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Problem Sheet 1

1. Let U, V and W be normed vector spaces, and let B(V, W) denote the space of bounded linear maps
from V to W.

(i) Show that ||.[[o is a norm on B(V, W) where [|a[oo := sup,,. <1 [|@(v) |, and that, if oy € B(U, V),
ag € B(V,W), so that as 0 ay € B(U, W), then ||ag 0 @1]loo < ||a2|loo-]|a1]]0o-

(i) Suppose now that V and W are finite dimensional. A map §: V x W — R is said to be bilinear if
it is linear in each factor!. Viewing 8 as a function on V & W equipped with the norm ||(v,w)|| =
[loll+]|w] (Vv € V,w € W), show, directly from the definition, that it is differentiable and calculate
its derivative. What can you say about bilinear maps 5: V x W — U where U is an arbitrary
normed vector space?

2. (i) Suppose that U is an open subset of R™ and f: U — R™. Show directly from the defintion
that if f is differentiable at a € U, then the derivative D f, is unique.

(i) Let Q = {(z1,72) € R? : 2} < x5 < 22} and let x be the indicator function of €, so that
X(x1,22) = 1if (z1,22) € Q and is 0 otherwise. Show that all the directional derivatives of x exist
at 02 = (0,0). (Notice that, despite this, x is not continuous at 0s.)

(iii) Let f(z1,22) = nTh g (x1,22) # (0,0), and let f(0,0) = 0. Show that all the directional

m%+z4

derivatives of f exist at Oy but that f is not differentiable at 0s.

3. (i) Let P, the space of polynomial functions p: R™ — R, that is, P, = R[xy,...,x,]. Show that
P, C C*R™,R).

(ii) Let det: Mat,(R) — R be the determinant function. Using part (i), show that det is continuously
differentiable. Comparing the directional derivative of det at I, in the direction X with the
characteristic polynomial of —X, or otherwise, calculate Ddety, .

If A € GL,(R) is invertible, calculate the derivative Ddet4 of det at A, using part (i) and the
multiplicativity of the determinant.

(iii
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4. Suppose U is an open subset of R and f: U — R if differentiable on U. Show that f is continuously
differentiable if and only if the function s: U x U — R

f(z)—f(y)
S(x’y):{ fn iy

is continuous.

5. Let L = L(R™,R™), a normed vector space with the operator norm as in Q.1. Suppose that I = (—r,r)
is an open interval, and f: I — R is given by a power series ) ., a,.t™ with radius of convergence
R >r, sothat >, <, ana™ converges absolutely and uniformly on (—r,7).

Now consider B = B(0p,r), and let H € B. Let s,,: L — L be given by s,,(H) =Y _, axH".

(7) Show that the function s, is continuously differentiable.

[Hint: Using the standard basis we can identify L with Mat,(R). What can you say about the
entries of the matriz associated to s, (H)?)

(77) Show that the sequence of functions (s,),>0 converges uniformly on B(0r,r) as n — co. We write
s(H) for its limit.

(#i1) Deduce that s: B(0r,r) — R™ is differentiable at H = 0.

6. Let ¢: : GL,(R) — GL,(R) denote the inversion map.

IThat is B(v1 + Ava, w) = B(v1,w) + AB(ve, w) and similarly B(v, w1 + Awz) = B(v, w1) + AB(v, we) for all v,v1,v2 € V,
w,wi, w2 € W and A € R.



(1) By considering f(¢) = 1/(1—t), show that if H € Mat,,(R") has ||H| < 1, then I,, — H € GL,(R).
(i) Deduce that GL,(R) is open.

(791) Using Q.5 or otherwise, show that ¢ is differentiable at I,, with derivative Duy (H) = —H, and
deduce that ¢ is differentiable at every A € GL,,(R), with Diy(H) = —A"'HAL



