A3: Rings and Modules
Sheet I — HT21

II.1. Show that if R is an integral domain and x ~ y then there is z € U(R) such that z = zy.
Show that if x,y € Z4 and x ~ y then there is a unit z such that z = zy.

I1.2. Suppose that F is a field. What are the ideals of the product ring F2?? Is F? a PID?

Show that [F? has exactly one proper subring if and only if IF has no proper subrings.

I1.3. Let T be the ring of polynomials in F[ X ] in which the coefficient of X is zero, so that
T is an integral domain. What are the units of 77 Show carefully that if p(X) | X7 in
T then p(X) ~ X% in T for some i, and 4,5 —4,j € {0,2,3,...}. Hence show that X?2 is
irreducible but not prime in 7; X3 and X2 have a greatest common divisor; and that
(X3)n(X?2) is not principal in T.

I1.4. Show that if R is a commutative ring with ideals I, J, and K then InJ+In K c
In(J+ K). Show that if R = Z[X], I = (2), J = (X +1) and K = (X - 1), then
InJ+InK ¢In(J+K). Show that if Risa PID then In(J+K)=InJ+InK for
all ideals I, J, and K.

I1.5. Suppose that R is an infinite integral domain with finitely many units in which every
non-unit has an irreducible factor. By emulating Euclid’s proof that there are infinitely

many primes show that R contains infinitely many irreducible elements.

I1.6. Suppose that R is an integral domain with the ACCP in which every maximal ideal is
principal. Show that R is a PID.

I1.7. Factorise the following into irreducible elements in the given rings and decide whether

your factorisation is a unique factorisation into irreducibles.
(a) 36X3-24X2%2-18X +12 in Z[ X ];

(b) 6 in Z[v/-5];

(¢) X5+ X2+1inTFy[X];

(d) X° in T, the ring from Exercise [[L.3]

I1.8. Show that Z[X] has the ACCP, and that every irreducible element in Z[X] is prime.
Hence conclude that Z[ X ] is a UFD.
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I1.9. [Optional] Suppose that I is a finite field of size q. For n € Ny let I1,,(X) be the product
of all monic polynomials in F[X] of degree exactly n, and for n € N let I,,(X) be the

product of all monic irreducible polynomials with degree dividing n.
(a) Explain why degll, = ng".

(b) Suppose that n > 1 and there are no monic irreducible polynomials of degree n.
Show that
deg I,, < ¢?".

(c) Suppose that P is an irreducible monic polynomial of degree d. Show that the

power of P dividing II,, is
[n/d]

and hence that (x
I(X) = L
I, 1 (X)4
(d) Combine these ingredients to show that for all n € N there is an irreducible polyno-
mial of degree n, and so conclude that for every prime p and n € N there is a field

of order p".
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