
A3: Rings and Modules

Sheet E — HT21

This is a sheet with some extra questions for those who are interested. There is no

expectation that these problems be completed. The problems are of quite variable difficulty;

many of them are tough, in part because they ask for examples without a hint of what an

example should look like. The order of the problems is roughly aligned with the order of

the material in the notes, but because a lot of the language of modules is useful for talking

about rings (see e.g. Exercise E.10) this is not perfectly respected.

E.1. The aim of this question is to identify the group structure of U(Z[
√

2]). First, show

that if a+ b
√

2 is a unit then 2b2 −a2 ∈ {−1,1}; and then that 1+
√

2 is the smallest unit

bigger than 1. Hence show that the map

Z × (Z/2Z)→ U(Z[
√

2]); (n, v)↦ (−1)v(1 +
√

2)n

is a well-defined isomorphism of groups.

E.2. Suppose that R is a ring and write M2(R) for the set of 2 × 2 matrices with entries in

R and define addition and multiplication on M2(R) by

(A +B)i,j ∶= Ai,j +Bi,j and (AB)i,j ∶=
2

∑
k=1

Ai,kBk,j for 1 ≤ i, j ≤ 2.

Convince yourself that this is a ring. Write detA ∶= A1,1A2,2 − A1,2A2,1. Show that if

R is commutative then A ∈ U(M2(R)) if and only if detA ∈ U(R). What if R is not

commutative?

[Hint: It may help to identity a ring R with elements a, b ∈ R such that ba = 1 and

ab /∈ U(R).]

E.3. Find a commutative ring R and elements a, b ∈ R such that ⟨a⟩ = ⟨b⟩ but there is no

u ∈ U(R) with a = ub.

E.4. Show that the ring R is a field in each of the following cases.

(a) R[X] is a PID;

(b) R is a commutative ring in which 0 is irreducible;

(c) R is a non-trivial commutative ring in which every non-unit is prime;

(d) R is an integral domain in which every sequence (dn)∞n=0 with dn ∣ dn+1 (the opposite

of the ACCP) has some N ∈ N0 such that dn ∼ dN for all n ≥ N .
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E.5. Show that the set of entire functions C → C, denoted E(C), is an integral domain.

Show that the sum of two principal ideals is principal in E(C) – an integral domain

with this property is called a Bezout domain. Show that if f ∈ E(C) is irredudible

then it has at most one root and hence that E(C) is not a PID.

[Hint: You may assume a Mittag-Leffler-type result that for any A ⊂ C without an

accumulation point, and m ∶ A → N∗, and any wn,α ∈ C for 0 ≤ n ≤ m(α) there is an

entire f with f (n)(α) = wn,α for all α ∈ A and 0 ≤ n ≤m(α).]

E.6. Suppose that R is a Euclidean Domain.

(a) Show that there is a Euclidean function f on R that such that f(1) = 0 and

f(ab) ≥ f(a) for all a, b ∈ R∗.

For the remainder of the question assume that f satisfies the above properties.

(b) Show that if a ∣ b and a /∼ b then f(a) < f(b). In particular, f(au) = f(a) iff u ∼ 1.

Suppose, additionally, that f has unique remainders (and quotients) in the division

algorithm, meaning that whenever a, b ∈ R∗ either b ∣ a; or there is a unique pair

(q, r) ∈ R ×R∗ such that b = aq + r and f(r) < f(a).

(c) Show that if a, b, a+b ∈ R∗ then f(a+b) ≤ max{f(a), f(b)}, and hence that U(R)∪
{0} is a field; call it F.

(d) Finally, show that if R ≠ F then there is a ∈ R∗ such that for all b ∈ R∗ there is a

unique k ∈ N0 and elements q0, . . . , qk ∈ F with qk ≠ 0 such that b = qkak+⋯+q1a+q0.
Hence conclude that R ≅ F[X].

E.7. Show that X6 +X5 +X4 +X3 +X2 +X + 1 is irreducible in Fp[X] when p is a prime

with p ≡ 3 (mod 7) or p ≡ 5 (mod 7).

E.8. Show that if f ∈ Z[X] is monic and f (mod p) is irreducible for some prime p then

f is irreducible. (When f(X) = adXd + ⋯ + a0 then f (mod p) is the polynomial in

Fp[X] with coefficient of Xn being an (mod p) for 0 ≤ n ≤ d.) Show that X4 + 1 is not

irreducible in Fp[X] for any prime p. On the other hand show that X4+1 is irreducible

in Z[X]. Is X4 + 1 irreducible in R[X]?

[Hint: You may assume that if F is a finite field then U(F) is cyclic, which is proved

in Exercise IV.5; and also that for every odd prime p there is a field extension of Fp of

degree 2, which follows from Exercise II.9.]

E.9. Show that Xp −X − 1 is irreducible in Z[X] for p a prime.
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E.10. Write Z for the set of z ∈ C for which there is a monic p ∈ Z[X] such that p(z) = 0.

Show that α ∈ Z if and only if Z[α] is finitely generated as a Z-module, and hence that

Z is a ring. Show that Z has no irreducible elements.

E.11. Suppose that φ ∶M → N is R-linear map and every submodule of N is finitely gener-

ated, and every submodule of kerφ is finitely generated. Show that every submodule of

M is finitely generated. Hence show that if R is a PID then every submodule of Rn is

finitely generated.

E.12. Suppose that F is a field. Use the Chinese Remainder Theorem to show that if

λ1, . . . , λk ∈ F are pairwise distinct and a1, . . . , ak ∈ F, then there is a polynomial p ∈ F[X]
of degree at most k−1 such that p(λi) = ai for all 1 ≤ i ≤ k. What happens if F is replaced

by Z?

E.13. Suppose that M and N are R-modules for which there is an R-linear injection M → N

and an R-linear surjection M → N . Is there necessarily an R-linear bijection M → N?

E.14. The set of integer-valued sequences (i.e. functions N0 → Z) has the structure of a

Z-module. Show that it is not free.

E.15. Suppose that R is a commutative ring and φ,ψ ∶ Rn → Rn are R-linear maps such

that kerφ = kerψ and Imφ = Imψ. Is it necessarily the case that there are R-linear

isomorphisms σ, τ ∶ Rn → Rn such that φ = σ ○ ψ ○ τ?

[Hint: It may help to reflect on rings with the properties described in Exercise E.3.]

E.16. Show that if M is a finitely presented R-module, then any surjective R-linear map

φ ∶ Rm →M has a finitely generated kernel. Hence give an example of a finitely generated

module that is not finitely presented.

[Hint: It may help to recall Exercise III.6.]
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