*5.

Part A Integration: HT 2021

Problem Sheet 2: Measurable functions, Lebesgue integral
Relevant video lectures: 3A 3B 3C 4A 4B 4C

. Let (w,) be a sequence of non-negative real numbers. For a subset E of N, let

o (E) = Z Wn.
nek
Show that p,, is a measure on (N, P(N)).

Now let v be any measure on (N, P(N)), and define w,, = v({n}). Show that v(E) = p,(FE)
for all subsets E of N.

Let (2, F,u) be any measure space. If (A,) is a decreasing sequence of sets in F and

p(A1) < oo, prove that
m <ﬂl An) = lim p(A4y).

Is this still true if p(A;) = co?

. Let b € R. Show that (—oc0,b) = J;—, (R\ (b—1,00)).

Deduce that if F is a o-algebra on R containing the intervals (a, co) for each a € R, then
F contains all open intervals, and hence all open subsets of R.

Let f: R — R be a function. Show that
G:={GCR: fYG) € Mrepv}

is a o-algebra. Deduce that if f~!(a,00) € Myep for every a, then f~1(G) € Myep, for
every G € Mpg,.

Let (Fx)xea be a non-empty family of o-algebras on the same set Q2. Show that [, ., Fx
is a o-algebra.

By considering the family of all o-algebras containing B, deduce that if B is any subset of
P(2), there is a unique o-algebra Fp such that

(i) B C Fs;
(ii) If G is a o-algebra on  and B C G, then F C G.
Let (Q, F, 1) be a measure space, (2, be a set, and f: Q — €, be a function. Let

F(F)={GC Q. fTHG) e F}, (fur)(G) = u(f~H(G)).

Show that (., f«(F), f«u) is a measure space.

Now let (Q, F,u) = (R, Mpor,m), and Q. = R. Determine f.(Mpo,) and f.m when
(i) f(xz) =tanz if cosx # 0, and f(z) =0 if cosz =0,
(ii) f(x) = arctanz (taking values in (—m/2,7/2)).



[\

6. *(a) Let I be an interval of positive length, let a € I, f,g : I — R be functions such that
f(z) = g(x) a.e., and suppose that f and g are continuous at a. Show that f(a) = g(a).

(b) Is xq continuous a.e.? Does there exist a continuous function g such that yg = g a.e.?
¢) Is X(0,00) continuous a.e.” Does there exist a continuous function g such that x(9,oc) = g
a.e.? [Use (a).]

7. Let f,g be measurable functions from R to R, and A : R — R be continuous. Recall
from lectures that f 4+ g and h o f are measurable. Prove that the following functions are
measurable. [Complicated constructions are not required. Everything can be quickly deduced
from the information from lectures recalled above, plus a couple of simple formulae.]

(i) f2:2= f(2)?
(ii) fg:z— f(z)g(z),
(it)) [f|: 2z = |f(2)],
(iv) max(f,g) :  — max(f(x), g(x)).

*8. Suppose that g is a measurable function and f = g a.e. Show that f is measurable.

Suppose that f is continuous a.e. Show that there is a sequence of step functions (¢,,)
such that f = lim,_, ¢, a.e. Deduce that f is measurable.

9. Let f: R — [—00,00] be an integrable function, and let « > 0. Show that

m({z: |f(x)] > a}) < /|f|

Deduce that

(i) f(z) €eR a.e.
(ii) If [|f| =0, then f(z) =0 a.e.
10. In each of the following cases, state whether the function f is Lebesgue integrable over the
interval I. Justify your answers, *and calculate | ; f in those cases where this is feasible.
(i) I =R, f(x) =z if x is rational, f(z) = 0 if z is irrational,
(ii) I = (0,7/2), f(x) = tanz,

)
(iii) I =[1,00), f(x)=(-1)"/n ifn<z<n+l,n=123,...,
() T=(0,1], f(x) = sin(1/z),
(v) I =[0,00), f(x) =2"e™™ where n is a positive integer,
(vi) I =(0,00), f(x) = (logz)e™*,
*(vil) I =[1,00), f(z) =2%logz where o € R,
*(viii) I = (0,7), f(z) = (cosecx)'/2,
*(ix) I =(0,00), f(x) = (1+z) lcosz,
#() T =[1,00), f(z) = sin(1/2).

5.1.2021 CJKB



