred with the following frequencies (Rice, 1995):

Blood type
M MN N  Total
Frequency 342 500 187 1029

If gene frequencies are in Hardy—Weinberg equilibrium, then the
probability of an individual having blood type M, MN, or N should be
P(M) = (1-0)*
P(MN) =26(1 — 0)
P(N) = 6°.
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Hardy—Weinberg equilibrium

In a sample from the Chinese population of Hong Kong, blood types
occurred with the following frequencies (Rice, 1995):

Blood type
M MN N  Total
Frequency 342 500 187 1029

If gene frequencies are in Hardy—Weinberg equilibrium, then the
probability of an individual having blood type M, MN, or N should be
P(M) = (1-0)*
P(MN) =26(1 — 0)
P(N) = 6°.



The observed frequencies are (ny, na, n3) = (342,500, 187), with total
n=ny+ ny + n3 = 1029.

The likelihood is
L(0) o< [(1 = 6)2)™ < [0(1 — 0)]™ x [6%]"™
so the log-likelihood is
£(0) = (2n1 + np) log(1 — 0) + (n + 2n3) log 6 + constant

from which we obtain

. 2
f— 22 s
2n



So m1(A) = (1 — 6)2, ma(8) = 26(1 — B), 73(8) = 62 and

= 22 n; log ( 0)) =0.032.

We compare A to a X,% where p=dim© —dim©y=(3-1)—-1=1.

The value A = 0.032 is much less than E(x3) = 1. The p-value is
P(Xf > 0.032) = 0.86, so there is no reason to doubt the
Hardy—Weinberg model.

Pearson’s chi-squared statistic leads to the same conclusion

P=Y" [ni = nmi(O)1 "_g\()a)]z —0.0310.



Insect counts (Bliss and Fisher, 1953)

[Example from Rice (1995).] From each of 6 apple trees in an orchard
that had been sprayed, 25 leaves were selected. On each of the leaves,
the number of adult female red mites was counted.

Number per leaf 0o 1 2 3 4 5 6 7 8+
Observed frequency 70 38 17 10 9 3 2 1 0
Does a Poisson(6) model fit these data?

As usual for a Poisson, f=x= 1.147, and

-~

ie=0/il, i=0,1,...,7

Il
)

7T,'(

7
Tl'g(é\) =1- Zﬂ',(é\)
i=0

-~

The expected frequency in cell i is nm;(9).



Some expected frequencies are very small:

# per leaf 0 1 2 3 4 5 6 7 8+
Observed 70 38 17 10 9 3 2 1 0
Expected 47.7 546 313 120 34 0.8 0.2 0.02 0.004

The x? approximation for the distribution of A applies when there are
large counts.

The usual rule-of-thumb is that the x? approximation is good when the
expected frequency in each cell is at least 5.

To ensure this, we should pool some cells before calculating A or P.



After pooling cells > 3:

# per leaf 0 1 2 >3
Observed 70 38 17 25
Expected 477 546 313 164

Then A =23 Oilog (&) = 26.60, and P = >(0; — E;)?/E; = 26.65.

These are to be compared with a x? with (4 — 1) — 1 = 2 degrees of
freedom.

The p-value is p = P(x3 > 26.6) ~ 107°, so there is clear evidence that
a Poisson model is not suitable.
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Hair and Eye Colour

The hair and eye colour of 592 statistics students at the University of
Delaware were recorded (Snee, 1974) — dataset HairEyeColor in R.

Eye colour

Hair colour Brown Blue Hazel Green

Black 638 20 15 5
Brown 119 84 54 29
Red 26 17 14 14
Blond 7 94 10 16

Are hair colour and eye colour independent?
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Hair and Eye Colour

The hair and eye colour of 592 statistics students at the University of
Delaware were recorded (Snee, 1974) — dataset HairEyeColor in R.

Eye colour

Hair colour Brown Blue Hazel Green

Black 638 20 15 5
Brown 119 84 54 29
Red 26 17 14 14
Blond 7 94 10 16

Are hair colour and eye colour independent?



Hair

Black

Brown

lond Red

Relation between hair and eye colour

Brown Blue Hazel  Green

Eye



—2ZZnU|og< Wil ) = 146.4

i=1 j=1 Nit-N-tj
dimH; =16 —-1=15
dimHy=(4-1)+(4-1)=6
Hence we compare A to a X% where p=15—-6=0.

The p-value is P(x3 > 146.4) ~ 0.

So there is overwhelming evidence of an association between hair colour
and eye colour (i.e. overwhelming evidence that they are not
independent).

[Pearson’s chi-squared statistic is P = 138.3.]
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